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1. Introduction

Incorporating auxiliary information during the estimation process
enhances the efficiency of the estimates for population parameters such as
the mean, total, variance, proportion, coefficient of variation, etc. The use
of auxiliary information for estimating the population mean in sample
surveys has been extensively discussed. For instance, see Singh [13], Singh
[12], Upadhyaya and Singh [16], Kumar and Siddiqui [8], Mahmud, Pal,
and Singh [17] and the references cited therein. However, in practice,
estimating the variance of a finite population is a matter of concern, as
managing variability in real-world applications often proves difficult. This
issue commonly emerges in fields such as biological and agricultural
research, where outcomes may deviate from expectations. Das and
Tripathi [5] were the first to use the auxiliary information in estimating
population variance. Later, Isaki [7] recommended a ratio estimator of
population variance (S;) using knowledge of population variance S’ of
theauxiliary variable X. Afterwards, various authors, including Upadhyaya
and Singh [16], Gupta and Shabbir [6], Sharma and Singh [11], Singh and
Chandra [15], Singh and Solanki [14], Yadav et al. [19], Daraz and Khan
[2], Daraz et al. [3, 4] and Mishra et al. [10].

The present paper is designed in the succeeding sections. In Section
2, the methodology and notations used are explained. Some prominent
estimators, along with their mean squared error (MSE) and minimum
MSE expressions, are presented in Section 3. We have suggested classes of
estimators and assessed their theoretical properties in Sections 4 and 6.
Sections 5 and 7 provide a mathematical comparison. Section 8 provides
an empirical illustration of the percent relative efficiency (PRE) of the
suggested classes of estimators relative to the usual unbiased estimator
using three real population data sets. The paper ends with the result and
discussion in Section 9 and the conclusion in Section 10.

2. Methodology And Notations

Consider a finite population consisting of N units, designated by
u=u,u,,..u,). For the i™ unit, let y, and x, indicate values of the
study variable (Y) and auxiliary variable (X), respectively. Let us define.

Y= % % y, : Population mean of Y,
i=1

— 1N

X= N > x, : Population mean of X,
i1
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SR B P . .
S, = N1 1:21(% Y) : Population variance (mean square) of Y,
S2= ﬁ % (x,— X)*: variance (mean square) of X,
—1i=1
1Xx Ya Vs s
Aurs :_é(yi _Y) (xi _X) 4
M, . o
A =—7r, (1, 9) being non-negative integers.
‘U'ZO 'UOZ

It is assumed that the population variance S is known. To estimate
S;, a sample of size n with SRSWOR is selected from population U of size
N. Then

y= 1 3y y, :Sample mean of Y,
ni=1
X= 1 Zn) x, :Sample mean of X,
ni=1
st = ! Enj(y —y)z : Sample variance (mean square) of Y,
Y o(n=-1)=
§? = L s (x. —37)2 : Sample variance (mean square) of X,
Y om=-1Diat !

Letusconsider theerrortermsas e, = (s; - S;)/ S; and e, = (Si - Sj)/ Si.
such that the expected values of these error terms are zero and

E(e})=&(A,,-1), E(e})=&(A,, 1) and E(e,e,) = E(A,, —1).

0

where &= [l—lJ.

n N

3. Reviewing Some Existing Estimators

This section is devoted to some prominent available estimators, which
are discussed below, along with their MSE/minimum MSE expressions.
The conventional unbiased estimator of S; of Y is defined as

2 1 N —\2
tO :Sy ZWZ(yI —y) . (31)

i=1

with MSE to the first degree of approximation (FDA) as
MSE(t,)=&(4,—1)S;- (3.2)
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Utilizing information on SZ, Isaki [7] proposed a ratio estimator for
S? as
v
te=s2(S2/s2). (3.3)

The MSE of t, to the FDA is obtained as
MSE(t, ) =Si&[ A,y =24, + 4, |- (3.4)
The difference estimator for S; of y due to Das and Tripathi [5] is
given by
ty=s2+d(S2-5). (3.5)
where ‘d’ is a suitably chosen constant, determined in such a way that the

MSE of t, is minimized.
The corresponding minimum MSE of ¢, is expressed as

Ay —1)
o4 ( 2
MSE,,. (t,)=5:&] (A —1)—m : (3.6)
Das and Tripathi [5] have also defined the classes of estimators of S;,
given as follows:
52\
tor =5, (—’Z‘J , (3.7)
SX
SZ
by =8 (3.8)
st es(s2 o)
where (¢, 0) are appropriately selected constants.
The common minimum MSE of ,,, and f,,, is specified as:
2
A, -1
MSEmm (tDTi) = S;é (’140 _1) _u 7i=1,2. (3'9)

(’104 _1)

Kumar et al. [9] introduced a ratio-type exponential estimator for S;
as:

S2—s

2
te :s; exp[sz +S’§]. (3.10)

X
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To the FDA, the MSE of ¢, is obtained as
1
MSE(t, )= s;g{z,w +Z(2,04 —1)—,122}. (3.11)
Singh, Horn, and Yu [1] suggested an improved difference estimator
for S;, defined as:
ty=w,s, +w, (Si—si). (3.12)
which is revisited by Sharma and Singh [11], where (w,,w,) are
appropriately chosen constants determined to ensure the minimum MSE

of t_.
The minimum MSE of ¢_ is given by

535(’140 _1)(1_’)*2)
1+&j(/140—1)(1—p*2)]

MSE_ (t,)= [

()”22 _1)2
(A =1)(A,—1)

Yadav and Kadilar [18] suggested a class of ratio-type exponential
estimators for S; as:

_ a2 Si_si 3.13
tYK—SyeXp m . ( . )

where ‘a’ is a real constant.
The minimum MSE of ¢, is specified by

MSE,,,, (£ ) = S1&( A, ~1)(1-p7). (3.14)

where p”? =

which is equivalent to the minimum MSE achieved by the difference
estimator t,.

Recently, Mishra et al. [10] suggested two classes of estimators of
population variance S; of y as

2
by, =52 +1log [%J (3.15)

X
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SZ
by =52 (w0, +1)+w, log[s—’; : (3.16)
where (1,w,,w,) are suitably chosen constants.

The minimum mean squared errors, of t,,
given by

and ¢,,, are respectively

1 2

MSE,, (t,,)=S1&(4, -1)(1-p"), (3.17)

3774775

(AlAZ - As)

MSE_ (ty,)=5i| A, - (3.18)

(4,42-24,4,A +A1A§)]

where A, =§(/140 —1), A =[1+Zj(/140 —1)},

A &A1) PR [/122 L, 1}

S T T G )

A, =E(2,-1), A d (2, -1).

RS

It is observed from Egs. (3.6), (3.9), (3.14) and (3.17) that
MSE_, (t,)=MSE, (t,,)=MSE, (t, )= MSE_, (t,,); i=1,2. (3.19)

DTi

which shows that the estimators ¢, t,.(i=1,2),t,, and ¢, are equally
efficient.
* From Egs. (3.2) and (3.4), we have that MSE(t,) < MSE(S;) if
()“22 _1) 1

=y >0 (3.20)

¢ From Egs. (3.2) and (3.11), we note that MSE(t, ) < MSE(si) if

(-1 1 (3.21)
(A,—1) 4

* From Egs. (3.4) and (3.11), we have that MSE(t, ) < MSE(t,) if

(A2 -1) <3 (3.22)
(A, -1) 4
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e From Egs. (3.21) and (3.22), the estimator ¢, is more efficient than
s, and ¢t, if

1 (A1) 3 (3.23)
4 (2,-1) 4
Further from Egs. (3.2), (3.4), (3.11) and (3.19), we have
MSE(s?)-MSE,, (£.)=5:&(4,~1)p >0, (3.24)
MSE(t, )~ MSE,, (t.)=5"(A, ~ Ay ) >0 (3.25)

provided A, = 4,,,

MSE(t,)-MSE_ (t.)= S;‘é{(lzz —1)—%(104 - 1)} >0 (3.26)

provided (122 —1) # %(/'L04 - 1).
where z=d, DTi (i=1,2), YK, M1.

From Egs. (3.24), (2.25) and (3.26), it follows that the estimators
titon(i=1,2), t  and ¢, are more efficient than the estimators s;,tR and
.

From Egs. (3.12) and (3.19), we have
52 (1) (107
[1+§(/140 —1)(1—p*2)]

where z=d, DTi(i=1,2), YK, M1.
which follows that the estimators ¢ due to Singh et al. [1] is more efficient
than the estimators ¢ d’tDTi (i=1,2),t,, and t,,, and hence the estimators
s;,tR and t,.

From Egs. (3.12) and (3.18), it is evident that the estimator ¢, , by
Mishra et al. [10] outperforms that of ¢ due to Singh et al. [1] if the
condition:

> 0. (3.27)

MSE, (t.)-MSE,, ()

&(Ay —1)(1 - p‘z) (AZA42 —2A,A A+ AlASZ)

(3.28)
{1+5(,140 —1)(1—p*2)} ! (4,4,-42)

is satisfied.
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4. Suggested Classes of Estimators

We introduce the following classes of estimators aimed at estimating
population variance (S;) :

. S, S; —s,
A ={(w]+1)s§+w2 [s—zﬂexp(52+si} (4.1)

X

~ ) 52 g2 _g?

2, = {(al + 1) s, +a, log (S—Eﬂ exp[sg N SE J, (4.2)
A~ SZ —52

3 = [(51 +1)s2+5,(S> —Si)]exp{sz = ] (4.3)

where (w,,w,), (a,,a,) and (6,,6,) are appropriately chosen constants so
as to ensure the minimum MSEs of X ,Z,and X,.
Expressing X ,X and X, in terms of (e ,e,), we have

il :S; {(w1 +1)(1+e0)+ 13;22 (1+e1 )1}exp{—%[l+%lj }, (4.4)

X

ﬁz =S; {(0‘1 +1)(1+eo)+(x2 {é}log(l+eﬂ}exp{—%[l+%} } (4.5)

X

£, =5 {(51 +1)(1+e0)—%el}exp{—%[n%j } (4.6)

where R = 5; /S
We determine the bias of X ,Z,and X, to the FDA, respectively, as:

B(3,)=5: Hg(zm )31 {1+§(§(,104 1)-a, _1)]}
+w, [Risf]{n%g(zm —1)H, (4.7)

B(5,)=5 {g{g(xm_l)_%mﬂ_l)}ml {1+5[§(/104—1)—%(7Ln—1)j}
S {Rlsz J&j(/lm —1)}, (4.8)
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1

B(ﬁa)zsj{éj{%(lm—1)—%(/122—1)}+61 {1%(3(%4_1)_5(122_1)}}
45, (%)5(104 —1)}. (4.9)

We obtain the MSEs of 21 , ﬁz and ZAIS to the FDA, respectively, as:

MSE(%,)=$![ B, +w}B, +w}B, + 2w,w,B, +2w B, +2w,B, |,  (410)

MSE(%,)=5:[C,+aC, +&}C, +20,2,C, +20,C, +200,C; |, (411)

MSE(%,)=S:[ D, +8/D, +8;D, +25,8,D,+425,D,+25,D, |.  (4.12)

where

1
B, :Co =D, :‘§|:A’40 +Z(2'04 _1)_2’22:|f
B, =C, =D, =[1+&(A, 24, +1,)]

B :[R_J{1+6§(;LO4 -1)},B, =(R152J[1+§(3,104 ~22,-1)],

2 2¢c4
Sx x

3 5 1
B =€|:)~40 —=A +§)’04 —§:| =C4 =D4,

£ 9 7 1
Bsz(Rsz 5204_21224'5 'C2= W 5(’104_1)/

c, {R} ]5{(122 ~1)-2(h, —1)},
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The MSEs of 21 , 22 and fl3 are, respectively, minimized for

(BsBS _BzB4)

oo -
w =—(B3B4_BlB5)=w (say) , |
* (BB-B) "

(Cacs - C2C4 )

o, = W =0y, (say)
: T ) ) (4.14)
_ C3C4 _CICS _
o, = (Clcz—Ci) =0ty (say)

_ (D3D5 _D2D4)

6, =———"—-——2=§

! (D]Dz _Dg) " (Say)
: | (4.15)
D.D,-D,D

S =234 "UVS_

oo 7] O

Thus, the minimum MSEs of the estimators il,ﬁz andﬁ3 are,
respectively, given by

MSE,, (%,)=5!(B,-L,), (4.16)
MSE,,.(£,)=5:(C,~L,), (4.17)
MSE,, (%,)=5:(D,~L,). (4.18)

where

37475 37475

v (Ble _Bi) T (CICZ _Csz)

(B,B;-2B,B,B,+BB:)  (C,Cl-2C,C,C;+C,C2)

(D,D;-2D,D,D, +D,D?)

37475

(DlDz_Dg)

and L, =
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The MSEmin(ﬁl),MSEmin(ﬁz) and MSEmin(ﬁS) are non-negative
respectively if

0<L,<B, and (BB,-B:)>0, (4.19)
0<L,<C, and(C,C,-C2)>0, (4.20)
0<L, <D, and(D,D,~D3)>0. (4.21)

5. Comparisons of Suggested Estimators ﬁl,ﬁz and ﬁs with by,

From Egs. (3.18), (4.16), (4.17) and (4.18), we have that

e MSE,, (£)<MSE, (t,)if (B,+L,)<(A,+L,), (5.1)
« MSE, (Z,)<MSE,, (t, )if (C,+L,)<(A4,+L,), (5.2)
 MSE,, (2,)<MSE,, (¢, )if (D, +L,)<(A, +L,). (5.3)
where L - (4,42 —2A3A4A52+ AA2) |

(AlAZ - As )

Thus, the developed estimators ﬁl,ﬁz and ﬁe_ exhibit greater
efficiency compared to Mishra et al. [10] estimator f,, as long as the
conditions (5.1), (5.2) and (5.3), respectively, hold good.

6. Generalized Estimators

Generalized versions of the developed estimators (il,ﬁz and ﬁa) are
given by

. S2 u(S2 -
Zgl = l:(wl + 1)5; + wz (s—gﬂexp {u(sf(_kT_k)zv} , (61)

X

R s u(S; —s;
X, :|:(051 +1)s§ +a, log [S—’;]:l exp {W}, (6.2)

X
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ﬁg3 = [(61 +1)s; +6, (Sf -s? )] exp u(u(Sf _Si) (6.3)

Sf+s§)+27; '

where u and v are either real amounts or some available population
parametric values of auxiliary variable x and study variable y. Some sub-
classes of estimators Zgl, Zgz and Zg3 are listed in Tables 1, 2, and 3.

Table 1

Some individuals from the proposed class )f.gl

Unknown Members U v
N B SZ b SZ _SZ
1) _ 2 x x x
Zgl = (w1+1)sy +w, g eXp{Sf+sf 1 0
R i s?] 2452
2 _ 2 T x X
Zgl = (wl +1)sy +w, S: exp T +sf v2C, 1 C,

« S
SO = (w, +1)s* +w,| == ||ex
( ! )y 2 2 P S +52+2B,(x)

S>-s?
2t |
S +s.+2p

Sx;sx} 1 B,(x)

%2}
= le(rrz:

ZA(? = (wl +1)s; +w,

%2}
= leUR:

B,(x)(S2 +s2)+2C,

C,(s2-52)

X

©) _ 2
X (w1 +1)sy +w, . (Sf +sf)+2[32(X)} C, ﬂz(x)

{
{
{
£, + )52+, _exp{ p.Lo(5: <) } B | C

. % p(S2-s
= =_(w1 e ? _exp P(Sf(+sf)+)2cx} ’ -
e | s? C,(8*-s
2;81) = _(wl + ]_)S; + wz ? }exp W} Cx P

Contd...
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D {(wl +1)s; +w, [f—ﬂexp{%} B | P
ﬁé§°>=:(wl+1)s§+wz i—g_exp{p( S;S;_ji (x)} P | B
g :(w1+1)s;+w2 %:exp{sz i;fm} 1N
2y :(w1+1)55+w2 %_QXP{N(I\SI;i;)Si)zn} N n
fl;114)—:(w1+1)s§+w2 i—z _exp{n(;(i:)si)ﬂ\]} N | N
e NN
309 :(w1+1)s;+wz %_exp{cxif(i_)si)m} c. | N
ﬁ;”::(wln)s;mz %:exp{n (:(i_)i)zc} N | oc
R R Y
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Table 2

Some members from the suggested class ﬁgz

Unknown Members U v
R i 2 §2_ g2
20 =l (e +1)s; +a, log[s—'zﬂexp{s2 +s2} 1 0
A~ [ SZ i
2) _ 2 x
o= (al+1)sy+azlog g g +2C 1 C,
- AN
2O =|(a, +1)s? + o, log| = | [ex 1 X
@ =| (o 1)s; e log s p{s +5 +2/3 (x)} P.(x)

>
z
I

S
(, +1)s +ax, log| =% | |expl —2—+— 1 p
! v S2+s

- N (-
28 =| (0, +1)s? + 01, log| = exp{ A0S <) } B | C

ol s )| B +s)+2C :
£ =:(ozl+1)s;+oc2 log ;—z :exp{cx (s?xfj;)_jzg(x)} c | Bw
50 =:((x1+1)s;+azlog ;— :exp{p( Sp(fs _)i)zc } o | e
£ ::(ocl+1)s;+oc2 log ;— _exP{_Cj;;ig;i)zp} ¢ | s
£ ::(al+1)s;+a2 log ;—2 :eXp{/sj:)(f;;i;;i)zp} b | e
usanldfols] |+ |

Contd...
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i 2 G2 _g2
S (11 2 x x x
200 =| (o, +1)s? +a,log & exp{52+52+2N} 1 N
R i 2 Y] 2_ g2
Y= (0‘1 +1)s§ +a,log| = exp{s2 +"SZ :Zn} 1 n
[ 2 N (S2 -5
S (13) _ 2 5, x T Ox
z (0{1 + 1)sy + o, log 3 exp{m} n
At i ) 2 n (Sf -5
X, = (a1+1)sy+azlog —= | |exp n(52+sz)+2N N
0 & N(s:-s2)
as) _ 2 x ¥ x
Z, (txl +1)sy +a,log 3 exp{N(S2 +52)+2C C,
S (16) [ 2 )2: | C" (S’f B S’Z(
20 =] (o, +1)s2 +at, log ek () ran C, N
~ [ 52 I’l(S2 - Sz)
a7 _ 2 N 5
X, = (al+1)sy+azlog —= eXp{n(Sz+sz)+2C N C,
. [ s C, (Si - Si)
22128) = (al+1)s;+oczlog = exp{C (SZ+SZ)+2n C, n
Table 3
Some individuals from the proposed class ﬁgs
Unknown Members U \4
S (1) 2 2 2 SZ B 52
Z :[(61+1)sy+52(sx —sxﬂexp oo 1 0
S (2) 2 2 2 S; —s:
I =[(61 +1)sy +52(SX -5, ):|exp o +'2C 1 C,
Contd...
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8(3) _
I = [(6 +1 s +6 exp{sz+s +2ﬁ2(x)} 1 B,(x)
$@ _ [(6 +1 s +5 exp 5 = 1 P
& S2 +57 +2p
N B,(x)(S
2O =1(s 1 6 C
33 [( Y exp{ﬂz(x) Sz+s +2C } Ax) '
8, 1 5 C
[( + s + exp{C +2ﬁ (x)} ) B,(x)
£ = [(5 +1)s2 +5 exp{p +2C } p C,
$6) _ [(5 +1 s +5 exp SZ_S C P
8 S2 +57 +2p *
R B, (x)
2% =\(6, 1 5
po |:( + s + exp{ﬁ (x) S2 e +2p} B,(x) p

200 = (8 +1 s +5 ex p x
w=1 p{p Teop, (x)} B,
811 _ S;

Z [(6 +1 s +6 exp{s2+S +2N} 1 N

N s?

(12) _

ng [(5 +1 s +6 exp{s2+S +2n} 1 n

24 - |:(6 +1 s +6 exp N N n

& N(S +s2 +2n

Contd...
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A s
£092[ (5, +1)s2 +6,(57 - )]eXP{M} NN
A NS
) :[(6l +1)s§ +6, (Sf -5, )Jexp{m N ¢

2;136) :[(51 +1)S; +6, (Sf —sf )Jexp{Cx(Sf—Sj)z} c. N

A 5-s
z::?=[<al+1>s;+6z<s:—sfﬂexp{m YT
) C,(S;-s:
2;138) = [(61 + 1)55 +6, (Sf -s? )} EXP{(j(:Sz(Jrsz)SLl} C n

After expressing Egs. (6.1), (6.2) and (6.3) in terms of e’s, we determine
the bias of ﬁgi(i =1,2,3) to the FDA, respectively, as:

B(%,,)-5 H%/V(AM “1)-2(2 —1)j+w1 {“5 (3§ (=152 _1)}

o)

B(s,)-5: Kg(gﬂ(am—1)—%(/122—1)]}% {1+§(%AZ(104—1)—%(122—1))}
—a, [%J @(%4 _1)}, (65)

B(3,)=5: {5[312(%4_1)%(@2_1)}51 {1+§[§ﬂ(%4_1)_§(an_1)}

AL
+8, 22 (A, —1)}. (6.6)
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where R=5?/S?and A = wo
Y (quHJ)

We get the MSEs of £ _,% ,and I , to the FDA, respectively as:
8 8 &

MSE(Z,,)=S:[ B, +w}B, +w,'B, +2w,w,B, +2w,B, +2w,B; |. 6.7)
MSE(2,,)=5:[C+0’C; +0,C, +20,0,C, +20,C, +20,C; | (68)
MSE(2 ;) =S:[ D, +8D; +8;D, +25,6,D,+28,D, +285,D; | (69)

where B, =C, =D, = g{(,@m —1)&/12 (Ao, —1)=A (A, —1)},

B, =[1+&{(Ay ~1)-24 (%, 1)+ 2* (A, ~1)} | =C; = D],

B - R}S4 [1+£(3+2244%)(2,-1)] : (20 -1),

RS

X

D, =%(/104 ~1),B; =[R22J[1+§{(1+/1+/12)(,104 ~1)=(1+2)(4,, —1)}}

X

. 517 31
3425{(140_1)+ ’ (104_1)_7(122_1)},

. 3 5 .
C, :g{(xm —1)—5/1(,122 —1)+§,12(104 —1)} =D,,

B | 2130 |- 1)- (14 2) (21) |
G|




POPULATION VARIANCE IN SAMPLE SURVEYS UTILIZING AUXILIARY INFORMATION

A A

z .,z
8

The mean squared errors of X %,

minimized for

B.B. —B.B,
172 3

w,

B.B, -B B
172 3

w,

C.C.-CC,
172 3

o,

C.C.-C.C.
172 3

%,

D.D.-D.D,
172 3

1

D.D.-D.D.
172 3

2

Thus, the resulting minimum mean squared errors of %, %

and X
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A

;s are respectively

, (6.10)

, (6.11)

(6.12)

A

and X

are respectively given by . .
MSE, (£,,)=5}(B,-M,), (6.13)
MSE, (£,,)=5:(C,-M,), (6.14)
MSE, (£,,)=5:(D,-M,) (6.15)
where
v (B,B;” ~2B,B;B; + B;B) v (CcP-2cC,C+CiC7)
1 (BB, ~B) o (cic-¢c7)
M (D;Df ~2D.D.D; + D;D;Z)
3

(DD~ D7)
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The MSE__ (Z ) MSE_, (Z 2) and MSEmm(flg3) are, respectively,
non-negative if the followmg conditions hold good:

0<M, <B; and (BB, ~B;)>0, (6.16)
0<M, <C, and (C,C,-C;’) >0, (6.17)
0<M, <D, and (D;D;-D;)>0. (6.18)

7. Comparisons of Generalized Estimators with £, ,
(A,A;-2A,A,A,+ A A2)

3774775

(AIAZ - A;)

Then, the minimum MSE of the estimator £,,, due to Mishra et al. [10]
is given by

We denote L, =

MSE,,.(t,,)=53(4, ~L,)- (7.1)

From Egs. (6.13), (6.14), (6.15) and (7.1), we note that the generalized
estimators X, X  andX , are respectively better than the estimator t,,,
due to Mishra et al. [10] if the conditions:

(B, +L,)<(A,+M,), (7.2)
(Co+L, ) <(4,+M,), (7.3)
(D, +L,) < (A, +M,). (7.4)

hold good.

8. An Empirical Study

In this section, we have considered three natural population data sets
earlier considered by Mishra et al. [10] to evaluate how the developed
estimators are performed relative to the usual unbiased estimator S;.

We use the following formulae for computing % relative efficiency
(PRE) with reference to the conventional unbiased estimator (S;) :
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PRE(t sz)zu“’—_l)x1oo
o [2’40 _2)’22 + ’104 '
PRE(t sz) - (1) 100
K’%y 1 N
|:)“40 _/’]’22 +Z()“o4 _1)}
PRE(t,,s?)= %) %100,

T

where z=d, DT1, DT2, YK, M1.

PRE(tS,sj):[aj(;L40—1)+( L }100,

1- p*Z)
(A =1)(Ay -1)
PRE(t,5}) = §(< iOL_o;) %100,

(AlAZ —A;)

PRE(S,,s?) = Sk _1)><100, PRE(%,,s )= é(c'l‘“’ ;1) x100,

(Bo_Ll)
PRE(S,,s)=

where (L,,L,,L,) are the same as defined earlier.
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The population data sets and required parametric values are described
below.

Population-I (Cochran, 1977, p.325):

N =100,n=10, S =214.69,S; =56.76,
Ay =2.2387, A, =2.2523,1,, =1.5432, p = 0.6515.

Population-II (Cochran, 1977, p.203):
N=200,n= 10,55 =99.18,52 =85.09, 1,, =1.9249,

Ay, =2.5932, 4, =2.1149, p = 0.9736

Population- III: (Sukhatme and Sukhatme 1970, p.185):
N =170, n=10, S; =26456.89, p =0.9770, Si =22355.76,

A, =3.1842, A, =2.2030, A,, =2.5597.
Findings are depicted in Tables 4 and 5.

9. Result And Discussion

From Tables 4 and 5, the following illustrations can be drawn:

¢ Itisevidentfrom Table 4 that %REs of the recommended estimator 2]
are 206.88 %, 1228.13 % and 3853.14 %, respectively, for Populations
I, I and III, which exhibit greater efficiency than the Mishra et al.
[10] and other existing estimators.

¢ The %REs of the proposed estimator ﬁz are 139.12%, 778.04% and
1482.12%, while for the proposed estimator 23 are 138.86%, 692.15%
and 1367.28%, respectively, for Populations I, II and III, that are less
than ¢, A estimator but more than the other existing estimators.

e Table 5 depicts that the percent relative efficiencies of the developed
class of estimators ﬁgl lies between 206.88% to 419.75 %, 1228.13% to
12833.15 % and 3853.14% to 4101.62 % using different combinations
of (u, v), respectively, for Populations I, II and III, demonstrating
better performance than the Mishra et al. [10] and other existing
estimators.
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e Similarly, it can be easily seen that the relative efficiencies of other
proposed classes of estimators (ﬁgz and ﬁg3) are less than the ¢, ,
estimator but more than the other existing estimators under the
three population datasets considered in this paper.

10. Conclusion

This paper developed classes of estimators (ZAZ., ﬁgi ;i=1,2,3) for S;
incorporating available information on S2. The suggested estimators
(2, and ﬁgl) are performing better than Mishra et al. [10] estimators t,,,
and ¢,,, as well as other existing estimators. While the proposed estimators

(ﬁz, ﬁgz) and (ﬁa, ﬁgs) do not perform better than the ¢, , estimator. Still,
they perform better than the difference estimator t, and other existing
estimators for the considered data sets. However, in practice, we may come
across such population data sets where all suggested estimators
(ﬁi , ﬁgi; i=1,2,3) are better than ¢, ,and other existing estimators.
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