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Abstract

Some inventory control problems are considered in the paper, in particular,
box constrained inventory control problems. The optimal solution is described by a
characterization theorem, and an efficient convergent polynomial algorithm is proposed.
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1. Introduction
Consider the following box constrained inventory control problem.

©)

i = —yn (3%, PX
min {c(x) =c(Xqy, o, Xp) = Nity (xi += )} (1)
subject to
Yiei dix; <b ()
=20, i=1,..,n 3)

In problem (C), for the item i, where i = 1,...,n, s; is the cost of setup,
a; is the demand rate, x; is quantity of the order, p; is the cost for holding a unit
of the item, d; is the storage area per facility unit, and b is the capacity of the
store (the maximum storage area).
The objective function describes the total cost and it must be minimized.
The unconstrained minimum of function c(x), defined by (1), is
2s;a;

x; = o Vi 4)
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Taking the positive values of the square roots in (4), then x;'s satisfy
constraints (3) of problem (C). If x;'s satisfy constraint (2) as well, then x;'s
constitute the optimal solution of problem (C).

Otherwise, if Y[-; d;x{ > b, the inequality constraint (2) has to be satisfied
with equality

i=1 dixi = b.
The function of Lagrange for the considered problem (C) (1)-(3) is
LD =Ty (4425 + (TR, dix = b),

with t > 0 the dual variable, corresponding to the single inequality
constraint (2).

Because L(x,t) isaconvex function of ¢t and x, the optimal values t* and
x* satisfy the optimality conditions

oL i%q i .
a—xiz—%+%+tdi=0, Vi, )
oL
5 = Ziz1 dix; —b = 0. (6)
Conditions (5) imply

2sja; .
xf= |28y, (7
pit+2td;

If t = 0, that is, if there is no limit on the storage, expressions (4) and (7)
coincide, and (4) is known as the Wilson's economic lot size formula.

Consider problem (CBV), which is a version of the above problem (C)
(1)-(3), such that instead of nonnegativity constraints (3), box constraints are
included.

(CBV)
min{c(x) = e(x, o, 2) = Ty () = By (0 +250)) ®)
s.t.
Yi=p dix; <b )
L <xi<u, Vi (10)

where [; =2 0, i =1, ...,n, in accordance with economic interpretation of x;'s;
and the values of s;, a;, p;, and d; are also assumed to be nonnegative (even
positive) for each i = 1, ...,n, in accordance with their economic meaning.

Note that if [; =0 and u; = +o0 Vi=1,..,n, constraints (10) imply
constraints (3).

Since  ¢;(x;) = — 3%

2sia;

+%, and therefore ¢’ (x;) = >0 by

x? x}
assumption, then functions c;(x;) turn out to be strictly convex, and
consequently, c(x) is also a strictly convex function.

Problems (C), (CBV) and related problems arise in inventory control,
facility location, production planning, scheduling theory, allocation of resources,

etc. Related topics are considered, e.g., in reference titles [1-34].



EFFICIENT ALGORITHM INVENTORY CONTROL PROBLEMS 345

A characterization theorem for the optimal solution of problem (CBV) is
established in Section 2. An efficient algorithm for solving this problem is
proposed, the convergence is proved, and polynomial complexity of the algorithm
is established in Section 3. In Section 4, content of the paper is summarized, and
an open problem for future work is formulated.

2. Characterization theorem for problem (CBYV)

Assume that

(A.l) |; <u; for each i =1,...,n. If [, =u; for an index k, where
1 < k < n, the value of x;: = [, = u, is known in advance.

(A.2)

=1 dili <D, (11)

else constraints (9)-(10) are incompatible and therefore the feasible set X
(9)-(10) would be empty. We also assume that b < }}7-; d;u; in certain cases,
which will be described below.

The function of Lagrange for (CBV) is

Lo v,w,t) = Bty (ot + 55 + €L, dix; = b) + ity vill = x)
+ i wi(x —uy), (12)
where t € RY, v = (vq, ..., 1) ERY, w = (wy, ..., w,,) € R

The minimization conditions of Karush-Kuhn-Tucker (in short KKT) for
problem (CBV) are as follows

—%+%+tdi—vi+wi=0, Vi, (13)
vi(l;—x)=0, Vi (14)

wi(x{ —u;) =0, Vi (15)

t(EL, dxi —b) =0, tER}, (16)
ity dixi < b, 7)
L<xi<u, Vi (18)

v, ERLw; ERL, Vi, (19)

where t, v;, and w;, are the dual variables (Lagrange multipliers) for the
constraints (9), [; < x;, and x; <u; for each i =1,..,n, respectively. If
l; = —o0 or u; = +oo for an index i, 1 < i < n, then the corresponding KKT
condition (14) (condition (15), respectively) and the dual variable v; (dual
variable w;, respectively) are not taken into account.

Theorem 1 (Characterization theorem for problem (CBV))

Denote I ={1,..,n}. A feasible point x* = (x{);e; €X (9)-(10) is
optimal solution of minimization problem (CBV) iff 3 a nonnegative number
t € RY with

., def (, s;a; Di
* — 7. t — . > el Sl S ot
x; =1, i€l {1 €Lt= 0= (20)
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def sia; i
* ] . t . o< Siti pi
x;=u;, (€I, = {lEI.t_—diuiz——Zdi, 21

2s;a; . def (. S:a; . Sia; X
xi= |28 et =ie 2 Py 20 Pl 22)
pit2td; dju; 2d; d;l; 2d;

Note that the expressions of x; in (22) and in (7) coincide.

Proof: Necessity. Suppose that x* = (x;);¢; is the optimal solution to problem
(CBV). Then there exist scalars (dual variables) t, v;, w;, i € I, satisfying the
KKT optimality conditions (13)-(19).
(1) Let t > 0. Then system (13)-(19) of the KKT optimality conditions is of the
form (13), (14), (15),(18),(19) and Y, d;x; = b.
(a) If x; =1, then (19) implies v; = 0 and (15) implies w; = 0. Then (13)
implies
Siaj Pi
_(XLT)Z-}-;: v; —tdi > —tdi.
By assumption d; > 0, hence
> _Si% _ Pi _ Si%  Pi

T ai(xD? 2d;  dif 24y
(b) If x{ = u;, then (14) implies v; = 0 and (19) implies w; = 0. Then from

(13) it follows that
- (iif;iz +% = —w; — td; < —td;.
L
Hence,
< Si%_ Pi — Si% _ Pi

T di(x)? 24 - diuiz 2d;’

() Ifl; < x{ <u;, then (14) and (15) imply v; = w; = 0. Then from (13) it
follows that

Sidi bi
- = =td;.
ap? 2 '

siai i 2sia;
t=—‘jz—ﬂ and x; = |——.
di(xl-) 2d; pi+2td;

By assumption d; > 0, i € [; t > 0, and [; < x; < u;, therefore

Hence,

__Si% _ Pi _ Si% _ Pi _ _Si% _ Pi . Si% _ Pi
di(xp)?  2d; o dil?  2d;’ di(xp)?  2d; T du? 2df
hence,
sia; Dy sia; D
ﬁ - <t<-5 -
w? o 2d; ail? 24;
(2) Let t = 0. Then system (13)-(19) of the KKT optimality conditions is of the
form
sia;

L+ Py +w; =0,i€l, and (14),(15),(17),(18),(19).

ICHE
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(a) If x{ =1;, then (19) implies v; = 0 and (15) implies w; = 0. Then from

(13) it follows that
Sidi bi _ Siai Di
Ry P 2 G Py >,
12 +5 (2 2 vi 20

Multiply both sides of the above inequality by —% (<0 by the
L

assumption), hence

sia; _ Di

> <0=t.
dili 2d;
(b) If x{ = u;, then (14) implies v; = 0 and (19) implies w; = 0. Then from
(13) it follows that
Sidi L Pi— _ Si% o4 Pi_ _
2ty = (xZ)2+2 =-w; <0.

Multiply the above inequality by —% < 0, hence

P> 0=t
dju; 2d;
(¢) If l; < x{ <uy,then (14) and (15) imply v; = w; = 0. Then (13) implies
Si% _ Pi _
(D2 2
By assumption, [; < x; <u;, i € I. Then
= Si% _ Pi . Si% _ Pi = Si% _ Pi Si% _ Pi
&)z 2 12 2’ )2 2 u? 2"

Multiply the above two inequalities by i > 0 and take into consideration
A

that ¢ = 0 in the considered case (2). Then in the subcase (c¢) we get
S0Pz <3Pl
diui 2d; dili 2d;

Introduce the index sets If, If, and I*, defined by (20), (21) and (22),
respectively. Evidently If U I U I* = I. Using these three index sets, subcases
(a), (b), and (c) of cases (1)-(2) are described by (20), (21), and (22), respectively.

Sufficiency. Let x* € X, and let elements of the vector (point) x* satisfy
(20), (21), and (22) with t € R}.

(1) Lett>0.Set:

_ _Si% _ Pi =, — ; t.
t_di(XE‘)z Zdi(> 0), vi=w;=0, i€l
vi= ="+l ttd, (20), w=0, i€l

A

Sidq

Pi :
vi=0, Wizu_iz_?l_tdi (20), lEILL;.

Obviously the KKT optimality conditions (13), (14), (15), (16), (19) are
fulfilled, and the KKT conditions (17)-(18) are fulfilled as well in accordance
with the assumption of Theorem 1 that x* € X.

(2)  Let t = 0. Therefore (22) with t = 0 implies p;(x;)? — 2s;a; = 0. Set:
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_ _Si4% Pi (—0 o . t=0
= -— (= v,=w; =0, i €'
di(X;)z 2d; ( )’ t t ’ ’

+8 4 td; = -

Siaq

Siai
v =3 =
13

pi e
2 +2 (20), w; =0, (€L

v, =0, w =si—?—%—td,- =5u—‘;—”; (=0), i€l

Evidently the KKT optimality conditions (13), (14), (15), (19) are fulfilled,
the KKT conditions (17)-(18) are fulfilled as well in accordance with the
assumption of Theorem 1 that x* € X, and the KKT condition (16) evidently is
satisfied with t = 0.

From cases (1) and (2) it follows that the KKT sufficient optimality
conditions (13)-(19) for problem (CBV) are satisfied. Therefore x* is an
optimal solution to problem (CBV). This optimal solution is unique due to the
strict convexity of the objective function c(x).

3. The Algorithm

The KKT optimality condition (16), with the use of expressions (20), (21),
and (22) of the statement of characterization Theorem 1, can be written as
follows.

2sia;
t (Ziezf dili + Xiert disti + Lieye d; fﬁ - b) =0, teRL. (23)

Define
def 2sia;
r©) % Sig dili+ S, dit + Sy dy |28 — b, (24)

Introduce the following notation for iteration No. k of algorithm
performance: t® is value of the dual variable t for the inequality constraint (9),
b1 is the right-hand side of the inequality constraint (9), 1%, I/ 15 and
I*®) respectively, are the current index sets I, If, If, and I¢.

Algorithm 1 for problem (CBV) is based on the characterization Theorem
1.

Algorithm 1

0. (Initialization) n®:=n, k:=0, I:={1,..,n}, IO:=1, I}:=0, IL:=
@, b©@:=p.
If Yie; dil; < b, to Step 1, else to Step 9.

1. Construct the initial index sets 12, I2, I° with t = 0. Calculate the value

2sia;
7(0):= Xierp dili + Xierg ditti + Liero d; / ;la —b,

using expression (24) with t = 0.
If r(0) <0, then t: = 0, to Step 8
else if r(0) > 0, then:

if b < Yi¢; diuy, then to Step 2
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10.

else if b > Y.;¢; d;u;, then to Step 9.

Set 1800 = [ Determine t* via the closed form expression for t. To
Step 3.

Construct the current index sets Ilt ) I;(k), ') via (20), (21), (22)
(with i € I®) and find [I[%®], |1:%9), and |1t®)].

To Step 4.

Compute the value

2sia;
r@): = Ziellt(k) d;l; + Zielfl(k) diug + et d; /m —p,
To Step 5.

If r(t®) = 0 or I'® = @, then:
K K
t=t® 1= 1ol 1= 15U 1E 1t = 110, o Step 8
else if 7(t®)) > 0, then to Step 6
else if 7(t™®)) < 0, then to Step 7.
xji=1 fori € Ilt(k); [EHD: = I(")\Ilt(k); and pU*D; = pk) — Zielt(k) d;l;;
l

nk+D), = nk) _ |Ilt(k)|; If:=1fu Ilt(k); k:=k+1.To Step 2.
xii=y for i € L JG+D); = [UO\[ER), gpg pGtD), = p() — X0 dit;
u

n+D; = n0 — 1K) e = o g 10 = k 4 1. To Step 2.

. . . . . 2514, .

xii=1 for i €If, xii=u; for i € IL, xj:= |—L2L for i € I'. To Step
pit2td;

10.

Problem (CBV) has no optimal solution because the feasible region X is
empty or because there is no t* > 0 which satisfies the characterization
Theorem 1.

End.

Theorem 2 (Convergence of the proposed Algorithm 1)

(@)
(i)

If {t") is obtained by Algorithm 1, then:
r(t®) > 0 implies t®) < t*+D;
r(t®) < 0 implies t® > t*+D),

The proof of the above Theorem 2 is omitted.
The relations (i) and (ii) of Theorem 2, combined with the expressions (20),

(21), and (22) of the formulation of Theorem 1, state that the calculation of the
optimal value of ¢t and construction of the optimal index sets If, I%, and I*, are
in accordance with the statement of the characterization Theorem 1.

Analysis of the proposed Algorithm 1 shows that the value of at least one

variable of problem (CBV) is calculated at each iteration of the algorithm by
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solving problem of the type (CBV) with less variables at Steps 2 to 7. Hence,
Algorithm 1 is convergent for at most n = |I| iterations. Furthermore, since each
step of Algorithm 1 takes time, bounded from above by O(n), then Algorithm 1
is a strictly polynomial algorithm with O(n?) running time.

4. Conclusions

Some inventory control problems are considered in this paper, in particular,
box constrained inventory control problems. The optimal solution is described by
a characterization theorem, and an effective convergent polynomial algorithm is
suggested.

Open problems for future research are to study other inventory control
problems and to develop convergent polynomial algorithms for the corresponding
optimization problems.
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