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Abstract
In this study, we have introduced the Chen distribution as an underlying hazard rate 
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model parameter values. The developed model’s use was demonstrated with lifetime data. 
Results of the model selection criteria and the graphs of Cox-Snell residuals from the study 
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1.  Introduction

Several disciplines, including medical research, biology, 
environmental studies, economics, epidemiological studies, social 
sciences, and engineering, depend on statistical evaluation of survival 
information (Abdisalam et al., [1]). The basis of parametric survival models 
is probability distributions. If the distributional assumptions are attained, 
parametric survival models produce estimates that are more accurate and 
tend to yield more precise estimates, with standard errors smaller than 
those from semi-parametric as well as non-parametric models (Collett, 
[10]).

Cox proportional hazards model is chosen automatically when 
modeling survival data in medical research (Royston, [25]). Unfortunately, 
for a single data set, this model does not offer a comprehensive probability 
specification. This calls for the development of adaptable models that can 
describe data of varied shapes while taking into account these distributional 
assumptions. Nevertheless, due to the Cox model’s undefined baseline 
hazard function and insufficient observations from the lifespan data 
analysis, estimating the model’s parameters becomes computationally 
difficult (Gonzalez et al., [13]).

Parametric survival models are essential for evaluating survival 
statistics. The following are some advantages of utilizing parametric 
survival models: They can apply random effects and frailty structures 
(Legrand, [22]) and can also be used to estimate expected lives, not only 
hazard ratios like the accelerated failure time framework (Lawless, [21]), 
(Muse, [24]), and (Abdisalam et al., [2]). They can handle all types of 
censored data and produce better estimates when the baseline hazard 
function can be determined mathematically (Abdisalam et al., [2]).

Wang et al. [29] and Abonongo et al. [3] indicated that the two 
predominantly adopted approaches used in formulating parametric 
regression structures for survival outcomes are the accelerated failure 
time (AFT) model, where factors impact both the hazard rate considered 
alongside the time dimension, as well as the PH analytical framework, 
whereby covariates influence the failure rate Adam et al. [4]. 

In order to model survival data using a parametric method, one of the 
first tasks is to select a baseline distribution that can represent the 
important characteristics of the observed data. In the modeling of survival 
data, specific probability distributions are frequently utilized. The 
proportional hazards model permits only a limited set of fixed models, 
none of which are sufficiently flexible to effectively represent various 
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survival data. The majority of distributions adhering to the PH assumption 
cannot simulate survival statistics that are non-monotone in nature (Khan 
and Khosa, [19] and Abdisalam et al., [2]). However, Tarvirdizade and 
Nematollahi [28] addressed this in their recent work titled, The Power-
Exponential Failure Rate Distribution, which is capable of modeling 
datasets with “bathtub-shaped” hazard rates.

The Chen distribution can simulate lifespan data with rising and 
bathtub hazard rate shapes and has numerous uses (Chen, [8]). It is closed 
under the PH assumption. Over the past few decades, significant efforts 
have been made to extend classical distributions such that they can serve 
as the regression models based on parametric hazards and their baseline 
distributions.

The Cox PH model’s shortcomings are resolved by the parametric 
proportional hazards method, which provides more accurate estimates. 
Chen’s distribution may also incorporate lifespan data with rising and 
bathtub hazard rate forms. Due to this, the new model stands out and is 
more appealing to scholars from many academic fields.

The structure of the paper appears as outlined: The introduction is 
found in Section 1. The Chen distribution is covered in Section 2, while the 
formulation, along with the underlying assumptions regarding the PH 
model, is covered in Section 3. The distributions closed under the PH 
assumption are outlined in Section 4. Section 5 provides the new model’s 
formulation, while Sections 6 and 7 examine the method of estimation as 
well as “model selection” criteria, respectively. Section 8 demonstrates 
how to use this new model on an actual data set, and Section 9 provides 
some concluding remarks.

2. Chen Distribution

The Chen distribution’s cumulative distribution together with its 
probability density functions (PDF) can therefore be obtained in the 
following form:

(1 )( ) 1 (1)
zxm eF x e −= −

and 
1 (1 )( ) , (2)

zz xz x m ef x mzx e e− −=

respectively, where 0, 0, 0x m z> > >  (Chen, [8]). The parameters’ m and z 
are both the distribution’s shape parameters.
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The hazard rate and survival functions are defined as
1( ) e , (3)

zz xh x mzx −=

and 
(1 )( ) . (4)

zxm eS x e −=

Figure 1 shows the density together with its hazard rate graphs for 
various parameter values. The graph indicates that the PDF is right-tailed. 
The hazard function that describes the Chen distribution exhibits distinct 
shapes considering different parameter arrangements, such as increasing, 
decreasing, and bathtub shapes.

3. Proportional Hazards Model Formulation and Assumptions

Explanatory variable(s) influence survival times in numerous real-
world situations. A regression model links the explanatory variable(s) 
with the response variable. Explanatory variable(s) must be included in 
survival modeling since they are crucial. Adam et al. [4] indicated that 
many approaches are available for use to establish regression models 
based on hazard functions. The formulation of a proportional hazards 
(PH) framework is one of the most widely utilized techniques (Abdisalam 
et al., [1]). In health research, the Cox proportional hazards model is widely 
preferred, as it does not rely on specific assumptions about the distribution 
of survival times (Abdisalam et al., [1]). According to Collett [10], Cox PH 

                                 (a)                                                              (b) 
Figure 1

Probability density (a) and hazard rate (b) functionis of the Chen distribution
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and the PH models are presented in a similar format. It is the Cox model 
in its parametric version.

3.1 Formulation of the Proportional Hazards Approach

The parametric PH structure is generated by employing a specified 
underlying hazard function (Abdisalam et al., [1]). In mathematical terms, 
it can be represented as follows: 

0( ; ) ( )exp( ), (5)t tx x ′=ν βV

“in which 0( ; )tx ν  stands for the baseline hazard function, V  appears in 
row-vector form containing the covariates, with β  appearing in column-
vector form consisting of regression parameters” (Abdisalam et al., [1]).

3.2 Proportional Hazards Assumptions

According to Abdisalam et al. [1], the PH framework makes the 
assumption that the impact associated with the covariates will cause the 
hazard function to either increase or decrease proportionately, regardless 
of time. The proportional hazard–based model makes the following 
assumptions:

0

0

( ; ) ( )exp( )
            = ( ). , (6)

t t
t en b

x x
x ′

′=ν βV

where this function 0( );tx  serves as the baseline hazard. Simplifying, 
equation (6) can be written as: 

0 1 1 2 2( | ) ( )exp( ... ). (7)z zt tx x b n b n b n= + + +ν

Comparing any two subjects or observations with covariates 
 and ,ν ν1 2  for instance, the hazard ratio (HR) of these two subjects or 

observations is defined as 

01
1 2 0

2 0

( | )exp( )( | , )
( , , , )

( | , ) ( | )exp( )
=exp( ( )). (8)

tt
HR

t t
xx

x
x x

= =
ν βν β

ν ν β
ν β ν β

β

V
V

V V-

'
1
'

2
' '
1 2

According to the aforementioned expression, the hazard rate for an 
observation is directly related to the hazard rate for every other observation.
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3.3 Lifetime-Related Functions for the Proportional Hazards Framework

The following are frequently used life span distribution functions 
associated with the PH model.

1. Hazard Rates in the Proportional Hazards Model

The failure rate function is a fundamental lifetime distribution used 
within the PH modeling structure. It refers to the rate at which survivors 
suffer death over time t (David, [11]). Consequently, the failure-rate 
function for the proportional hazards structure is given by the expression

0( ; ) ( )exp( ). (9)t tx x ′=ν βV

2. Cumulative Hazards in the PH Model

According to Abdisalam et al. [1], the cumulative hazard function 
(CHF) within the PH structure can be defined as follows

0 0
0 0

( | ) ( ) exp( ) ( ) ( )exp( ). (10)
t t

H t s ds s ds H tx x′ ′= = =∫ ∫ν β βV V

3. Survival Function Specification under the Proportional Hazards Model

One approach to formulate the function governing survival over time 
can be by utilizing the link between the survival function as well as its 
hazard function. Chin-Diew [9] stated that the failure rate is defined by 
the expression;

( )( ) . (11)
( )

f th t
S t

=

Therefore, the CDF can also be expressed as;

0 0

0

( )( | ) ( ) ,
( )

( ),
( )

= ln( ( )). (12)

t t

t

f uH t h u du du
S u

dS u
S u
S t

= =

= −

−

∫ ∫

∫

ν

Hence, ( ) ( ). ( ) ( ).exp( ( )).f t h t S t h t H i= = −  Expressing ( )S t  as a subject 
of ( )f t and ( )h t  and simplifying yields: 
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0
0

0
0

( ) exp( ( )) exp ( ( )) exp( ) ,

exp exp( ). ( ) . (13)

t

t

S t H t h t dt

h t dt

 
′= − = −  

 
 

′= −  
 

∫

∫

V

V

¥ â

¥ â

4. Cumulative Distribution Function within the PH Framework

In most cases, the CDF for the model takes the form:
( ) 1 ( ),

1 exp( ( )). (14)
F t S t

H t
= −
= − −

5. Probability Density in the Proportional Hazards Model

Its “PDF” is defined as 
( ) ( ). ( ). (5)f t h t S t=

4.0 � Distributions Which are Closed under the Framework of the PH 
Model

In the Proportional Hazards model framework, closed distributions 
are utilized to examine survival statistics. These distributions have been 
analyzed and applied in various settings.

4.1 Weibull PH Model

The Weibull distribution serves as an effective method in statistical 
modeling to analyze fatigue and the lifespan of engineering materials and 
devices [14]. A generation of the exponential distribution is the Weibull 
distribution (Justin, [17] and Abdisalam et al., [1]). It is flexible and may 
adopt traits of other continuous distribution types. In contrast to the 
exponential, it possesses an extra parameter. Based on the shape 
parameter’s value, an extra parameter tells the characteristics of the 
structure of the hazard rate (Alkhairy et al., [7]). Considering T to have a 
Weibull distribution, its PDF, CDF, survival, hazard rate, and CHF, 
respectively, are expressed as follows;
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1

1

( ) ( ) exp( ( ) ),
( ) 1 exp( ( ) ),
( ) exp( ( ) ), (16)
( ) ( ) ,
( ) ln ( ) lnexp( ( ) ),

                ( ) ,

d d

d

d

d

d

d

f t d t t
F t t
S t t
h t d t

H t S t t
t

q q q
q

q
q q

q
q

−

−

= −

= − −

= −

=

= − = − −

=

in which “the shape parameter is denoted by 0d >  and the rate parameter 
by 0q > ” (Abdisalam et al., [1]). It is essential to recognize that non-
monotone (also known as unimodal or bathtub) hazard rates cannot be 
accommodated by the Weibull distribution.

For a Proportional Hazards framework with a Weibull baseline, the 
rate of failure is expressed as

1
0( ) ( ) . (17)dh t d tq q −=

Based on the PH structure’s formulation, the hazard rate function of 
one person whose covariate set V, combined with the link term exp( ),′βV  
forms

1
0( ) ( )exp( ) ( ) exp( ). (18)dh t h t d dq q −′ ′= =V¥ âV ¥ â

Simplifying equation (18) yields 
1

1
1 1 2 2

( ) ( ) exp( )
( ) exp( ... ). (19)

d
WPH

d
z z

h t d t
d t
q q b
q q b n b n b n

−

−

′=

= + + +

V

Rewriting equation (19) as 
* 1( ) ( ) . (20)d

WPHh t d tq q −=

Considering that the distribution follows a Weibull form, the rate 
parameter * exp( )q q b′= V  and shape parameter d in equation (20) shows 
that the Weibull distribution fulfils the PH assumption.

Abdisalam et al. [1] stated that the Weibull-based PH structure has 
the following lifetime distributions: the Weibull-based PH’s survival term 
is 

( ) exp( ( ) .exp( )). (21)d
WPHS t tq b′= − V

According to Muse [24], the Weibull-based PH structure has a 
probability density expressed as:
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1( ) ( ) exp( )exp( ( ) exp( )). (22)d d
WPHf t d t tq q b q b− ′ ′= −V V

“The CDF and CHF for the Weibull PH structure may be stated as” 

( ) 1 exp( ( ) exp( )) (23)d
WPHF t tq b′= − − V

and

( ) ( ) exp( ) (24)d
WPHH t tq b′= V

respectively.

4.2 Gompertz PH Model

Benjamin Gompertz introduced the Gompertz distribution in relation 
to human mortality and actuarial sciences (Gompertz, [12]). This 
distribution, which is a modification of the exponential distribution, is 
used in a variety of disciplines, including reliability analysis, survival, 
actuarial science and demography, among others, to simulate human life 
span (Abdisalam et al., [2]). It is a flexible distribution that can be skewed 
to the left or the right. Accordingly, the Gompertz distribution’s PDF, CDF, 
survival function, failure rate function, and CHF are given by: 

Suppose Gompertz( , ),X qJ  then, 
( 1)

( 1)

( 1)

( 1)

( ) , (0, ),
( ) 1 ,
( ) , (25)
( ) ,
( ) ln ( ) ln( ) ( 1),

t

t

t

t

q et

q e

q e

t

q e t

f t q e e t

F t e

S t e
h t q e

H t S t e q e

J

J

J

J

J

J

J

J

J

− −

− −

− −

− −

= ∈ ∞

= −

=

=

= − = − = −

where 0q >  denotes its shape parameter, while its rate parameter is stated 
as 0.J >  Abdisalam et al. [2] expressed the Gompertz baseline failure rate 
for the PH mode as;

0( ) . ( )16th t q e JJ=

Thus, the PH framework is formulated as indicated by Muse [24], the 
hazard function for a subject with covariates V together with its link term 
exp( )′βV  is represented as

0( ) ( )exp( )
       exp( ). (27)t

h t h t
q e J

b
J b

′=

′=

V
V
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Using the exponential link expression exp( )′βV  to simplify, we get

1 1 2 2exp ... .( ) ( ) (28)t
GPH z zh t q e JJ b n b n b n= + + +

The preceding equation clearly satisfies the PH condition. The 
Gompertz proportional hazards model, however, is scarcely applied to 
practice situations. The Gompertz PH model also has the following other 
lifespan distributions. “The Gompertz PH model’s survival function” is 
defined as

( ) exp( ( 1).exp( )). (29)t
GPHS t q e J ′= − − V¥ â

(Abdisalam et al., [2]) expressed the PDF corresponding to the 
Gompertz-based PH framework as

( ) exp( )exp( ( 1)exp( )). (30)t t
GPHf t q e q eJ JJ b b′ ′= − −V V

In the Gompertz PH framework, the cumulative distribution function 
as well as the cumulative hazard function are represented as 

( ) 1 exp( ( 1)exp( )) (32)t
GPHF t q e J b′= − − − V

and 

( ) ( 1)exp( ) (32)t
GPHH t q e VJ b′= −

respectively.

4.3 Exponential PH Model

This distribution has a single unidentified parameter, s . When it 
comes to lifetime distribution models, it is the most understandable 
distribution. However, it cannot adequately fit the frequently occurring 
failure rate forms of survival observations. Abdisalam et al. [2] indicated 
that “the PDF, CHF, CDF, survival function, with corresponding hazard 
rate of the exponential distribution” are, respectively, expressed as follows. 

Suppose a random variable exponential ( ),X s  then,

( ) ,
( ) ln ( ) ln( ) ,
( ) 1 ,
( ) ,                                        (33)
( ) ,

st

st

st

st

f t se
H t S t e st
F t e
S t e
h t s

−

−

−

−

=

= − = − =

= −

=
=
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where 0s >  is a scale parameter with survival or failure time t. The 
exponential baseline failure rate for the PH model is 

0( ) . (34)h t s=

Abdisalam et al. [1] noted that “the hazard rate for a person with 
covariate set V  and its associated link term exp( )b′V ” is

0( ) ( )exp( ) exp( ). (35)h t h t sb b′ ′= =V V

Through the use of the exponential transformation exp( )b′V  we can 
simplify and obtain

1 1 2 2( ) exp( ) exp( ... ). (36)EPH z zh t s sb b n b n b n′= = + + +V

Suppose *exp( )s sb′ =V  then equation (36) can be written as 
*( ) . (37)EPHh t s=

This indicates that the exponential distribution has satisfied the PH 
assumption.

The exponential PH model also has the following lifetime distributions: 
For a PH model with an exponential baseline, the survival function takes 
the form of

( ) exp( ( )exp( )). (38)EPHS t st b′= − V

The exponential-based PH model has a PDF represented by
( ) exp( )exp( ( )exp( )). (39)EPHf t s stb b′ ′= −V V

Its CDF and CHF are expressed as 
( ) 1 exp( ( ).exp( )) (40)EPHF t st b′= − − V

and

( ) ( )exp( ) (41)EPHH st b′= V

respectively.

5. Chen Proportional Hazards Model

Given the link function exp( ),b′V  the Chen PH (CPH) regression 
modeling takes the form of

0( ; ) ( ).exp( ), (42)h t h tn b′= V
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where the regression coefficients connected to a vector of covariance ,V  is 
represented by 1 2( , , ..., )pb b b T=β  and 0( )h t  represents the underlying 
hazard rate defined in equation (3), (John et al., [16]). This expression 
satisfies the condition that exp( ) 0b′ >V  for all values of .V  The CPH 
model can, therefore, be defined by substituting equation (3) into equation 
(42) as; 

1( ; ) .exp( ). (43)
zz th t mzt en b− ′= V

Rewriting equation (43) in the form of
1

1

* 1

( ; ) ( ) .exp( )
exp( ).( )

. (44)

z

z

z

z t

z t

z t

h t zm t e
m zt e
m zt e

n b

b

−

−

−

′=

′=

=

V
V

From the equation (44), the failure rate for the CPH model looks 
similar to that of the equation (3) where * exp( )m m b′= V  under the 
proportional hazards framework assumption, the Chen distribution 
exhibits closure.

A general representation of the Chen proportional hazards framework 
is given below

1( ; ) .exp( ), (45)
zz th t mzt en b− ′= V

where m, and z are parameters of the baseline failure rate function, 
1 2( , , ..., )kn n n ′=V  define the covariate vector, β  denotes the vector of 

associated regression parameters, and t is survival time or censoring time.

Let ( ; )h t n = 1zmzt − zte exp( ),b′V ( )S t =
0

exp ( ) ,
t
h s ds −∫ 

 
 then the 

survival function ( )S t  can be described by; 

1

0

1

0

( ) exp exp( )

exp exp( ) . (46)

z

z

t
z s

t
z s

S t mzs e ds

mzs e ds

b

b

−

−

 ′= −∫ 
 
 ′= −∫ 
 

V

V

By integrating the equation (46), the survival expression within the 
CPH framework can be derived in the form, 

( ) exp( (1 ).exp( )). (47)
ztS t m e b′= − V

The CPH model yields the following expression for its “PDF”
( ) ( ). ( ).f t h t S t=
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Therefore, 
1( ) exp( ).exp( (1 )exp( )). (48)

z zz t tf t mzt e m eb b− ′ ′= −V V

The corresponding CDF takes the form
( ) 1 ( ).F t S t= −

Therefore, the CDF and cumulative hazard for the CPH framework 
take the form; 

( ) 1 exp( (1 )exp( )) (49)
ztF t m e b′= − − V

and

( ) (1 )exp( ) (50)
ztH t m e b′= − − V

respectively.

6. Maximum Likelihood Estimation

The likelihood for the CPH framework may be stated in the form 
1

1

(1 )

1

( | ) ( exp( )exp( (1 )exp( )))

                  (exp( (1 )exp( ))) , (51)

z z
i i i

z
i i

n t tz
i i i i

i
n t

i
i

L t mzt e m e

m e

d

d

k b b

b

−

=

−

=

′ ′= −∏

′× −∏

V V

V

id  represents the censoring indicator with sample size .n
Hence, the CPH model’s log-likelihood term corresponding to the thi  

subject may be represented as; 
1 '

1

1

( ) ln( exp( ).exp( (1 )exp( )))

                (1 )ln(exp( (1 )exp( ))), (52)

z z
i i

z
i

n t tz
i i i i i i

i
n t

i i
i

t mzt e V m e

m e

k d b b

d b

−

=

=

′= − +∑

′− −∑

 V

V

where k  represents all the parameters of the model including the 
regression parameter, β,  as well as the parameters for the distribution, 

( , )m z ′ψ =  that feature the baseline hazard component 0( ),h t  resulting in 
the parameter set ( , ) .k y b ′′ ′=

Therefore, the first partial derivative for the equation (52) will be 
represented by ,m  z  and b  for easy notation. Now equating 0,m =

0,z =  0,b =  we obtain
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1 1 exp( ) (1 exp( )) 0, (53)z z
i iu t w t

m
 

+ − + − = 
 

1 ln( ) ln( ) exp( )ln( ) exp( )ln( ) 0, (54)z z z z z
i i i i i i i i iu t t t mt t t wmt t t

z
 

+ + − − = 
 

2 0, (55)ij ijuV wV+ =

1 1
where  and (1 ) 1, 2, ..., .

n n

i i
i i

u w j pd d
= =

= = − =∑ ∑

Khosa [20] noted that the maximum likelihood estimates ˆ ,m  ẑ  and 
b̂  for m, z and b  respectively, are obtained through solving these three 
nonlinear equations simultaneously.

7. Model Selection Criteria

The criteria for model selection are used as a means to identify the 
best-fitting model among those available for the dataset analysis. The 
most common statistical methods for model comparison and selection are 
“the Akaike information criteria (AIC) formulated by Akaike” [5] and 
cited by Khosa [20], the corrected Akaike information criteria (AICc) 
derived by Sugiura [27], and the Bayesian information criteria (BIC) by 
Schwarz [26]. The test statistics of these are expressed as 

2 2( ), (56)AIC n k= − + +

2 ( 1) , (57)
1

AICc AIC
n
k k

k
+

= +
− +

and 
2ln( ) ln( ), (58)BIC L nk= − +

where   is log-likelihood, n  denotes the quantity of covariates in a given 
model, with n representing the total sample, ln( )L  defines the natural 
logarithm associated with the likelihood expression, while k  denotes the 
total number of model parameters involved in the probability distribution 
(Schwarz [26]).
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8. Chen Proportional Hazards Model Application

“Right-censored survival statistics are presented in this section to 
illustrate the flexibility as well as usefulness for the developed CPH model 
in modeling survival datasets” (Abdisalam et al. [1]).

8.1 Lung Cancer Survival Data

To highlight its application, a dataset representing the survival 
outcome of lung cancer individuals, as cited by Kalbfleisch and Prentice 
[18], was used. It consists of a sample size 137n =  patients who were 
studied by the Veterans Administration Lung Cancer Study. Nine out of 
these observations (representing 6.5%) were censored, where the response 
was survival duration (t) and the predictors included: the individual’s age 
(x1), diagnosis time (x2), and treatment (x3). This data set was fitted to the 
CPH, GOMPH, and WPH models. Table 1 summarizes the estimates of 
the parameter, related standard errors, as well as associated P-values with 
respect to the fitted models. The parameters for these frameworks are 
statistically significant at 0.05. The regression parameter 1( )b  of the WPH 
model is also significant at 0.05 and negatively affects the observed 
survival durations among individuals suffering from lung cancer, as 
indicated within Table 1. 

Table 1
Parameter estimates for lung cancer dataset

Model Parameter Estimate Std Error P-Value

CPH

m 0.0583 0.0194 0.0013

z 0.2322 0.0084 162.0 10−< ×

1b 0.0022 0.0064 0.7290

2b 0.0040 0.0101 0.6899

3b 0.1634− 0.1809 0.3665

GOMPH

a 3.6887 0.0017 162.2 10−< ×

g 0.0015 0.0003 0.0001<

1b 0.0089 0.0052 0.0888

2b 0.0032 0.0117 0.7810

3b 0.3446− 0.1911 0.07134

Contd...
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WPH

J 0.6809 0.0471 −< × 162.0 10

w 0.2059 0.0683 0.0026

1b −0.0308 0.0063 < 0.0001

2b 0.0019 0.0108 0.8541

3b −0.3494 0.1861 0.0604

The model selection criteria and the log-likelihood estimate for the 
lung cancer patient’s dataset are outlined within Table 2. The recommended 
model was the one that yielded the most favourable AIC, AICc, and BIC 
results. The computed AIC, AICc, as well as the BIC statistics indicated in 
Table 2 show that this dataset is better captured by the CPH model 
compared to the GOMPH and WPH models, as it has the lowest values of 
these measures. 

Table 2 
Goodness-of-fit measures associated with lung cancer dataset

Model − 2 AIC AICc BIC

CPH 1519.9190 1529.9190 1530.3701 *1540.2120

GOMPH 1524.1350 1534.1350 1534.5861 1548.7350

WPH 1530.1340 1540.1340 1540.5851 1554.7330

 *: Means the model that fits the data well

The residual plots based on Cox–Snell measures for both the CPH 
and alternative models are used to assess how well they fit the lung cancer 
observations. Figure 2 shows the residual plots for these models developed 
for analyzing lung cancer observations. Evaluation of the residual plots 
demonstrates that the CPH model yields the most satisfactory and 
outperforms competing models in fitting the lung cancer data. While the 
fits of the WPH as well as GOMPH residuals diverge from the diagonal 
except at the bottom and upper ends, the residuals of the CPH model fit 
lie closely along the diagonals. This outcome points to the CPH model 
being the most appropriate choice for modeling this dataset.



CHEN PROPORTIONAL HAZARDS MODEL WITH APPLICATION� 247

Fi
gu

re
 2

C
ox

-S
ne

ll 
re

si
du

al
s 

Pl
ot

s 
fo

r t
he

 lu
ng

 c
an

ce
r d

at
a



248� K. ATIAH, S. NASIRU AND S. KATARA

With regard to the purpose of verifying whether its proportional 
hazards assumption appeared true, the study took into account the 
numerical analysis of Schoenfeld residuals. The treatment (Trt), age, and 
diagnostic time (diagtime) covariates were checked for the PH assumption 
of each covariate as well as the overall model for the CPH model. As 
shown within Table 3, the P-values exceed 0.05 significance level, indicating 
that the PH assumption is met.

Table 3
Test statistics of the PH assumption test

Covariate df Chi-sq P-Value
Trt 1 3.5263 0.0600
Age 1 1.6871 0.01900

Diagtime  1 0.0091 0.9200
GLOBAL 3 5.9971 0.1100

8.2 Application with the Diabetes Dataset

The second application considered a dataset made up of 394 
Individuals deemed to have “high-risk” diabetic retinopathy as per the 
guidelines of the Diabetic Retinopathy Study (DRS) [15]. They indicated 
that every patient had at random one eye receiving laser treatment as well 
as, the remaining had no treatment. “For every eye, the event of interest 
was the time from the start of treatment to the time when the visual acuity 
dropped below 5/200 two visits in a row” [15] and Maru and Sangbum, 
[23]. “Thus, there is a built-in lag time of approximately 6 months”. 
Therefore, the actual time to blindness in months less than the shortest 
time-to-event (6.5 months) represents the survival durations in this dataset 
[15]. According to Huster, Brookmeyer, and Self [15], censorship was 
brought about by death, dropout, or study completion (Alba and Pablo, 
[6]). In this data, the response variable y (time to event or last follow-up) 
and “covariates are: age at diagnosis (x1), treatment (x2), and risk group 
(x3)”, (Maru and Sangbum, [23]).

Table 4 displays the P-values, standard errors, and parameter 
estimates for the various models. The findings in Table 4 demonstrate that 
each of the CPH model regression parameters is significant at 0.05. 
Nevertheless, the majority of the GOMPH and WPH parameters are also 
significant.
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Table 4
Estimates, standard errors and P-Value for the diabetic dataset

Model Parameter Estimate Std Error P-Value

CPH

f 0.0060 0.0045 0.1069

q 0.3930 0.0126 162.2 10−< ×

1b 0.0039 0.0055 0.3087

2b 0.6071− 0.1690 0.0001<

3b 0.1067 0.0571 0.0099

GOMPH

a 99.7650 0.0000 162.2 10−< ×

g 0.0027 0.0011 0.0128

1b 0.0096− 0.0058 0.0991

2b 0.7383− 0.1679 0.0001<

3b 0.2959− 0.0453 0.0001<

WPH

J 0.4481 0.0287 162.2 10−< ×

w 90.4060 0.0000 162.2 10−< ×

1b 0.0124− 0.0053 0.0195

2b 0.9271− 0.1631 0.0001<

3b 0.4053− 0.0275 162.2 10−< ×

Table 5 presents the 2 ,−   AIC, AICc, along with the BIC values. The 
CPH model exhibited the minimum 2 ,−   AIC, AICc, as well as BIC values 
when the models were compared, as found in Table 5. Therefore, the CPH 
model is the most suitable for analyzing the diabetes data.

Table 5
Goodness-of-fit metrics for the diabetic dataset

Model − 2 AIC AICc BIC

CPH 1687.6020 1697.6020 1697.7558 *1717.4830

GOMPH 1751.4180 1761.4180 1761.5718 1781.3000

WPH 1829.4410 1839.4410 1839.5948 1859.3230

*; Means the model that fits the data well.
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The CPH, together with other competing models’ Cox-Snell residuals 
plots, were utilized to evaluate how well these models model the diabetic 
data set. In Figure 3, the results of these plots are displayed. Figure 3 shows 
that the CPH model residuals follow the standard exponential distribution, 
where the residuals are closely packed along the diagonal. However, the 
residuals of the GOMPH and WPH models totally veer off from the 
diagonals. This demonstrates that the CPH model is superior to the 
GOMPH and WPH models. As a result, the CPH model, which is the best 
of the three, adequately fits the diabetes data.

The assumption that the hazards are proportional over time within 
the CPH framework for the diabetes data was tested using Schoenfeld 
residuals numerical analysis techniques (Abdisalam et al. [1]). The degree 
of freedom (df), Chi-square (Chi-sq), and P-value of the PH assumption 
test are displayed in Table 6.

Both the specific covariates and the overall fitted model were taken 
into account by the PH assumption test. The PH test results shown in Table 
6 showed that the model as a whole and each covariate met the PH 
assumption of the diabetic data set. This is clear from the fact that both the 
P-values for the general model and each of the individual covariates are all 
higher than the 0.05 level of significance.

Table 6
Test statistics of the PH assumption test

Covariate df Chi-sq P-Value

1x 1 0.3640 0.5500

2x 1 0.6020 0.4400

3x 1 1.6340 0.2000

GLOBAL 3 2.5790 0.4600

9.0 Conclusion

To provide a better fit for modeling lifespan data, researchers are 
constantly interested in developing new models to enhance the ones that 
are already in existence. As a result, the CPH model was established as 
part of this research. “The maximum likelihood estimation” method was 
adopted to generate estimators for the parameter values defining the new 
model structure (Adam et al. [4]). 
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Two collections of lifetime observations were used to highlight the 
new model’s adaptability and applicability. The log-likelihood, AIC, AICc, 
and BIC were obtained. The CPH model’s result was compared with that 
of the WPH and GOMPH model structures. Considering the results 
provided by the model selection criteria together with the log-likelihood 
and the Cox-Snell residuals plots, the parametric fit provided by the CPH 
model surpassed that of the remaining models across the datasets.
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