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Abstract
Heavy-tailed-Type II Exponentiated Half Logistic-Gompertz-G (HT-TIIExHL-G-G) 

class of distributions is proposed in this article. The structural properties of the distribution 
are thoroughly explored, and specific cases within this family are presented. We carried 
out simulation study to explore the estimation of the model parameters through several 
established techniques. The analysis showcased their numerical efficiency and performance. 
Furthermore, through the utilization of maximum likelihood technique, we use a specific 
instance from the HT-TIIExHL-G-G family of distributions (FD) to show its practical 
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application. This is achieved by fitting it to three real-world data examples from health care 
and engineering disciplines. 
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1. Introduction 
Emerging communicable diseases are important challenges in the recent 

years. A current outbreak of coronavirus pneumonia (Covid-19), is a wake-up call 
for the need to improve global health security. Statistical modeling of such 
diseases are important in our life as it is crucial for researchers to understand the 
behavior of the spread of each virus and its effect on humanity. As usual, various 
medical datasets are typically positive and unimodal, with a hump-shaped 
distribution and heavier tails than classical models. Classical distributions have 
some limitations, due to the fact that they are not sufficiently versatile to offer the 
optimal fit to datasets with Heavy tails. For instance, in health science research, 
the length of stay in hospitals has been shown to have a highly skewed, 
heavy-tailed distribution (Ickowicz and Sparks [8] and Harini et al. [7]). This 
means that the distribution is not symmetrical, with a long tail of extreme values. 
As a result, the standard classical distributions, such as the normal distribution, 
are not able to provide an adequate fit to this data. 

Scientists have studied heavy-tailed distributions to explore several aspects 
of real lifetime problems. The literature has offered a variety of other recent 
distributions, including the work by [14], [15], [1] and [3]. One of the 
distributions with many applications in several fields, including but not limited to 
medical sciences, actuary science, biology, gerontology, and survival analysis, is 
the Gompertz distribution by Gompertz [6]. The Gompertz distribution has 
recently undergone improvements that have enhanced its adaptability and ability 
to model various life time data sets. Extensions of the Gompertz distribution 
include work by [2], [3], [9], [11] and [23]. 

In addition to what we have discussed above, it is well known that classical 
statistical distributions fail to capture important characteristics of world data sets 
that display extreme values-based behavior and produces long tails. In similar 
circumstances, classical models are not the most ideal choice to apply (see Dutta 
and Perry [5] for more details).  

Our motivation is inspired by the development of flexible generalized FD 
which provide better fits utilizing data modeling with more precision. In this 
regard, we are attracted by the applicability of the extended and generalized 
heavy-tailed and Gompertz distributions in many fields. Thus, we introduced the 
HT-TIIExHL-G-G FD. This study is dedicated to exploring both the theoretical 
and practical aspects, with a particular focus on the practical applications. In fact, 
a significant part is devoted to the parameter estimation of the model through a 



EXTENSION OF THE HEAVY TAILED DISTRIBUTION� 113

range of methods, encompassing all the details. The new FD offers more 
flexibility and can be applied to a wider range of applications such as medical 
sciences and other research areas for some data sets when compared to selected 
distributions.  

The following is how the paper is set up: Section   introduces the new FD 
and some of its statistical properties. Section   presents seven different 
parameter estimation techniques for the HT-TIIExHL-G-G FD. In Section  , 
actuarial metrics are provided. A few unique cases of the newly described FD are 
given in Section  . A simulation study is presented in Section  , and applications 
are covered in Section  . Conclusions are made at the end of the paper. 

2. New Family 
Within this section, the authors introduce the HT-TIIExHL-G-G FD. We 

also derive some structural properties of this new distribution.  

2.1 The New Distribution 
In this work, we combine two transformations, the heavy-tailed FD 

developed by Zhao et al. [15], and the type II exponentiated half 
logistic-Gompertz-G FD by Oluyede et al. [10]. Utilizing the aforementioned 
distributions, the proposed HT-TIIExHL-G-G FD cumulative density function 
cdf and probability density function (pdf) are provided by  
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2.2 Inverse Distribution Function 
The function that calculates quantiles for the HT-TIIExHL-G-G FD is given 

as  
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If we specify the baseline cdf G, random numbers from the 
HT-TIIExHL-G-G FD can be generated using equation (2.3). 
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2.3 Linearization 
We provide series expansion of the HT-TIIExHL-G-G FD. The pdf, as 

described in equation (2.2), can be represented as follows:  
                 ∑   

                  
where                              represents the exponentiated-G 
(exp-G) distribution's density function with a power parameter of       and  

        ∑   
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As a result, the structural properties of the HT-TIIExHL-G-G FD is deduced 
using the same characteristics of the Exp-G distribution. Please refer to the 
appendix for more information on the derivations. 

2.4 Characteristic Function 
Given that X follows the HT-TIIExHL-G-G model and   follows the 

           distribution. The     moment,   
  of the HT-TIIExHL-G-G 

FD is computed as  

    
        ∫   

                   ∑   
               

where      is provided in equation (2.4). The characteristic function 
    =      , is expressed as  
        ∑   

               
where,       represents the moment generating function of the random variable 
(rv)  , and      is obtained from equation (2.4). 

2.5 Rényi's Uncertainty Measure and Order Statistics 
We used the HT-TIIExHL-G-G FD to compute the Rényi entropy and the 

probability distribution of the     order statistic. 

2.5.1 Entropy 
We present the Rényi entropy for the HT-TIIExHL-G-G FD. Entropy serves 

as a quantification of uncertainty or variability associated with a rv. The Rényi 
entropy for HT-TIIExHL-G-G FD is given by  

           
     (∑   

     
       ∫   

 [                      ]   )   
For a detailed derivations, please refer to the appendix. 

2.5.2 Order Statistics 
Let us examine a set of   rv's that are iid following the HT-TIIExHL-G-G 

distribution. When we arrange these variables in increasing order yields the order 
statistics                  . The     order statistic has the following pdf 
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            ∑   
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where                              denotes the pdf of the 
exponentiated-G distribution with a power parameter of       and linear 
component  
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The     moment of the     order statistic from the HT-TIIExHL-G-G FD 
distribution is derived from equation (2.6). Refer to the appendix for a detailed 
derivation of the     order statistic. 

3. Estimation Techniques 
In statistical analysis, the process of estimating the values of unknown 

parameters based on a provided sample holds significant importance. Within this 
section, we focus on estimating the uncertain parameters of the 
HT-TIIExHL-G-G FD. This estimation is facilitated through the utilization of 
seven distinct estimation techniques such as maximum likelihood (MLE), 
maximum product spacings (MPS), Anderson Darling (AD), right tail Anderson 
Darling (RADE), least squares (LS), weighted least square (WLS) and Cramér 
Von Mises (CVM). See the appendix for more details. 

4. Actuarial Measures 
Actuarial and financial organizations frequently employ key risk indicators 

to manage their exposures to complex risks. We will discuss some crucial risk 
management strategies for the HT-TIIExHL-G-G FD. 

4.1 Value at Risk 
The VaR of a rv X is defined as the     quantile of its cdf. When X follows 

the probability distribution HT-TIIExHL-G-G FD, the VaR of X, denoted as 
    , can be expressed as follows:  
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4.2 Tail Value at Risk 
The TVaR measures the expected loss given that an event beyond a 

specified probability level has occurred. For the HT-TIIExHL-G-G FD, the TVaR 
is characterized as follows:  
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In this context, the exp-G distribution is defined as having a power 
parameter of (   ), and it is represented by                         
     , where      is given by equation (2.4). Therefore, the TVaR of the 
HT-TIIExHL-G-G FD is determined using the exp-G distribution. 

4.3 Tail Variance 
For the HT-TIIExHL-G-G FD, can be obtained through the following 

derivation:  
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In this case, the exp-G distribution is defined as having a power parameter of 
(   ), and it is represented by                             , where 
     is provided by equation (2.4). Therefore, the TV of the HT-TIIExHL-G-G 
FD is determined using the exponentiated-G model.  

4.4 Tail Variance Premium 
The TVP of the HT-TIIExHL-G-G distribution can be calculated as  

                   
for      . Using equations (4.1) and (4.2), we get the TVP of the 
HT-TIIExHL-G-G FD.  

4.5 Risk Assessment Simulations 
In this subsection, we conducted a numerical study of the VaR, TVaR, TV, 

and TVP measures. We compared the risk measures of the HT-TIIExHL-G-W 
distribution to those of the exponentiated odd Weibull-Topp Leone-log-logistic 
(EOWTLL), Heavy Tailed-Gompertz-Weibull (HT-Gom-W), alpha power 
exponentiated log-logistic (APExLLD), Type II Exponentiated Half 
Logistic-Gompertz-W (EHL-Gom-W), Gompertz-Weibull (Gom-W), Type II 
Exponentiated Half Logistic-W (TIIEHL-W), Weibull (W), and type 1 Heavy 
Tailed-Weibull (TIHT-W) distributions for various sets of parameters.  

To assess the tail heaviness of the distributions, we employed the maximum 
likelihood method to estimate the parameters of the HT-TIIExHL-G-W and other 
mentioned distributions. Random samples of size       were generated from 
each distribution, and the estimation process was repeated 1000 times. 
Subsequently, we calculated the Value at Risk (VaR), Tail Value at Risk (TVaR), 
Tail Variance (TV), and Tail Probability (TVP) for each distribution. 

The numerical results of these risk measures are summarized in Table 1. 
HT-TIIExHL-G-W model consistently yields higher values for the risk measures 
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Contd...

compared to the other distributions as shown in findings presented in Table 1. 
This suggests that the HT-TIIExHL-G-W distribution possesses a heavier tail in 
comparison. 

Table 1 
Risk Assessment Simulations 

Distribution Significance 
level VaR TVaR TV TVP 

 0.70 0.1323 8.5657 626.8696 447.3744 
HT-TIIExHL-G-W 0.75 0.2798 10.2358 735.5085 561.8672 
 =1.1 0.80 0.6029 12.6811 889.4878 724.2714 
 =0.9 0.85 1.3588 16.5787 1125.2260 973.0205 
 =1.4 0.90 3.3666 23.7157 1534.9930 1405.2090 
 =0.2 0.95 10.5336 41.1265 2460.9570 2379.0360 
 0.99 23.9958 66.0128 3674.0720 3648.2330 
  0.70 0.0650 1.9237 29.9475 22.8869 
 0.75 0.1169 2.2908 35.0124 28.5501 
HT-Gom-W 0.80 0.2172 2.8232 42.1406 36.5356 
 =0.9 0.85 0.4274 3.6613 52.9514 48.6701 
 =1.4 0.90 0.9344 5.1718 71.4883 69.5113 
 =0.2 0.95 2.5877 8.7701 112.3927 115.5431 
 0.99 5.5059 13.7747 164.3653 174.0308 
 0.70 0.0527 5.3069 307.4204 220.5012 
 0.75 0.1172 6.3503 362.3730 278.1300 
TIIEHL-W 0.80 0.2665 7.8878 441.1467 360.8052 
 =0.9 0.85 0.6376 10.3635 563.6813 489.4927 
 =0.2 0.90 1.6976 14.9726 781.7883 718.582 
 0.95 5.8399 26.5446 1294.9170 1256.7160 
 0.99 14.2617 43.64812 2001.7400 1995.3450 
 0.70 0.1368 6.4427 405.5009 290.2934 
 0.75 0.2666 7.6924 476.4526 365.0319 
Gom-W 0.80 0.5356 9.5194 577.4105 471.4479 
 =1.4 0.85 1.1383 12.4278 732.8230 635.3274 
 =0.2 0.90 2.6903 17.7504 1005.0430 922.2895 
 0.95 8.1132 30.7435 1626.2740 1575.7040 
 0.99 18.2247 49.33125 2443.0370 2431.2930 
 0.70 0.1301 2.7639 38.7808 29.9105 
 0.75 0.2446 3.2797 44.7110 36.8130 
TIHT-W 0.80 0.4467 4.0159 52.7810 46.2407 
 =0.9 0.85 0.8455 5.1471 64.4811 59.9561 
 =0.2  0.90 1.7255 7.1093 83.3182 82.0957 
 0.95 4.2295 11.4939 121.0701 126.5105 
 0.99 8.08503 17.1640 164.3247 177.3807 
 0.70 0.0631 1.7858 18.4143 14.6759 
 0.75 0.1180 2.1255 21.3896 18.1676 
W 0.80 0.2253 2.6155 25.5060 23.0203 
 =0.2 0.85 0.4492 3.3797 31.6019 30.2414 
 0.90 0.9753 4.7336 41.6922 42.2566 
  0.95 2.5939 7.8567 62.7110 67.4322 
 0.99 5.2574 12.0302 87.7154 97.5527 
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 0.70 0.0527 5.3069 307.4204 220.5012 
 0.75 0.1172 6.3503 362.3730 278.1300 
TIIEHL-Gom-W 0.80 0.2665 7.8878 441.1467 360.8052 
 =1.1 0.85 0.6376 10.3635 563.6813 489.4927 
 =1.4 0.90 1.6976 14.9725 781.7883 718.5820 
 =1.0 0.95 5.8399 26.5445 1294.9170 1256.7160 
 0.99 14.2617 43.64812 2001.7400 1995.3450 
 0.70 0.0024 0.3290 0.5594 0.7206 
EOWTLL 0.75 0.0070 0.3939 0.6459 0.8784 
 =0.08 0.80 0.0193 0.4894 0.7619 1.0989 
 =1.7 0.85 0.0523 0.6415 0.9233 1.4263 
 =0.4 0.90 0.1477 0.9165 1.1576 1.9583 
 =1.2 0.95 0.5039 1.5504 1.5017 2.9769 
 0.99 1.1224 2.3420 1.7191 4.0181 
 0.70 0.0549 0.2570 1.8175 1.5293 
APExLLD 0.75 0.0672 0.2963 2.1693 1.9232 
 =0.02 0.80 0.0841 0.3516 2.6919 2.5050 
 =1.2 0.85 0.1093 0.4368 3.5506 3.4548 
 =0.2 0.90 0.1534 0.5908 5.2287 5.2966 
 =0.7 0.95 0.2632 0.9839 10.0146 10.4977 
 0.99 0.9170 3.1527 41.0046 43.7472 

5. Special Cases 
We introduce several specific cases for the HT-TIIExHL-G-G distribution. 

These are constructed using baseline distributions such as Weibull, log-logistic, 
Rayleigh, and Burr III.  

5.1 Heavy-Tailed-Type II Exponentiated Half Logistic-Gompertz-Weibull 
(HT-TIIExHL-G-W) Distribution 

 
Figure 1 

Graphs the pdf and hrf for the HT-TIIExHL-G-W distribution 
 

The shape of the distribution can exhibit different patterns: almost 
symmetric, right-skewed, or left-skewed as shown Figure 1. Moreover, the hrf 
displays several shapes including bathtub, decreasing, and increasing. 
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Figure 2 

Plots of the skewness and kurtosis for the HT-TIIExHL-G-W distribution 
 
To investigate the impact of the distribution's parameters on its skewness 

and kurtosis, we held the values of   and   fixed while varying the values of   
and  . The resulting plots for the kurtosis and skewness of the HT-TIIExHL-G-W 
distribution are illustrated in Figure 2. It can be observed that both the kurtosis 
and skewness of the distribution increase as   and   increase. 

5.2 Heavy-Tailed-Type II Exponentiated Half Logistic-Gompertz-Log-Logistic 
(HT-TIIExHL-G-LLoG) Distribution 

 
Figure 3 

Graphs of the pdf, hrf, skewness and kurtosis for the HT-TIIExHL-G-LLoG 
distribution 
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The HT-TIIExHL-G-LLoG distribution's pdf and hrf plots are shown in 
Figure 3. This distribution can have left-skewed, right-skewed, or nearly 
symmetrical features, and its hrf can have both monotonic and non-monotonic 
forms. When we hold   and   constant while varying   and  , we present 
plots depicting the skewness and kurtosis of the HT-TIIExHL-G-LLoG 
distribution in Figure 3. Figure 3 illustrates that this distribution is versatile, 
accommodating a wide range of skewness and kurtosis levels when the different 
parameters are fixed. 

5.3 Heavy-Tailed-Type II Exponentiated Half Logistic-Gompertz-Rayleigh 
(HT-TIIExHL-G-R) Distribution 

 
Figure 4 

Graphs of the pdf, hrf, skewness and kurtosis for the HT-TIIExHL-Gom-R 
distribution 

 
Figure 4 displays the pdf and hrf plots for the HT-TIIExHL-G-R 

distribution. This distribution can exhibit nearly symmetric, right-skewed, or 
left-skewed characteristics. The hazard rate function displays various shapes, 
including uni-modal, upside bath-tub, increasing, reverse-J, and upside bath-tub 
followed by bath-tub shapes. From Figure 4, we can observe that as   and   
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increase, the skewness and kurtosis of the HT-TIIExHL-G-R distribution also 
increase, while keeping the parameters   and   constant. 

5.4 Heavy-Tailed-Type II Exponentiated Half Logistic-Gompertz-Burr III 
(HT-TIIExHL-G-B) Distribution 

 
Figure 5 

Graphs of the pdf and hrf for the HT-TIIExHL-G-B distribution 
 
We present the pdf and hrf graphs for the HT-TIIExHL-G-B distribution in 

Figure 5. The distribution's density can accommodate various shapes. The hrf can 
take both monotonic and non monotonic shapes. 

6. Simulation Study 
Seven parameter estimation methods for the HT-TIIExHL-G-W distribution 

was carried out through Monte Carlo simulation study using the R software. The 
outcomes of these simulations are presented in Tables 2 and 3. Our simulations 
encompassed N = 3000 independent samples, each drawn from the 
HT-TIIExHL-G-W distribution, with sample of sizes n = 25, 50, 100, 200, 400, 
800, and 1000. To evaluate the performance of the estimated parameters, denoted 
as  ̂, we employed the average bias (AvBias) and root mean square error (RMSe) 
metrics. These measures were computed using the following formulas: 

         ̂  ∑   
    ̂ 
          ̂  √∑   

     ̂     
    

where   represents the true parameter value. 
Tables 2 and 3 contain information about the sum of ranks (∑       ), 

which represents the cumulative ranks. Within each metric and among all 
estimators, the subscript denotes the rank assigned. For instance, in Table 1, the 
RMSe of the estimated parameter   using the LS method is reported as 
          for the sample size n = 25. This signifies that among all estimators, the 
LS method achieved the fourth-best RMSe ranking for the parameter   when n = 
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25. In summary, for a sample size of 25, the LS method demonstrated the fourth 
lowest RMSe for estimating the parameter   compared to all other estimators. 
Table 4 displays the rankings of all the methods used for estimation for the 
HT-TIIExHL-G-W distribution, based on several values of the model parameters. 
The rankings are given for both the partial and overall performance of the 
methods.  

Consequently, from an examination of the results presented in Tables 2 and 
3, it becomes apparent that as the sample size increases, both the RMSe and 
AvBias decrease steadily for all parameters. This compelling evidence 
demonstrates that the HT-TIIExHL-G-W distribution consistently generates 
reliable parameter estimates. Furthermore, it reinforces the notion that larger 
sample sizes contribute to enhanced precision in parameter estimation. 

Figures 6 and 7 reveal how the RMSe values for parameter estimates 
consistently reduced with larger sample sizes, regardless of the estimation 
techniques employed. From the Table 4, it is evident that the MLE method 
yielded better parameter estimates for the HT-TIIExHL-G-W distribution, 
securing the top rank. Following MLE, the AD method ranked second, and then, 
WLS method ranked the third position. Notably, the LS method exhibited least 
performance, ranking the lowest among the estimation techniques. 

 
Table 2 

Results of Simulations using Different Estimation Techniques  
for                         
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Table 3 
Results of Simulations using Different Estimation Techniques  

                        

 
 

Table 4 
Partial and Overall Rankings of Estimation Techniques for the HT-TIIExHL-G-W 

Distribution  

Parameters n LS CVM AD WLS RAD MPS MLE 
       
       
       
      

 

25 1.5 6 3 5 1.5 7 4 
50 2 4 4 4 7 6 1 

100 7 6 1 3 4 5 2 
200 6 7 2.5 2.5 5 4 1 
400 6.5 6.5 3 2 5 4 1 
800 7 5 1 2 6 4 3 

1000 7 6 2 2 5 4 2 
25 7 5 4 6 2 3 1 
50 7 6 2 5 3 4 1 

100 7 6 3 4.5 4.5 2 1 
       
       
       
      

200 6.5 6.5 3 1.5 5 4 1.5 
400 7 6 3.5 1 5 3.5 2 
800 7 6 3 1 5 4 2 

1000 6 7 3 1 5 4 2 

∑       84.5 83 38 40.5 63 58.5 24.5 

Overall rank 7 6 2 3 5 4 1 
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Figure 6 

Graphs displaying RMSe in Table 1 
 

 
Figure 7 

Graphs displaying RMSe in Table 7 

7. Applications 
We have used three real data examples from medical sciences and 

engineering to assess the usefulness of the HT-TIIExHL-G-W distribution. We 
presented several selection criteria goodness-of-fit statistics (GoFs), such as 
Bayesian Information Criterion (BIC), Akaike Information Criterion (AIC), 
Consistent Akaike Information Criterion (AICC), and negative 2 log-likelihood 
(-2 log (L)). We also included other GoFs, as stated by Chen and Balakrishnan 
[4], specifically Andersen-Darling and Cramér-von Mises. 

These statistics serve the purpose of evaluating the goodness-of-fit of 
different models to the provided dataset. Smaller these statistics' values indicate a 
better fit of the distribution. Moreover, the Kolmogorov-Smirnov (K-S) statistic 
and its corresponding p-value were employed to further assess goodness-of-fit. 
The distribution having smallest K-S value additionally the highest p-value for 
the K-S statistic is considered to be most suitable fit for the data. 

In our analysis, we have included a graphical representation of the 
HT-TIIExHL-G-W distribution, including fitted density, probability plots, 
estimated cumulative distribution function (CDF), Kaplan-Meier (K-M) plots, 
estimated hazard rate function (HRF) plots, profile log-likelihood plots, and total 
time on test (TTT) plots. The plots are displayed in Figures 10, 11, 12, 13, 17 and 
18 correspondingly, among the three sets of data. The figures show that the 
HT-TIIExHL-G-W distribution fits all data sets adequately.  

We employed the R nlm function to perform parameter estimation for the 
models. The resulting estimated parameters, with their respective standard errors, 
and the GoFs can be found in Tables 7.1, 7.2, and 7.3. We conducted a 
comparative analysis of the HT-TIIExHL-G-W model against several other 
non-nested models. The competing models' names and pdfs are in the appendix. 
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7.1 Europe COVID-19 Data 
The initial data set displays the count of COVID-19-related fatalities that 

occurred in Europe between March 1, 2022, and March 30, 2022. This data is 
available on the World Health Organization website (https://covid19.who.int/). 
(Visit the appendix for the observations). The estimated variance-covariance 
matrix is  

  [
                          
                          
                         
                           

]  

and the model parameters'     confidence intervals are   [       
      ],   [             ],   [             ] and   [       
      ], respectively. 

 
Table 5 

MLE's and GoFs for several distributions fitted for Europe Covid-19 data 

 
 
The MLEs and GoFs of the models for covid-19 data from Europe are 

displayed in Table 5. Table 5 clearly displays that the HT-TIIExHL-G-W has a 
better fit to the data when compared to the competing models considered in this 
work because it has the lower GoFs values and a higher K-S  -value. The 
maximum likelihood estimates are shown by the graphs of the profile 
log-likelihood function in Figure 8 for HT-TIIExHL-G-W distribution. It is 
evident from estimated cumulative distribution function (ECDF) and 
Kaplan-Meier (K-M) survival plots in Figure 11 that the introduced model closely 
matches the Europe covid-19 data. A TTT scaled plot displays a convex and then 
concave indicates a pattern of decreasing failure rate followed by increasing 
failure rate. Based on Figures 10 (a) and 10 (b) the developed model is a good fit 
to the heavily-skewed data. 
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Figure 8 

Plots of Profile log-likelihood function for Europe Covid 19 data 
 

 
Figure 9 

Plots of Profile log-likelihood function for Europe Covid 19 data 
 

 
Figure 10 

Fitted density, probability and hrf graphs for Europe Covid 19 data 
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Figure 11 

K-M survival, ECDF plots and TTT plot of the HT-TIIExHL-G-W distribution for 
the Europe COVID-19 data. 

7.2 Failure Times Data 
The data contains the number of hours that a machine from the Babel Tyres 

Factory in Iraq took to fail. (Visit the appendix for the observations). The 
estimated variance-covariance matrix is  

[
                          
                          
                          
                          

]  

and the model parameters'     confidence intervals are   [       
      ],   [             ],   [             ] and   [       
      ], respectively. 

 
Table 6 

MLE's and GoFs for several distributions fitted for failure times data set 

 
 
The Table 6 shows that the HT-TIIExHL-G-W model has superior to other 

distributions considered in terms of how well it fits the data. This is due to lower 
GoFs values and a higher K-S p-value. The graphs of the profile log-likelihood 
function in Figure 15 show the MLEs for the HT-TIIExHL-G-W model. The 
Kaplan-Meier survival and ECDF plots in Figure 13 show that the introduced 
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model closely matches the failure times data. The TTT scaled plot in Figure 13 
presents that the fitted hrf has a decreasing shape. Finally, the Figure 12 show that 
the dataset is heavily-tailed to the right, and the developed model is fitting the data 
well. 

 
Figure 12 

Fitted densities, probability and hrf plots for failure times data 
 

 
Figure 13 

K-M survival, ECDF plots and TTT plot of the HT-TIIExHL-G-W distribution for 
the failure times data. 

 

 
Figure 14 

Graphs of Profile log-likelihood function for failure times data set 
 
 



EXTENSION OF THE HEAVY TAILED DISTRIBUTION� 129

 
Figure 15 

Graphs of Profile log-likelihood function for failure times data set 

7.3 China COVID-19 Data 
The third dataset displays the daily count of COVID-19-related fatalities in 

China recorded between 23 January 2022 to 28 March 2022. This data can be 
found on the Worldometers website (https://www.worldometers.info/ 
coronavirus/country/china/). (Visit the appendix for the observations). 

The estimated variance-covariance matrix is  

[
                         
                          
                         
                          

]  

and the     confidence intervals for the model parameters are   [       
      ],   [             ],   [             ] and   [       
      ], respectively. 
 

Table 7 
MLE's and GoFs for several distributions fitted for China Covid-19 data set 
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The findings presented in Table 7, it is clearly shown that the 
HT-TIIExHL-G-W distribution exhibits the most favorable GoFs, characterized 
by the lowest values, when compared to the various models examined in this 
study. Furthermore, it recorded higher p-value from Kolmogorov-Smirnov (K-S) 
statistic, further highlighting its better fit among the models under consideration 
in this paper. Thus, we draw the conclusion that the HT-TIIExHL-G-W model fit 
the China covid-19 data better than the several selected distributions. The mles of 
the proposed model are shown by the graphs of the profile log-likelihood function 
in Figure 16. The Kaplan-Meier survival and ECDF plots are displayed in Figure 
18, which shows that the introduced model fits these plots very closely. TTT 
scaled plot is shown in Figure 18, that is, first concave and then convex indicates a 
pattern of upside bath-tub followed by bath-tub of an hrf. As well, Figure 17 (a) 
and 17 (b) we can conclude that the data set is heavily-tailed to the right. 

 

 
Figure 16 

Graphs of Profile log-likelihood function for China Covid-19 data 
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Figure 17 

Fitted densities, probability and hrf graphs for China covid-19 data 
 

 
Figure 18 

K-M survival, ECDF plots and TTT plot of the HT-TIIExHL-G-W distribution for 
the China covid-19 data set. 

8. Concluding Remarks 
We have presented a new family of probability distributions known as the 

HT-TIIExHL-G-G distribution. This newly proposed distribution exhibits the 
capacity to effectively handle data with heavy tails, while accommodating both 
non-monotonic and monotonic hrf shapes. It is tractable and has desirable 
properties. Its expression can be represented as an infinite linear combination of 
Exp-G distributions. We explored various parameter estimation methods for the 
HT-TIIExHL-G-G distribution, with consistency in parameter estimation 
demonstrated through a simulation study involving varying sample sizes. The 
practical applications provided showed the better performance of the 
HT-TIIExHL-G-G distribution when in contrast to non-nested distribution. This 
is supported in the results presented in Tables 5, 6 and 7, which demonstrate the 
favorable GoFs and Kolmogorov-Smirnov p-values associated with this 
distribution across three different data examples. 

Appendix 
The URL provides the derivations of the statistical properties, probability 

density functions (pdfs) of the competing models and data examples considered in 
this work.  

https://drive.google.com/file/d/1qwu0Mj7Zw2ufsY-oBsIHPKzAC3cwK8l
P/view?usp=sharing 
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