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Abstract
This paper investigates a Bivariate mixture of the student’s t and Normal distributions, 

referred to as the t-Normal distribution, where the marginals are univariate Student’s t and 
Normal distributions, respectively. The study derives the conditional distributions along 
with their associated constants. It also presents several generating functions, including 
the moment, cumulant, characteristic, hazard, survival, cumulative hazard functions, 
and Shannon’s differential entropy. Three-dimensional probability surfaces illustrate the 
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shape of the t-Normal density. Special cases of this distribution include mixtures involving 
logarithmic, logit, and hyperbolic sine transformations. Furthermore, the paper derives the 
maximum likelihood estimators for the parameters, calculates the elements of the Fisher 
Information matrix and explores parameter estimation through a nonlinear programming 
approach.

Subject Classification:  62H10.

Keywords: Student’s t distribution, Normal distribution, Bivariate mixture, Three-dimensional 
probability surfaces, Parameter estimation, Fisher information matrix, Non-linear programming.

Some Preliminaries

The explicit form of the t-Normal distribution’s PDF, as well as the 
computation of normalization constants, generating functions, and 
parameter estimates, involves various special functions, as outlined in 
Prudnikov, Brychkov, and Marichev [2] and Gradshteyn and Ryzhik [1]. 
These are presented as follows:

1.	� The Generalized hyper geometric function of order p and q is defined 
as
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2.	 The rising factorial or Pochammer symbol is given as
( ) ( 1)( 2) ( 1)ka a a a a k= + + + −

3.	� The integral representation of the Lower Incomplete Gamma 
function as
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4.	 The integral representation of the Beta function is given as
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5.	� The digamma function is defined as the logarithmic derivative of the 
Gamma function and is given by.

( ) ( )/ ( )x x xY G G′=
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Section 1 - Introduction

In The Seven Pillars of Statistics, Stigler [3] identified regression as 
the fifth pillar of statistical science, tracing its conceptual origins to 
Galton’s 1885 work and its formal explanation through the Bivariate 
normal distribution. Beyond regression, Stigler [4] emphasized the 
binomial distribution as a historical cornerstone of statistics, noting that it 
emerged from both practical and philosophical challenges and facilitated 
statistical inference long before the development of modern data science. 
Building on these foundational ideas, Fisher [6] established Student’s t 
distribution as a practical and indispensable tool for statistical inference, 
particularly in contexts involving small sample sizes and unknown 
population variance. This advancement was rooted in Gosset’s seminal 
contribution [9], which fundamentally reshaped statistical inference by 
demonstrating that reliable estimation of a population mean from small 
samples requires a distribution that explicitly accounts for the uncertainty 
associated with variance estimation. Complementing these theoretical 
developments, McMullen’s work [10], while not introducing new statistical 
theory, provides valuable insight into the character, motivations, and 
practical statistical philosophy of William Sealy Gosset—the man behind 
the pseudonym “Student.”

The origins of the normal distribution can be traced back to Abraham 
De Moivre (1667–1754) [5], who first derived it as the limiting case of the 
binomial distribution. Building on this foundation, Carl Friedrich Gauss 
further developed the distribution around 1800 in his quest to establish 
the law of error in astronomical observations. Interestingly, the term 
“normal” did not appear in the literature until around 1870. Over the 
following century, as numerous probability distributions were introduced, 
the normal distribution emerged as a standard due to its flexibility and 
wide range of applications across scientific disciplines. In the context of 
sampling theory, the normal distribution is typically regarded as a large-
sample or asymptotic distribution. In 1904, Gosset [7], writing under the 
pseudonym “Student,” published an internal report titled The Application 
of the Law of Error. This work marked a significant step toward small-
sample inference. Subsequent correspondence between Gosset and Ronald 
Fisher eventually led to the development of the student’s t-distribution. 
Although Fisher initially resisted Karl Pearson’s [8] introduction of the 
chi-square variate, he later formally investigated the t-distribution, 
publishing results in 1925 that confirmed its equivalence to Gosset’s 
original formulation. In modeling complex data, mixtures of distributions 
such as the Bivariate Student’s t and Normal are often employed to capture 
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both heavy-tailed and light-tailed behavior. Since Shannon’s entropy 
quantifies the uncertainty associated with a probability distribution, 
understanding its bounds becomes crucial in assessing the information 
content of such mixtures. Recently a new and strong bounds obtained for 
Shannon’s entropy of a probability distribution by [11]. Today, the normal 
and Student’s t-distributions are recognized in statistical literature as the 
foundational population and sampling distributions, respectively. This 
dual role inspired the authors to explore a synthesis of the two, resulting 
in a Bivariate mixture of the normal and Student’s t-distributions—termed 
the t-Normal distribution. The subsequent sections of this work delve into 
the structural properties, statistical characteristics, and parameter 
estimation techniques associated with the t-Normal distribution. 

Section 2 - Bivariate mixture of student’s t-normal distribution

Definition 2.1: Let X and Y be the jointly distributed random variables 
follows Bivariate mixture of t-normal distribution with ‘v’ degrees of 
freedom, then the density function of the distribution is defined as
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Where , , , , , , 0X Y X Yx y vm m s s−∞ < < +∞ −∞ < < +∞ >

Result 2.2: From (2.1), if ( )/X X Xz x m s= −  and ( )/ ,Y Y Yz y m s= −  then the 
density function of Bivariate mixture of standard t-normal distribution 
with degrees of freedom’ v’ is given as
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Result 2.3: The following probability surfaces of Bivariate mixture of 
standard t-normal distribution for the selected values of ‘v’ are visualized 
below: 

Figure 1
v = 1

Figure 2
v = 2

Figure 3
v = 3

Figure 4
v = 4

Figure 5
v = 5

Figure 6
v = 10
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Figure 7
v = 15

Figure 8
v = 20

Figure 9 
v = 25

Figure 10
v = 30

Theorem 2.3: The cdf of the Bivariate-scaled t-normal distribution is obtained as

,
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where ( )B  and ( )g  are the Incomplete beta and lower incomplete Gamma 
function respectively.

Proof: Let the cumulative distribution function of a Bivariate distribution 
is
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Now rewrite (2.4) in terms of standardized form, then the Integral 
becomes
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Split the integrals into additive form in (2.5) and perform the 
integration, then the final expression of CDF as
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Section 3 - Marginal, Conditional distributions and Conditional Mo-
ments

Theorem 3.1: The marginal distribution of X for (2.1) is the Scaled Gaussian 
normal distribution and it’s density function is given as

2
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where , , 0X Xx m s−∞ < < +∞ −∞ < < +∞ >

Proof: The marginal distribution of X is derived as 
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By setting ( )/Y Y Yz y m s= − and perform the integration, then the 
final result is found to be
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Theorem 3.2: The marginal distribution of Y for (2.1) is the Scaled student’s t 
distribution with ‘v’ degrees of freedom and it’s density function is given as 
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By Setting ( )/ ,X X Xz x m s= −  then the result is found to be
1
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Theorem 3.3: The Probability density function of Conditional Bivariate mixture 
of scaled t-normal distribution of X on Y is
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Theorem 3.4: The rth order moment of the Bivariate mixture of Conditional 
t-normal distribution of X on Y is given as
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Proof: The thr  order moment of a conditional distribution is
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From (3.6), expand the binomial series and perform the integration, 
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   −     − −  = −  ∫
   −
       

Then set ( )/Y Y Yz y m s= −  in (3.10), then the integral becomes
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( )
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  
     

(3.11)
From (3.11), expand the binomial series and perform the integration, 

the result is found to be

/2 2
/

0

( )
( / ) ( /2) ( / )

( /2) 22

(3.12)

qr r q qr Y X
Y X Y Y

q X

xr v qE y x v
v q

m m
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G =

    − − = ∑            

 
From (3.12) if r=1, 2, 3, 4 then the first and high order conditional 

moments are

/ ( / )Y X YE y x m=

2 2 2
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(( /2) (1/2))( / ) 1 ( / )
( /2)

X
Y X Y Y Y
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xvE y x
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m
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s
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  −− = +      

4 4 2
/

2
4

(( /2) (1/2))( / ) 1 6( / )
( /2)

(( /2) 1)( / )
( /2)

X
Y X Y Y Y

X

X
Y Y
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xvE y x
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v x
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m
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s
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G
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 − −
= +      

−  − +      

Section 4 - Constants and Generating functions

Theorem 4.1: If X and Y are jointly distributed according to Equation (2.1), then 
the product moment is. 

( ) (4.1)XY X YE xy m m=

Proof: The result is obtained by writing.
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,( ) ( , )XY X YE xy xy f x y dxdy
+∞ +∞

−∞ −∞
= ∫ ∫  

( 1) 2/2

2

( /2) 1 1exp 1
2( /2) 2
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v vv
X Y X

X Y XX Y Y

Y

x y xv xy dxdy
v y
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s s ss s p m

s
G

− +
+∞ +∞

−∞ −∞

  
  
   − − −

= − +   ∫ ∫      −
       

(4.2)
By setting ( )/X X Xz x m s= −  and ( )/Y Y Yz y m s= −  in (4.2), then the 

integral becomes
/2 ( 1) 2

2

( /2) 1 1( )( ) exp 1
2 /( /2) 2

v v v

X X X Y Y Y X Y X X Y
Y

v z z z z z dz dz
z vv

m s m s
pG

+∞ +∞ − +

−∞ −∞

  
 = + + − + ∫ ∫     

(4.3)
From (4.3), perform the integration, then the first order product 

moment found to be
( )XY X YE xy m m=

Corollary 1: If X and Y are jointly distributed according to (2.1) then the 
Product moment, Co-variance and Correlation Co-efficient between the mixture 
of t-normal variables are given as

( ) (4.4)XY X YE xy m m=

, ( , ) 0 (4.5)X YCOV x y =

, ( , ) 0 (4.6)X Y x yr =

Therefore (4.5) and (4.6) clearly visualizes the mixture of t-normal 
variables are uncorrelated but not independent and the uncorrelatedness 
does not implies independence. Hence, the proposed density function of 
t-normal mixture is unique and it’s having several notable properties.

Theorem 4.2: The Joint Shannon’s differential entropy of the Bivariate mixture 
of t-normal distribution is

, 1 2 3 4( , ) ( ( , , ) ( ) ( ) ( )) (4.7)X Y X Yh x y v v v vw s s w w w′ = − + + +



500� G. S. D. S. JAYAKUMAR, W. SAMUEL AND B. J. THOMAS
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and 3 2 ( ),F ( ),Y  ( )B  are the Generalized hypergeometric,di-gamma and 
Beta functions respectively.

Proof: It is found from 
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−∞ −∞
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+∞ +∞
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 
 
 
 
 
 
 

∫ ∫  
 
 
 
 
 
 
 
 

By integration, the final result will be 

, 1 2 3 4( , ) ( ( , , ) ( ) ( ) ( ))X Y X Yh x y v v v vw s s w w w′ = − + + +



BIVARIATE MIXTURE OF STUDENT’S T AND NORMAL DISTRIBUTION� 501

Theorem 4.3: The Moment generating function of the Bivariate t-normal mixture 
is 

1 2/2

, 1 2

2 2
2 2 1 2

0 0

(1/2)( , )
( /2) 2

( 2 ) ( ) ( (1/2)) (( /2) )
(2 )!(2 )!

X Yt tv

X Y

k l
k l

X Y
k l

eM t t
v

t t
v k l v l

k l

m m

p

m m

G

G G

+

∞ ∞

= =

=

 
+ + −∑ ∑  

  

Proof: Let the moment generating function of the Bivariate distribution 
be given as.

1 2

( 1) 2

, 1 2 2

1 1( , ) exp 1
2

/

v v
t x t y X Y X

X Y
X Y XY

Y

x y x
M t t e dxdy
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s s sm

s

− +
+∞ +∞
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−∞ −∞

  
  
   − − −

= − +   ∫ ∫      −
       

(4.8)
By setting ( )/ ,X X Xz x m s= −  ( )/Y Y Yz y m s= −  and expand the 

exponent into the sum of odd and even power series as in (4.8) and perform 
the integration, then the odd powers are vanished, finally the result is 
found to be              
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Theorem 4.4: The Cumulant of the Bivariate mixture of t-normal distribution is
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 
  
 + + −∑ ∑      

Proof: It is found from , 1 2 , 1 2( , ) log ( , )X Y X YC t t M t t=

Theorem 4.5: The Characteristic function of the Bivariate t-normal mixture is 
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Proof: Let the Characteristic function of a Bivariate distribution is given as
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       

From Theorem 3.2, the integration is straightforward, and the final 
form of the characteristic function is obtained as.
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Result 4.6: Table-1 shows the special cases of (2.1) based on Jacobian 
transformation of t-normal vatiables.

Table-1
Special Cases

Case 
No. Distributions

 Transformation 
 X  Y

1 Log (t-normal) xe ye

2 Logit (t-normal) /(1 )x xe e+ /(1 )y ye e+

3 t-log normal x ye

4 Log t-normal xe y

5 t-logit normal x /(1 )y ye e+

6 Logit t-normal /(1 )x xe e+ y

Contd...



BIVARIATE MIXTURE OF STUDENT’S T AND NORMAL DISTRIBUTION� 503

7 Log t-Logit normal xe /(1 )y ye e+

8 Logit t-Log normal /(1 )x xe e+ ye

9 Sine hyperbolic normal –t distribution Sinh( )x y

10 normal – Sine hyperbolic t x Sinh( )y

11 Sine hyperbolic (t-normal Sinh( )x Sinh( )y

12 Log normal – Sine hyperbolic t xe Sinh( )y

13 Sine hyperbolic normal-log t Sinh( )x xe

14 Logit normal-Sine hyperbolic t /(1 )x xe e+ Sinh( )y

15 Sine hyperbolic normal-logit t Sinh( )x /(1 )y ye e+

Section 5 - Parameter Estimation

Result 5.1: As an initial step, we apply estimation using the method of 
maximum likelihood. The log-likelihood function for a Bivariate random 
sample is. 1 1 2 2 3 3 1 1( , ), ( , ), ( , ), , ( , ), ( , )n n n nx y x y x y x y x y− −  from 
(2.1)
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The first-order derivatives of Equation (5.1) with respect to the five 

parametersare.
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(5.6)
By setting these expressions equal to zero and solving them together, 

the authors obtain the maximum likelihood estimates of the five 
parameters. In order to construct the Fisher Information matrix, one 
requires the Second-order and Cross Partial derivatives of (5.1) are
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   −  − − −   + + − − +∑      −   
  ∂  −=    ∂   −  + −∑ ∑         −

  
  








 
 
 
  



(5.9)

2 3 31

2 2

2

21

(1, ( )/ ) (1, ( )/ )
( 1)
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( ) /

n i Y i Y Y i Y i Y Y

i
Y Y i Y Y i Y

i X

nY X

i
i Y

y signum y y abs yn v
y y

L x

y v

m m s m m s
s s m s m

m
s s

m

=

=

   −  − − − − −   + + +∑      − −    
  ∂  −=    ∂    −∑  

−  
     

(5.10)
2

2

log (1, /2) (5.11)
2

L n n v
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Y
∂

= −
∂

2

31

2
log 1 (5.12)

/

i X

n X

iX Y Y i Y

Y

x
L

y
v

m
s

m m s m
s

=

  −   ∂  = ∑  
∂ ∂   −

  
  
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22

2 21 1 1
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/
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x y
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= = =

 − 
      − − − −∂
 = − −∑ ∑   ∑       ∂ ∂ −     −  

  
  

(5.13)
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log 1 (5.14)
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iX Y Y i Y

Y

x
L
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m s s m
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=

  −   ∂  = ∑  
∂ ∂   −

  
  

2

21 1 1
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Y

x
abs x xL

v x y

m
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m sm m
s

= = =

  −      − − −∂   = + +∑ ∑ ∑     ∂ ∂ −     − 
  
  

2
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log 1 (5.16)
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i X

n X

iY X Y i Y

Y

x
L

y
v
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s

m m s m
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=

  −   ∂  = ∑  
∂ ∂   −

  
  

2

2

31
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log (5.17)
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n X X

iY X i Y

x
L v
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s s

m s m=

  −   ∂  = ∑  
∂ ∂ − 

 
 

2

2
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(1, ( )/ )log ( 1)
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i X

n n Xi Y i Y Y

i iY Y Y Y i Y i Y

x
y signum yL v v

y y

m
sm m s

m s s s m m= =

  −      − − −∂   = − + −∑ ∑     ∂ ∂ − −   
 
 

(5.18)
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2

2

31 1

(1, ( )/ )log (5.19)
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i iY i Y i Y

x
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sm s
m m m= =

  −     − −∂   = − −∑ ∑   ∂ ∂ − −  
 
 

21

2

1
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( 1)

log 2
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Y
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v

x x
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abs x x
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s s m m

m
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=

=

  − − − − − − − + −∑     −  −  
∂  −=

 ∂ ∂ − −  −  − + − ∑   −    −



21

/

n

i

v
=

 
 
 
 
       ∑         

(5.20) 
2

2
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log (5.21)

( )
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n X X

iX Y i Y

x
L v
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s s

s m m=

  −   ∂  = ∑  
∂ ∂ − 

 
 

2

2

21

2
log (5.22)
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i XY

n X X

iX Y i Y

x
L
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s s

s s m=

  −   ∂  = ∑  
∂ ∂ − 

 
 

2

2

21 1
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(1, ( )/ )log (5.23)

i X

n n X Xi X i X X

i iX X i X i Y

Y

x
x abs xL

v x y

m
s sm m s

s s m m
s

= =

  −      − − −∂   = +∑ ∑     ∂ ∂ −     − 
  
  

2

21

2
log (5.24)

( ) /

i X
Y

n X

iY X i Y

x
L

y v

m
s

s
s m m=

  −
  

∂   = ∑  ∂ ∂ − 
 
 
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( )

2

2

31 1

(1, ( )/ )log ( 1)

i X

n n Xi Y i Y Y

i iY Y Y Y i Y i Y

x
y signum yL v v

y y

m
sm m s

s m s s m m= =

  −      − − −∂   = − + −∑ ∑     ∂ ∂ −    − 
 
 

(5.25) 
2

2

21

2
log (5.26)

( ) /

i XY

n X X

iY X i Y

x
L

y v
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s s

s s m=

  −   ∂  = ∑  
∂ ∂ − 

 
 

( )

2

2

21 1

(1, ( )/ )log (5.27)

i X
Y

n n Xi Y i Y Y

i iY Y i Y i Y

x
y abs yL

v y y

m
s

sm m s
s s m m= =

  −      − − −∂   = −∑ ∑     ∂ ∂ −    − 
 
 

21 1 1

(1, ( )/ )log log (5.28)

i X

n n n Xi X i X X

i i iX X i X i Y

Y

x
x abs xL

v x y

m
sm m s

m s m m
s

= = =

  −     − − −∂   = − +∑ ∑ ∑   ∂ ∂ −   − 
  
  

2

2
31 1

(1, ( )/ )log (5.29)
( )

i X

n n Xi Y Y
Y

i iY i Y i Y

x
abs yL

v y y

m
sm s

s
m m m= =

  −     − −∂   = − −∑ ∑   ∂ ∂ − −  
 
 

2

21 1

(1, ( )/ )log 1 (5.30)

i X

n n Xi X i X X

i iX X Xi X i Y

Y

x
x abs xL

v x y

m
sm m s

s s sm m
s

= =

  −      − − −∂   = +∑ ∑     ∂ ∂ −     − 
  
  

and
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2

21 1

(1, ( )/ )log (5.31)
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i X

n n Xi Y i Y Y
Y

i iY Y i Y i Y

x
y abs yL

v y y

m
sm m s

s
s s m m= =

  −      − − −∂   = − −∑ ∑     ∂ ∂ − −   
 
 

From (5.1) to (5.31), one can exhibit the elements of the Fisher 
Information matrix are
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1

/

n
i X X i X X

iXX i X i X

n

iX X i Y

Y

signum x abs xL vE E E
x x

n n E
y

v

m s m s
sm m m

s s m
s

=

=

     − − − −∂    − = − −  ∑     ∂ − −      
  
  
  

+ − ∑   
   −
       
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      − − − −∂ +     − = −  ∑      ∂ − −      
   −      + ∑   
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    − − −∂  − = −       ∂ −    
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 
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Result 5.2: As a second approach, the authors realized that the 
computational complexity of the maximum likelihood estimation of the 
proposed distribution due to the high non-linearity of parameters. Hence, 
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Conclusion

This paper introduces a novel Bivariate mixture of the student’s t and 
Gaussian normal distributions, referred to as the t-Normal distribution. 
The distribution’s characteristics are examined in detail, revealing two key 
properties. First, the conditional variances within the t-Normal distribution 
exhibit heteroscedasticity. Second, although the correlation between the 
standard normal and the student’s t variables is zero—indicating that they 
are uncorrelated—the variables are not independent. This suggests that 
the population (normal) and sampling (Student’s t) variables are not 
associated in a linear sense, yet they retain a dependency structure.

Future work will explore the distributions of the sum, difference, and 
ratio of these two variables. Additionally, the multivariate extension of the 
t-Normal mixture will be considered in subsequent research.
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