
©

A unified flexible Weibull-H family for modeling real-life data with 
properties, Bayesian and non-Bayesian inference

Ahmed Z. Afify *
Zohdy M. Nofal †

Mohamed A. Abdelaziz §

Department of Statistics, Mathematics, and Insurance
Benha University
Benha 13511
Egypt

Abstract
The Weibull distribution is a cornerstone in reliability analysis. In this study, we 

propose a new family of distributions derived from the Weibull model, called the new 
Weibull-H (NW-H) family. This family features sub-models that can represent diverse failure 
rate patterns, including bathtub, increasing, unimodal, decreasing, J-shaped, and inverted 
J-shaped shapes. Additionally, these sub-models produce various density shapes, such as 
left-skewed, unimodal, symmetric, bimodal, right-skewed, and J-shaped. We explore the 
mathematical properties of the NW-H family and focus on the parameters of a specific sub-
model, the NW-exponential (NWEx), employing ten different estimation techniques, both 
classical and Bayesian. Bayesian estimators are calculated using three distinct loss functions. 
Through numerical simulations, we compare and rank these estimation methods based 
on partial and overall performance. Our results demonstrate that the Bayesian approach 
consistently yields the most effective parameter estimates for the NWEx across various loss 
functions. Moreover, we apply the NWEx distribution to three real-world datasets from 
engineering and industry, showcasing its superior fit and flexibility compared to several 
competing exponential models.
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1. Introduction 
Over the past three decades, numerous approaches have been proposed to 

construct new families or to extend classical distributions. These innovative 
families and generalized distributions offer greater flexibility in various applied 
fields, including public health, biology, medicine, computer science, engineering, 
industry, insurance, and life-testing. One common method for creating these 
extended distributions involves adding one or more parameters to a baseline 
model, thereby enhancing its adaptability and application across different 
domains. 

Consequently, the statistical literature features numerous families designed 
to generate new distributions. Among these, some well-known families include 
the “exponentiated-G” by Mudholkar and Srivastava [1], “Kumaraswamy-G” by 
Cordeiro and Castro [2], “exponentiated generalized-G” by Yousof et al. [3], 
“Kumaraswamy transmuted-G” by Afify et al. [4], “transmuted generalized 
transmuted-G” by Nofal et al. [5], “Marshall–Olkin alpha-power” by Nassar et al. 
[6], “flexible Weibull-G” by Alizadeh et al. [7], “log–logistic tan-G” by Zaidi et 
al. [8], “Marshall–Olkin Burr-III-G” by Afify et al. [9], “exponential alpha 
power-G” by Eghwerido, Ibidoja, and Karokatose [10], “shifted exponential-G” 
by Eghwerido, Agu, and Ibidoja [11], “new transmuted-G” by Bakouch et al. 
[12], “weighted Lindley-G” by Alnssyan et al. [13], “generalized Kavya–
Manoharan-G” by Mahran et al. [14], “Lambert-G” by Al Abbasi et al. [15], 
“exponentiated half-logistic type II Topp–Leone-G” by Sengweni, Oluyede, and 
Rannona [16], and “unit modified Burr III Weibull-G” by Abraham, Nasiru, and 
Wiredu [17] families, among many others. 

This paper introduces a new class of distributions based on the Weibull 
distribution and the T-X family by Alzaatreh, Lee, and Famoye, [18], termed the 
new Weibull-H (NW-H) family. A key feature of this NW-H family is its 
inclusion of two additional shape parameters, which enable its special sub-models 
to exhibit bimodal density shapes. The NW-H family has several advantageous 
properties: 

(i) The “probability density function” (pdf) of the NW-H family is expressed 
in a straightforward closed form, making its special sub-models suitable for 
modeling and analyzing real-life data across various fields; (ii) The addition of 
two extra parameters allows the special sub-models within the NW-H family to 
capture a wide range of monotonic and non-monotonic hazard rate (hr) shapes; 
(iii) The densities of the NW-H sub-models can accommodate various shapes 
such as right-skewed, reversed J-shaped, symmetric, decreasing-increasing- 
decreasing, and left-skewed patterns; (iv) The NWEx distribution, a specific 
sub-model of the NW-H family, provides a strong fit for real-life datasets. 

The remainder of the paper is outlined as follows: The NW-H family is 
defined in Section 2. Section 3 presents four special cases within the NW-H 
family. Section 4 discusses the mathematical properties of the family. Section 5 
explores both classical and Bayesian methods for estimating the parameters of the 
NWEx distribution. Simulations results are obtained in Section 6. Section 7 
presents three real data applications. Section 8 offers final remarks and 
conclusions. 
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2. The NW-H Family 
The NW-H family can be derived based on the Weibull density and by 

replacing   with the quantity  (   )   (   )(   (   ))  ̅(   ). 
The Weibull density takes the form  ( )              (     )     

       
Hence, the “cumulative distribution function” (cdf) of the NW-H family 

follows (for    ) as  

   (       )       ∫   (   )
         (     )   

        {  [ (   )(   (   ))   (   ) ]
 
}         (2.1) 

where  (   ) represents the baseline cdf, which is parameterized by the vector 
  and   and   are shape parameters. It is important to note that the new 
exponential-H (NEx-H) family, introduced by Jamal et al. [19], emerges as a 
special case of the NW-H family when    . Furthermore, a new family, known 
as the new Rayleigh-H (NR-H) family, arises when    . 

The pdf of the NW-H family reduces to 

   (       )       (   )
,   (   )- 

*  ,   (   )- + 

  , (   )-      {  , (   )- }  (2.2) 
where  (   )      (   )    denotes the baseline pdf associated with 
 (   ). 

The hr function (hrf) of the NW-H family is obtained as follows: 

   (       )         (   ){  ,   (   )-
 }

,   (   )- 
, (   )-     

The “survival function” (sf) and cumulative hrf of the NW-H family are 

   (       )     {  [ (   )(   (   ))   (   ) ]
 
} 

and 

   (       )      [ (   )(   (   ))   (   ) ]
 
  

3. Special Sub-Models 
In this section, we present four specific sub-models of the NW-H family, 

derived from the baseline “exponential” (Ex), “Weibull” (W), “Lomax” (Lo), and 
“Burr III” (BIII) models. These new models are named the NW-exponential 
(NWEx), NW-Weibull (NWW), NW-Lomax (NWLo), and NW-Burr III 
(NWBIII) distributions. Each of these sub-models is designed to accommodate a 
variety of hrf shapes, including J-shaped, increasing, modified bathtub, 
decreasing, reversed-J-shaped, bathtub, and upside-down bathtub forms. 
Additionally, the densities of these models can exhibit various characteristics 



1252� A. Z. AFIFY, Z. M. NOFAL AND M. A. ABDELAZIZ

such as reversed J, bimodal, unimodal, right-skewed, symmetric, increasing, 
left-skewed, and decreasing shapes. 

These shapes are shown in Figures 1-4, which present the plots of the 
density and failure rate functions for the NWEx, NWW, NWLo, and NWBIII 
distributions. 

3.1 NWEx Distribution 
The pdf of the Ex distribution is given by  ( )                 . 

The cdf and pdf of the NWEx model are expressed (for        ) as 

   ( )       2  [          ] 3          

and 

   ( )              [          ]   {       }   2  [          ] 3  

 
Figure 1 

The pdf and hrf plots for the NWEx distribution for various parameter values. 

3.2 NWW Distribution 
Consider the W distribution with pdf given by  ( )                  

       . Then, the cdf and pdf of the NWW distribution take the forms (for 
     ) 

   ( )       2  [            ] 3            

and  

 ( )                      [            ]   {        } 

                     2  [            ] 3  
It is noted that the NWEx and NW-Rayleigh models emerge as special cases 

of the NWW distribution when It is important to note that the NWEx and 
NW-Rayleigh models are special cases of the NWW distribution, occurring when 
    and    , respectively. Additionally, two new models-namely the 
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NExW (Jamal et al. [19]) and NRW distributions-emerge when     and 
   , respectively. Moreover, the NExW model simplifies to the NExEx model 
when      , and to the NExR model when     and    . Finally, the 
NRW distribution reduces to the NREx model when     and    , and to 
the NRR model when      . 

 
Figure 2 

The pdf and hrf plots for the NWW distribution for various parameter values. 

3.3 NWLo Distribution 
Consider the Lo distribution with pdf  ( )   (   )              

The cdf and pdf of the NWLo reduce to 

 ( )       2  [ ( )    ( )  ] 3             

and 

        
 ( )         ( )    [   ( )   ] [ ( )   ( )  ]   

                  2   [ ( )   ( )  ] 3  
 

where  ( )  (   ). 

 
Figure 3 

The pdf and hrf plots for the NWLo distribution for various parameter values 
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3.4 NWBIII Distribution 
 Consider the BIII distribution (Burr [20]) with pdf  ( )      (    

 )                   . Hence, the cdf of NWBIII distribution follows 
(for          ) as 

   ( )       {  0   ( )
  

 ( )   1
 
}       

Its pdf has the form 

  
 ( )            ( )           *,   ( )  -    +

                 0   ( )
  

 ( )    1
   

    {  0   ( )
  

 ( )    1
 
}   

where  ( )       .   

 
Figure 4 

The pdf and hrf plots for the NWBIII distribution for various parameter values. 

4. Mathematical Properties 
This section is dedicated to presenting the key characteristics of the NW-H 

family. 

4.1 Quantile Function  
 The quantile function (qf) of the NW-H family follows as 

   ( )     

{
 

 0    (   ) 1
 
    √0   (   ) 1

 
   

 

}
 

 
  (4.1) 

where    ( ) is the baseline qf and   is a uniform random number on the 
interval (   ). 

4.2 Linear Representation  
The mixture form for the cdf (2.1) of the NW-H family is derived using the 

following series expansions:  
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     (    )  ∑   
   

(  ) 

      

  (   )  ∑   
   .  / (  )    

and  

  (   )  ∑   
   .  /     

 Hence, the cdf (2.1) can be express as 

  
 ( )       {  0 ( )(   ( ))

   ( ) 1
 
}

             ∑   
   

(  )    ( )  

    ,   ( )-  ,  (   ( ))-   
 

The quantity *  ,   ( )-+   ∑   
   .   / ,   ( )- . Hence, the 

above equation follows as 

  
 ( )    ∑   

     
(  )   ( )   

    .   / ,   ( )-    

             ∑   
       

(  ) (  )   
    .   / (    

      )  ( )     
 

Hence, the cdf of NW-H family is expressed as 

   ( )    ∑   
            ( )      (4.2) 

where      ∑   
   

(  )   (  )   

    .   / (    
     ). 

By differentiating (4.2), it follows the NW-H density 

   ( )  ∑   
                ( )  (4.3) 

where      ( )  (    )  ( )        ( )  denotes the exp-H density with 
power parameter     . 

4.3 Moments 
The expression from the Equation (4.3) can be used to obtain the The     

moments of the NW-H family as follows 

            
   (  )  ∫   

      ( )   ∑   
           ∫   

        ( )    
Therefore 

    
   (  )  ∑   

                  ( )  

where        ( )  ∫    
        ( )    
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The     “incomplete moment” of the NW-H family is expressed by 

    ( )  ∫   
     ( )   ∑   

                  ( )  

where        ( )  ∫   
        ( )    

The “negative moments” of the NW-H family is defined as 

     
 (   )  ∫    

      ( )   ∑   
                ( )  

where      ( )  ∫   
         ( )    

The “moment generating function” of the NW-H family follows as 

    ( )   (   )  ∑   
       

  

         ( )  

where  ( )  ∫   
        ( )    

4.4 Order Statistics 
Consider a “random sample        ” from the NW-H family with cdf 

(4.2) and pdf (4.3). Let      is     order statistic, then the pdf of      is 

      ( )      
(   ) (   )  ( )   ( )      ̅( )     

where 

   ( )    [  ∑   
            ( )    ]    ∑   

   .   
     / 

                     [∑   
            ( )    ]  

and 

     ̅( )    [∑   
            ( )    ]     

Hence, we have 

 ( )  ( )     ̅( )                 ( ) [ ( )     ]       

where        [∑   
         ]

       ∑   
   .   

 /. 

Then, the pdf of the     order statistic for the NW-H family takes the form 

      ( )              
(   ) (   )      ( )[ ( )    ]       

where  ( ) and      ( ) are the cdf and pdf of a baseline distribution. 

4.5 Rényi Entropy 
 The “Rényi entropy” of a random variable (  )  , denoted as   ( ), is a 

measure of the variation in uncertainty. The “Rényi entropy” is defined as:  
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    ( )  
 
      [∫   

   ( )
   ]  

where  ( ) is the pdf of the NW-H family. 

Based on Equation (4.3), the “Rényi entropy” of the NW-H family follows 
as 

    ( )  
 
      [(∑   

         )
 ∫   

       ( )
   ]  

The Shannon entropy follows from   ( ) when          

5. Estimation of the NWEx Parameters 
In this Section, non-Bayesian and Bayesian estimators methods are 

considered. In first subsection, we will consider seven non-Bayesian estimators 
methods such as the classical estimators include the “maximum likelihood” 
estimators (MLE), “least squares” estimators (LSE), “weighted least squares” 
estimators (WLSE), “maximum product of spacings” (MPS), “Cramér 
von-Mises” estimators (CRVME), “Anderson–Darling” estimators (ADE), and 
right-tailed ADE (RTADE). In the second subsection, the Bayesian estimators 
(BEs) method under the three loss functions including the “squared error” (SE), 
“general entropy” (GE), and “linear exponential” (LN). 

5.1 Non-Bayesian Estimators 
The log-likelihood function for the NWEx distribution, given the parameter 

vector   (     ) , is:  

  ( )      ( )      ( )      ( )   ∑   
        (   )∑   

         
           ∑   

      [        ]   ∑   
        

where                  
The MLE of     and   are determined by solving the following 

equations: 

   
   ( )  

 
    ∑   

        , 

   
   ( )    

 
    ∑   

              ∑   
                

and 

     ( )    
 
  ∑   

      ∑   
   

          
         (   )∑   

   
  (            )

  
  

  ∑   
   

        (            )
  

  

The LSE and WLSE are determined by minimizing the following quantity 
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   ( )  ∑   
     0     (       )  

 
   1

 
  

where                            for the LSE, and    
(   ) (   )
 (     )  for the 

WLSE method. 
Also, the LSE and WLSE are obtained by solving the following equations 

simultaneously 

  ∑   
     0     (       )  

 
   1   (      )                 

where  

    (      )  
 
   (      )     (       )       

    (      )  
 
   (      )      (       )          (    ) 

and  

   (      )  
 
   (      )       (       )             (                )  

The uniform spacings of a    from the NWEx distribution are defined be 
  ( )   (      )   (        )                   where  (      )    
 (        )      and   ( )    ( )        ( )     

The MPS estimators (MPSE) can be obtained by maximizing the geometric 
mean of the spacings as follows  

   ( )   
   ∑     

        ( )  

The MPSE can also be found by solving the nonlinear equations defined by 

   
   ∑     

   
 

  ( )
,  (      )    (        )-                 

The CRVME of the NWEx parameters follow by minimizing the following 
function 

   ( )   
    ∑   

   0     (       )  
    
  1

 
  

The ADE for the NWEx parameters are derived by minimizing the 
following expression:  

   ( )      
  ∑   

   (    )  ,    (      )      (          )-  

The RADE of the NWEx parameters are determined by minimizing the 
following expression: 

   ( )   
   ∑   

      (      )  
 
 ∑   

   (    )      (          )  
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5.2 Bayesian Estimators 
The NWEx parameters,     and  , are assumed to be independent and to 

follow “gamma prior” distributions. Consequently, the “joint prior” density is 
given by 

   ( )    

 ( )
  

 ( )
  

 ( )  
               (        )          (5.1) 

where  ( )  ( )   and  ( ) are the standard gamma functions. 
The likelihood function for   takes the form 

   (   )              ∑   
     ∑   

   [  
   (        )   (    

 )]  (5.2) 

The joint pdf of     and   and the sample   can be written as follows 

   (   )   (   ) ( ) 
                             (        ){  ∑   

     ∑   
    

                          (        )   (     )}   (5.3) 

Based on Equation (5.3), the joint posterior density function of     is given 
by 

 

    (   )   (   ) ( )
∫    (   ) ( )  

  

Therefore, under the aforementioned three loss functions, the BEs for the 
parameters     and   are expressed as: 

   ̂    (   )      (   )
∫    (   ) ( )  

 , (5.4) 

   ̂     
     *  ,   (    )-+    

 [
∫    

        (   )  
∫    (   ) ( )  

] (5.5) 

and 

   ̂   ,   (   )-  
  
  [∫    

     (   )  
∫    (   ) ( )  

]
  
   (5.6) 

The ratio of the integrals in Equations (5.4), (5.5)) and (5.6) are difficult to 
expressed in explicit forms. To approximate these integrals, we employ the Monte 
Carlo Markov Chain (MCMC) method, using the Metropolis-Hastings algorithm 
as an example to obtain the Bayesian estimates. 

6. Numerical Simulations  
In this section, we conduct a simulation study to evaluate the performance of 

various classical and BEs for estimating the parameters of the NWEx distribution. 
Random samples (      ) from the NWEx distribution are generated for 
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some parametric values,    (0.1, 0.15, 0.3, 0.4, 0.5, 0.6, 1.5),     (0.4, 0.5, 
0.6, 0.7, 1.0)  and    (0.2, 0.5, 0.6, 0.8, 1.0, 1.5, 2.5, 3.0) and for a range of 
sample sizes,     30, 50, 100, 250, and    . 

The performance of the estimators is assessed using the following measures: 
The average of absolute biases (      )  is defined by      ( ̂)  
 
 ∑   

     ̂    , mean-squared errors (MSE) is given by MSE  
 ∑   

   ( ̂   )  

and mean relative errors (MRE) is calculated by MRE 
 
 ∑   

     ̂   
 . 

All simulation results are conducted with R software (version 4.2.1). 
Samples are generated from the NWEx model based on its qf, as given by 

   ( )    
    

{
 

 
  

      0    (   )
 1

 
    √0   (   )

 1
 
   

 

}
 

 
   

Tables 1–11 present the values of       , MSE, and MRE for various 
estimators including MLE, WLSE, LSE, ADE, MPSE, RADE, CVME, LN, SE, 
and GE. Each table presents superscripts indicating the ranking of each estimator 
among those considered, along with (∑   ∑       ) , which signifies the 
cumulative sum of ranks for each column at a specific sample size. 

Table 12 provides a summary of both the partial and total rankings of the 
estimators. Our analysis demonstrates that the Bayesian approach consistently 
surpasses all classical methods across the three considered loss functions, 
securing total scores of 56, 127, and 147 for the SE, LN, and GE loss functions, 
respectively. In contrast, the ML method outperforms other classical estimation 
techniques, attaining a cumulative score of 237. Consequently, the ML method 
emerges as the most effective classical estimator for the NWEx parameters. This 
method will be employed in the next section to assess the performance of the 
NWEx model in comparison to other competing models. Ultimately, the Bayesian 
method with the SE loss function is determined to be the most reliable for 
estimating the NWEx parameters. 

  
 
 
 
Table 1 Results of the numerical simulation for the NWEx distribution with 

 =0.1,  =0.5,  =2.5. 
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Table 12
Ranking results for all estimation methods across different combinations of 

the parameters.  

Parameters n MLE LSE WLSE CRVME MPSE ADE RADE SE LN GE
30 4 9 7 8 5 6 10 2 3 1

α=0.1 50 6 9 7 8 4 5 10 1 2.5 2.5
β=0.5 100 4 9 7 8 6 5 10 1 3 2
θ=2.5 250 4 9 7 8 5 6 10 1 3 2

500 5 9 6 8 4 7 10 1 3 2
30 4 8 7 9 5 6 10 1 3 2

α=0.4 50 4 9 7 10 6 5 8 1 2 3
β=0.5 100 4 9.5 7 8 6 5 9.5 1 2 3
θ=1.5 250 4 9 6 8 5 7 10 1 2 3

500 4 8 6 10 5 7 9 1 3 2
30 4 9 7 10 5 6 8 1 3 2

α=0.5 50 4 9 7 10 5 6 8 1 2 3
β=0.6 100 4 10 7 9 6 5 8 1 2 3
θ=0.8 250 4 10 7 9 5 6 8 1 2 3

500 4 9 6 10 5 7 8 1 2 3
30 4 8 7 9 5 6 10 1 2 3

α=0.6 50 4 9.5 7 9.5 5 6 8 1 3 2
β=1.0 100 4 10 6 8.5 5 7 8.5 1 3 2
θ=1.5 250 5 10 6 9 4 7 8 1 2 3

500 5 9 6 10 4 7 8 1 3 2
30 4 7.5 7.5 10 6 5 9 1 2 3

α=0.6 50 4 10 7 9 6 5 8 1 2 3
β=0.5 100 4 10 7 9 5 6 8 1 2 3
θ=0.6 250 5.5 10 5.5 9 4 7 8 1 2 3

500 8.5 8.5 6 10 4.5 4.5 7 1 2.5 2.5
30 5 10 8 9 4 6 7 1 2 3

α=1.5 50 4 9 7 10 5 6 8 1 2 3
β=0.5 100 5 10 6 9 4 7.5 7.5 1 2 3
θ=0.2 250 5 10 6 9 4 8 7 1 2 3

500 6 9 5 10 4 7.5 7.5 1 2.5 2.5
30 4 9 7 10 5 6 8 1 3 2

α=0.6 50 4 9 5 10 7 6 8 1 3 2

Contd..
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β=0.5 100 4 10 6 9 7 5 8 1 2 3
θ=3.0 250 5 9 7 10 4 6 8 1 3 2

500 4 9 5 10 6 7 8 1 3 2
30 4 8 7 10 5 6 9 1 2 3

α=0.6 50 4 10 7 8.5 6 5 8.5 1 2 3
β=0.6 100 4 10 8 9 5 6 7 1 2 3
θ=0.5 250 4 10 5 9 6 7 8 1 2 3

500 4 9 7 10 5 6 8 1 2 3
30 4 8 7 9 6 5 10 1 3 2

α=0.5 50 4 10 7 9 6 5 8 1 2 3
β=0.5 100 4 10 7 9 5 6 8 1 2 3
θ=1.0 250 4 10 5.5 9 5.5 7 8 1 2 3

500 4 9 7 10 5 6 8 1 2.5 2.5
30 4 8 7 9 6 5 10 1 2 3

α=0.3 50 4 9 7 8 6 5 10 1 2 3
β=0.7 100 4 10 7 8 5 6 9 1 2 3
θ=0.5 250 4 9.5 6 8 5 7 9.5 1 2 3

500 4 8 7 9 5 6 10 1 2 3
30 4 9 7 8 5 6 10 1 2 3

α=0.15 50 4 8 7 9 5.5 5.5 10 1 2 3
β=0.4 100 4 8 7 9 6 5 10 1 2 3
θ=0.5 250 4 9 6 8 5 7 10 1 2 3

500 4 8 6 9 5 7 10 1 2 3
∑ 237 502.5 362.5 499.5 283.5 333 4777 56 127 147
Overallrank 4 10 7 9 5 6 8 1 2 3

7. Real Data Applications

 This section explores three practical applications of the NWEx 
distribution to demonstrate its relevance. We compare the NWEx 
distribution with several alternative distributions, including the Ex, 
“exponentiated Ex” (EEx) by Gupta, Gupta, and Gupta, [21], “beta 
generalized Ex” (BGEx) by Barreto-Souza, Santos, and Cordeiro, [22], 
“alpha-power Ex” (APEx) by Mahdavi and Kundu [23], “transmuted-
generalized Ex” (TGEx) by Khan, King, and Hudson [24], “alpha-power 
exponentiated Ex” (APEEx) by Afify, Gemeay, and Ibrahim, [25], “beta Ex” 
(BEx) by Nadarajah and Kotz [26], “logistic Ex” (LEx) by Lan and Leemis 
[27], and “generalized odd log–logistic Ex” (GOLLEx) by Afify et al. [28].
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The ML estimates are calculated using the R software. To assess 
“goodness-of-fit”, several information criteria (IC) are employed, including 
the minus log-likelihood (M1), Akaike IC (M2), consistent AIC (M3), 
“Bayesian” IC (M4), “Hannan–Quinn” IC (M5), as well as the “Cramér–von 
Mises” (M6),”Anderson–Darling” (M7), and “Kolmogorov–Smirnov” (M8) 
statistics, along with the KS p-value (M9), for all distributions under 
consideration.

The first dataset consists of 40 observations representing time to 
failure (103h) of the turbocharger from one type of engine as given by Xu 
et al., [29]. These data were also utilized by Afify, Al-Mofleh, and Dey,  
[30]. The data values are: 7.7, 1.6, 7.7, 6.5, 2.0, 7.1, 8.3, 2.6, 8.1, 3.0, 6.7, 8.4, 
7.8, 3.5, 7.9, 8.4, 8.5, 3.9, 8.7, 4.5, 8.8, 4.6, 9.0, 6.0, 4.8, 8.0, 5.0, 7.3, 5.1, 7.3, 5.3, 
7.3, 5.4, 6.1, 5.6, 6.0, 5.8, 6.3, 7.0, 6.5.

The second dataset pertains to the failure times of 50 items during the 
design phase of product reliability (Lai Murthy, and Xie [31]). The data 
values are: 51.17, 0.12, 49.44, 0.43, 58.62, 0.92, 60.29, 1.14, 72.13, 1.24, 1.61, 
1.93, 2.38, 4.51, 5.09, 6.79, 7.64, 8.45, 11.9, 11.94, 13.01, 13.25, 14.32, 17.47, 
18.1, 18.66, 19.23, 24.39, 25.01, 26.41, 26.8, 27.75, 29.69, 29.84, 31.65, 32.64, 
35.00, 40.70, 42.34, 43.05, 43.40, 44.36, 45.40, 48.14, 49.10, 72.22, 72.25, 72.29, 
85.20, 89.52. 

The third dataset refers to the tensile strength for single carbon fibers 
(in GPA) for 69 samples (Raqab Madi, and Kundu [32]). The data values 
are: Here is the list of numbers rearranged randomly: 0.312, 0.314, 0.479, 
0.552, 0.7, 0.803, 0.861, 0.865, 0.944, 0.958, 0.966, 0.997, 1.006, 1.021, 1.027, 
1.055, 1.063, 1.098, 1.114, 1.14, 1.179, 1.224, 1.253, 1.272, 1.274, 1.301, 1.301, 
1.359, 1.382, 1.382, 1.426, 1.434, 1.478, 1.49, 1.511, 1.514, 1.535, 1.554, 1.566, 
1.57, 1.586, 1.629, 1.633, 1.648, 1.684, 1.697, 1.726, 1.77, 1.773, 1.778, 1.809, 
1.818, 1.821, 1.848, 1.954, 1.954, 1.954, 2.012, 2.067, 2.084, 2.096, 2.128, 2.233, 
2.433, 2.585, 2.585, 2.585, 2.09.

The ML estimates for each fitted distribution are provided in Tables  
13-15 along with the standard errors (SEs), shown in parentheses, for the 
three datasets. Furthermore, the “goodness-of-fit” statistics for these 
datasets are summarized in Tables  16-18. The findings highlight that the 
proposed NWEx distribution delivers a better fit to the analyzed data than 
eleven alternative exponential model extensions.

Furthermore, Figures 5-7 present plots of the fitted functions, 
including the pdf, cdf, sf, and “probability-probability” (pp) plots of the 
NWEx distribution, for the three datasets. These visualizations corroborate 
the numerical results shown in Tables  16-18 and demonstrate that the 
NWEx distribution provides a better fit for the three datasets compared to 
other competing exponential models.
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Table 13
The ML estimates and SEs for the models considered with the first dataset.  

  Model  â  b̂  q̂  l̂
 NWEx  0.0113 

(0.0076) 
 1.7486 (0.9791)  0.3607 (0.2214)  

 APEEx  35.6620 
(54.3293) 

 0.5798 (0.0712)  7.1395 (3.7016)  

 BEx  7.7275 
(1.6946) 

 65.4834 
(51.0220) 

 0.0179 (0.0129)  

 GOLLEx  3.9344 
(2.7138) 

 0.8825 (0.9201)  0.0973 (0.1100)  

 TGEx  8.5470 
(3.1709) 

 0.5000 (0.0621)  -0.6507 (0.2560)  

 BGEx  0.1037 
(0.0831) 

 1320.7166 
(201.6799) 

 0.2195 (0.1096)  49.0520 
(54.7401) 

 EEx    9.5145 (2.8960)  0.4498 (0.0577) 
 APEx    210785.5 

(16786.68) 
 0.4790 

(0.03105) 
 LEx    0.1108 (0.0059)  3.6322 (0.4954) 
 Ex     0.1599 (0.0252) 

 

Table 14
The ML estimates and SEs for the models considered with the second dataset.

 Model  â  b̂  q̂  l̂

NWEx  0.3786 
(0.1330) 

 0.7014 (0.1507)  0.0392 (0.0134)    

APEEx  7.5230 
(10.5428) 

 0.0386 (0.0068)  0.6191 (0.2632)    

BEx  0.7081 
(0.7669) 

 0.0056 (0.0031)  5.8917 (3.4498)    

GOLLEx  0.6983 
(0.3764) 

 1.4251 (0.9967)  0.0510 (0.0358)    

TGEx  0.7587 
(0.2160) 

 0.0344 (0.0061)  -0.4648 (0.3559)    

BGEx  0.0494 
(0.2561) 

 102.9887 
(335.8097) 

 0.0149 (0.0533)  15.4643 
(89.6663) 

EEx        0.9081 (0.1621)  0.0311 
(0.0058) 

Contd..
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 APEx        2.1200 (1.6608)  0.0392 
(0.0078) 

 LEx        0.0353 (0.0063)  0.9101 
(0.1295) 

 Ex           0.0331 
(0.0046) 

 

  

Table 15
The ML estimates and SEs for the models considered with the third dataset.  

 Model  â  b̂  q̂  l̂

 NWEx  1.0921 
(5.6291) 

 3.0314 (0.6866)  0.2879 (0.4500)    

 APEEx  58.4201 
(82.4618) 

 2.4421 (0.2365)  5.5577 (2.4417)    

 BEx  7.0024 
(1.1682) 

 44.6392 
(62.1647) 

 0.1014 (0.1329)    

 GOLLEx  3.8009 
(2.5096) 

 0.8494 (0.8436)  0.4109 (0.4535)    

 TGEx  7.4544 
(2.1207) 

 2.1100 (0.2049)  -0.7206 
(0.1872) 

   

 BGEx  0.6192 
(0.4796) 

 405.2820 
(2151.7182) 

 0.1996 (0.4208)  5.1460 
(4.1819) 

 EEx        8.8283 (2.0341)  1.8965 
(0.1885) 

 APEx        129938.3 
(23859.06) 

 2.0474 
(0.1027) 

 LEx        0.4881 (0.0212)  3.4224 
(0.3518) 

 Ex           0.6890 
(0.0829) 

Table 16
Results of the analytical measures for the first dataset.  

Model M1 M2 M3 M4 M5 M6 M7 M8 M9

NWEx 79.8039 165.6070 166.2745 170.6744 167.4397 0.0307 0.2270 0.0892 0.9072
APEE 86.9504 179.9009 180.5676 184.9676 181.7329 0.1832 1.2261 0.1307 0.5007

Contd..
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BEx 87.4150 180.8302 181.4969 185.8968 182.6621 0.2053 1.3623 0.1278 0.5303
GOLLEx 86.6442 179.2885 179.9552 184.3551 181.1204 0.1638 1.1116 0.1242 0.5674
TGEx 88.6702 183.3405 184.0072 188.4072 185.1725 0.2333 1.5194 0.1448 0.3707
BGEx 79.8859 167.7720 168.9148 174.5275 170.2146 0.0373 0.3012 0.1068 0.7512
EEx 90.1426 184.2853 184.6097 187.6631 185.5066 0.2757 1.7600 0.1541 0.2975
APEx 88.9920 181.9841 182.3084 185.3618 183.2054 0.2340 1.5271 0.1516 0.3165
LEx 86.6504 177.3009 177.6252 180.6787 178.5222 0.1644 1.1151 0.1241 0.5688
Ex 113.3193 228.6385 228.7438 230.3274 229.2492 0.2065 1.3689 0.3631 0.0000

 

Table 17
Results of the analytical measures for the second dataset.  

Model M1 M2 M3 M4 M5 M6 M7 M8 M9

NWEx 216.1370 438.2739 438.7957 444.0100 440.4582 0.0233 0.1844 0.0567 0.9942
APEE 218.8173 443.6347 444.1564 449.3707 445.8190 0.0703 0.4755 0.0871 0.8108
BEx 220.3055 446.6110 447.1327 452.3471 448.7953 2.7494 13.8788 0.8399 0.0000
GOLLEx 220.0070 446.0140 446.5358 451.7501 448.1983 0.1228 0.7658 0.1418 0.2427
TGEx 219.4770 444.9541 445.4758 450.6901 447.1384 0.0959 0.6222 0.1056 0.5943
BGEx 216.4137 440.8270 441.7160 448.4755 443.7398 0.0376 0.2511 0.0803 0.8774
EEx 220.2089 444.4178 444.6731 448.2418 445.8740 0.1231 0.7767 0.1242 0.3904
APEx 219.9456 443.8911 444.1464 447.7152 445.3473 0.0964 0.6232 0.0981 0.6842
LEx 220.1255 444.2511 444.5064 448.0751 445.7073 0.1219 0.7677 0.1305 0.3319
Ex 220.3567 442.7133 442.7966 444.6253 443.4414 0.1241 0.7831 0.1143 0.4947

 

Table 18
Results of the analytical measures for the third dataset.  

Model M1 M2 M3 M4 M5 M6 M7 M8 M9

NWEx 48.9364 103.8729 104.2421 110.5752 106.5319 0.0268 0.2306 0.0476 0.9975
APEE 51.6968 109.3937 109.7630 116.0961 112.0528 0.0924 0.6303 0.0656 0.9278
BEx 53.0932 112.1865 112.5557 118.8888 114.8455 0.1225 0.8621 0.088 0.6581
GOLLEx 51.6397 109.2794 109.6487 115.9818 111.9385 0.0817 0.5640 0.0552 0.9843
TGEx 54.1933 114.3867 114.7560 121.0890 117.0458 0.1504 1.0248 0.0889 0.6455
BGEx 48.9274 105.8548 106.4798 114.7912 109.4002 0.0260 0.2254 0.0487 0.9966
EEx 56.6685 117.3371 117.5190 121.8054 119.1198 0.2057 1.3957 0.1119 0.3531
APEx 54.4328 112.8658 113.0476 117.3340 114.6385 0.1455 0.9933 0.0927 0.5923
LEx 51.6534 107.3069 107.4888 111.7752 109.0796 0.0823 0.5686 0.0557 0.9826
Ex 94.7013 191.4026 191.4623 193.6367 192.2890 0.1238 0.8712 0.3622 0.0000
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Figure 5

 Plots of the fitted functions for the NWEx distribution  
based on the first dataset.  

Figure 6
Plots of the fitted functions for the NWEx distribution  

based on the second dataset.  
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Figure 7
Plots of the fitted functions for the NWEx distribution  

based on the third dataset.  

8. Conclusions 

This study presents a flexible family of probability distributions 
known as the new Weibull-H (NW-H) family. This family includes special 
sub-models that offer a range of failure rate behaviors, including both 
monotonic and non-monotonic rates. The sub-models also feature a variety 
of density shapes such as unimodal, left-skewed, bimodal, right-skewed, 
J-shaped, and reversed-J-shaped. The densities within the NW-H family 
can be characterized by reversed-J shapes, right skewness, symmetry, left 
skewness, or patterns of decreasing-increasing-decreasing. A valuable 
mixture representation of the NW-H family is developed using the 
exponentiated-G family. One particular model within this family, the 
NWEx, is examined in detail. The study applies eleven classical and 
Bayesian estimation methods to estimate the parameters of the NWEx 
model and evaluates their performance through simulation. The analysis 
reveals that Bayesian estimation, based on partial and overall ranks, is the 
most effective approach for parameter estimation under various loss 
functions. Additionally, the NWEx distribution is applied to three real-
world datasets, demonstrating its superior fit compared to several 
competing exponential models.
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