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Abstract

Calibration aims to minimize uncertainty in the estimation by ensuring the accuracy
of the estimation procedure. The auxiliary information is usually utilized to improve the
accuracy of the estimation procedure under the calibration approach. In the present article,
the information on two auxiliary variables is utilized to consider a new calibration estimator
for the mean of a stratified population. A set of new calibration weights is obtained by
minimizing the chi-square type distance function and subject to some calibration constraints
based on the auxiliary information. The Taylor linearization technique is used to obtain
the expression for the variance of the proposed calibration estimator. The effectiveness of
the proposed calibration estimator has been demonstrated through a simulated study. A
numerical example using the real data set has also been provided to support the theoretical
findings. The analysis shows that the suggested calibration estimator outperforms over the
current one in terms of efficiency.

Subject Classification: 62D05.
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1. Introduction

In statistical surveys conducted all throughout the world, the
calibration estimator is frequently utilized. To update the estimates, the
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calibration estimator makes use of the data on the auxiliary variables. The
common method for adjusting the initial weight under the calibration-
based estimate strategy involves minimizing a given distance measurement
subject to a set of calibration conditions. Under calibration approach, we
utilize the auxiliary information in the estimation process by employing
some calibration constraints based on the auxiliary variable(s). The
calibration method defines new calibration weights to be achieved by
combining calibration constraints with the distance function.

Deville and Sarndal [2] were the first who explored the word
calibration in survey sampling. They constructed calibration constraints
with the help of auxiliary information. Many researchers have studied
calibration estimation using different calibration constraints such as ratio-
type estimation, product-type estimation and combined ratio-type
estimation or some well-known techniques that utilize the auxiliary
information. Sdrndal and Estevao [12] discussed about the functional form
to the calibration. Singh et al. [13] and Tracy et al. [15] proposed calibration
estimators of the population mean in stratified random sampling. Kim et
al. [4], Koyuncu and Kadilar [6] and Nidhi et al. [8] have recommended the
various classes of calibration estimators for estimating the population
mean in stratified random sampling by using the sets of calibration
constraints. Koyuncu and Kadilar [7] have suggested a new calibration
estimator of the population mean in stratified double sampling design.
Rao et al. [10] have suggested a multivariate calibration estimator in
estimating the mean of a stratified population using more than one
auxiliary variable. Yadav et al. [16] have made an attempt to develop an
efficient estimator for population variance by making the use of parameters
of a single auxiliary variable. Ozgul [9] has propounded a ratio-type
calibration estimator of the population mean in stratified sampling using
the information on two auxiliary variables. Singh et al. [14] have pioneered
out some calibration estimators for estimating the population mean in
two-stage stratified random sampling. Grover and Kaur [3] have proposed
an efficient estimator of population variance utilizing the ranks of original
auxiliary variable as an additional auxiliary variable. Chaudhary and
Dutta [1] have discovered a new calibration estimator of the population
mean in stratified two-phase sampling utilizing the information on two
auxiliary variables.

The primary objective of the present research is to enhance the
stratified sampling method’s ability in estimating the population mean
accurately. We have developed the estimation method by suggesting a
new calibration estimator under the availability of information on two
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auxiliary variables. New calibration weights have been created using the
chi-square type distance function and some calibration constraints based
on two auxiliary variables. Additionally, an empirical study through real
data and simulated data is carried out to support the effectiveness of the
proposed calibration estimator. The effectiveness of the proposed
calibration estimator has been elaborated over the usual estimator and the
calibration estimator suggested by Ozgul [9].

2. Procedures, Notations and Definitions

Suppose a finite population consisting of N units is stratified into b
strata. The o" stratum consists of N, units (0=12,..,b) such that
b
>N, =N. Letl, be the observation on the i” unit in the o stratum for
o=1
the study variable Y. Let X; and Z; be the observations on the i unit in
o" the stratum for the aux1hary Varlables (A.V.) X and Z respectively. Let

Y= Z poYo, X= Z pDXo and Z= Z pDZo are the respective population
o0=1 0=1 0=1

— N, J— N,
means of the variables Y, X and Z such that Y, =NLZ Yo X, =NLme.,
i i1

R 1 N, N o
Z =—7z and
[ N z oi p

i=1
0

Now, we have to choose a sample of 7 units from the o" stratum
consisting of N, units by using simple random sampling without a

b —
replacement (SRSWOR) scheme such that Zn =n. Lety, =—Z Yor
x_azanx and z, :—Zz be the sample means of o" stratum for the

n n
variables Y, X and Z respectively. B
The usual estimator of the population mean Y (without using

auxiliary information) is given by
]711511111 = Zpaya (1)

The expression for the variance of the usual estimator ¥, can be
represented as

V(T ) = Z(—— ]po - )
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NU —_—
Where Sﬁz(u = N 1 1 Z(yoi _Yo)z'
o =l

There are several authors who have utilized the suitable ancillary
data to get a more précised estimate of the population mean Y under both
traditional and calibration approaches. The calibrated estimator of the
population mean Y (using information on two (A.V.), suggested by Ozgul
[9] is represented as

b
yst = Zwayo (3)
0=1

subject to the calibration conditions
b

Z w,=1 (4)
o=1
b ~ b
Yw T =>pT (5)
=1 0=1

~ b by
where T, =ZJ_C—° and T, =Z§”.

0=1 Zo o0=1 Lo

Here, calibration weight W ; 0=1,2,...,b is selected so that the chi-

square type distance function i% (g, being the tuning parameter)
o=1 oFo
would be minimized subject to the calibration conditions given in the
equations (4) and (5).
The solution for w, was obtained by using the Lagrange function.
Putting the value of w, so computed into equation (3), the calibrated
estimator looks like this:

— b — b A
yst:zp0y0+ﬁlzpu(To_T") (6)
o=1 0=1

b ~ b b — b ~
[ZPU%WGJ(Z moj—(Z PoqayUJ[ZmT j
0=1 o0=1 0=1 0=1
b b ~2 b ~ )2
(Zlmj(Z PD%TOJ—(Z mgTo]
0= o0=1 0=1

If we assume §, =1, then the calibration estimator becomes

where 3, =
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—_ b — b ~
Yy=2PY,+B 21T, ~To) @)
o=1 0=1

i) (i) 87)

~2 b ~ 2
S5 {50

where 8, =

3. Proposed Calibration Estimator

The proposed calibrated estimator of the population mean using two
A. V. X and Z in stratified random sampling is given by

v, =Yy, )

o=1

subject to calibration constraints

ST, =3pT 9)

b o~ b
2w, =3 pU, (10)
o=1 o=1
~ b g? b S? 1 ol T \2 2 1
where U, = o, X0 = =X ), 8 =——
; SZ 21 ND _ 1 — oi o) Zo NU _ 1

N n
o [R— 1 n, — 1 0 —

z —ZV, s =——S(@x.-x)P and > =—— D (z. -z ). w
;( o1 U) X0 no_l Z( ot U) zo ng_l Z( o1 0)

th

the new calibrated weight for the o stratum.

One can derive a new calibration weight solution by minimizing the

o=1

. 2
b w —
chi-square type distance function Z( P "J subject to the given

ol o

calibration conditions. Let us define the Lagrange function as

-3 ] AN Y RIAD ST VTR,

(11)
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where )“1 and /12 are the Lagrangian multipliers.
On differentiating the equation (11) with respect to (w. r. t.) w; and
equalizing the derivative to zero, we get

ot 5] )

awa qo P 0 =1 0=

~ b~
w =p, +q.p, [/llzi’_ln +/122u0j (12)
0=1

Substituting the values of ZUD from equation (12) into the equations

(9) and (10), we get the following system of equations in the form of matrix

r e b

b ~2 b ~ A~
|i)~ :| zqapaTo zqapauaTo Z Z
1 — o=1 o=1 o0=1 o=1
b b

b ~ A b ~2 ~
20U To Y pUo | | 2 pU,~> pUo
0=1 0=1

o=1 o=1

2

The values of )«1 and /12 can be obtained by solving the above matrix.

Thus, we have

and q = (Zm J[Zm j [é%pﬁuﬁf

Substituting the values of )~1 and /12 into the equation (12), we get

the optimum value of ZUO as
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{[éqmﬁaj[é%nﬁj}—{iqmﬁuﬂZb)qopﬁofoj
:Hi%pﬁaj@wﬁuj (Z%PUTDJ[Z%WO H{Zh; (U, A)}

0

b ~2 ~2 ~ ~ Y
[Z%PGTOJ(Z%PUUoJ—(anmuaT J
0=1 0=1 0=1

Putting the optimum value wo in the equations (8), we can write the
suggested calibration estimator as follows:

—% b b ~ b ~
Yo =20, + B2 p,(T,=To)+ B, > p,(U,~U,) (13)
0=1 0=1 0=1

(OZ;%POUUJ[Z%PDTD )(unpou TOJ(quouo j
(;%Poﬁj(;qopol}:]—[;qopoaa%of

and

where f3, =

B, - (é%vﬁij{& p,Usy j (Zq P, umj{zq n Ty J

o=1

[iq AZJ(ZWUUGJ [;%aoﬁf

o=1

Assuming 4, =1, the suggested calibrated estimator reduces to

— b b ~ b ~
Y= 2 1Y, +B 2P (T, =To)+ B, > p, (U, ~U) (14)
o0=1 o=1 0=1
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4. Properties of Proposed Calibration Estimator

We use the Taylor linearization technique to get the expressions for
variance of the suggested calibration estimator and calibration estimator
suggested by Ozgul [9].

— b
Let PAR:(Z Y Z Yo p, G,Zpo GJ. Thus, we have

o=1 o=1

w) | | )

b ~ — b ~
8(2?%%] ‘8[ZPOT§J
o=1 PAR 0=1

Now, Let

b
PAR = (ZPszﬁngnﬂuZn,UMZPYT’ZPUYMZP zmnj
=1

This leads to
a(yst )
N J 1,

8[02171100?0)

and

PAR’

a(;;) ‘ (Zpa OJ(ZPOTOY«»j (Zb:annToj(Zb:poUon

o=1 o=1

LN ) 2 =N
o(20h) (o) Srv | Zru]
o=l PAR" o0=1 0=1 o=l
s b b _ b b _
6(%) (ZPGTOZJ[Z pU, YOHZ PDUOTGJ(ZPUTUYOJ
- —_ o0=1 o0=1 =1 o=1 — 7/2,
u

2 I
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oSt

b ~ —
6[ZpoToyoj

o=1

b ~—
G[ZPOUD%J

PAR’ PAR"

PAR’
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Using Taylor linearization technique, the equations for the variance
of the existing calibration estimator J, and suggested calibration estimator

¥, can respectively be obtained as

b b b b,
V(?sf)=V[Zm%}VéV(leoRoj+2V0COU(Zlvoy0/leoRoj (15)
o=1 0= 0= 0=

— b — b ~ b ~
V(ys,)=V[Zlmfa}YfV(ZlPUTonZV[ZPDUUJ

o=1

b b ~ b — b
+2V1C00(ZPO%ZPOTUJ+2nCov(ZPoyuer
b ~ b
+2y2Cov[Zp v, Zp U, j+2y1y2Co (ZpaT D,

o=1 =1 o=1

where

b — ~
V[ij szl Y.C V(XL p R )= ZPM
0=1

o=1

2

b — b ~ YoXo
Cov(zpayo/zpa&j:z“m% Z (pyxc C pyzacyacza)'
o0=1 0=1

o

- 5, gi 2 2
V ZPGTO =Zp0)'o ZZ (CXO +CZO _ZpXZOCX/’CZO )’

J (16)

( )2< +C§n _szzucxnczu )'
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b — b ~ b 9 T Xo
CO'U zpayo’zpﬂTngzpollaYo Y (pYX Xn_pYZUCYUCZU)’

b b~ b _ s
Cov leoyo’zlpouuj = Zpi/’]’oy"i(cn’lmu _CY;]’IZO +/lo4“ _}“220 )'

— 2

b ~ b ~ b XDS
Cov Z;pDTo,zlpouoj= p2A YDZ 5"[Cx/lsoﬁczo(’llsu+"le(,)}

o=1 o Yy
o

[Ci (’104u + CXU 2’030 ) +p xz, CZU C;Z(O %30 ],

N, —\7 —\s
Ao:(nlu_NiJ l #//_1/ and/,t = 01_1;(Xui_yo) (Xai_Yu) :
20,02,

Here, Pyy » Py, and Py, are the correlation coefficients between X
and Y; Y and Z; X and Z respectively for the o" stratum. C; , C,
and C, are respectively the coefficients of variation for X, Y and Z in the

" stratum.

5. Empirical Study

It is much difficult to arrive at a conclusion about the efficacy of the
suggested calibration estimator because the results derived in the previous
sections involve a number of parameters. Thus, it is essential to illustrate
the theoretical facts with some numerical examples in order to assess the
behaviour of the suggested calibration estimator. In this section, we have
conducted an empirical investigation using both real data and artificially
created data.

5.1 Real Data Set

To investigate the conceptual outcomes, we have considered the data
used by Koyuncu and Kadilar [5]. This data set consists of 923 districts of
Turkey that are stratified into six regions, viz., Marmara, Aegean,
Mediterranean, Central Anatolia, Black Sea, and East and Southeast
Anatolia. Here, Y = Number (No.) of teachers, X = No. of students (both
primary and secondary schools), and Z = No. of classes (both primary and
secondary schools). Table 1 shows the description of population.
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Table 1
Different Parameters of Population
N, [n | v, Xo Zo Cyﬂ ng Czﬂ Prx, | Pyz, | Px,
127 | 31 | 703.74 | 20804.59 | 498.28 | 1.26 | 1.47 | 1.11 | 0.936 | 0.979 | 0.94
117 | 21 413 9211.79 | 31833 | 1.56 | 1.65 | 1.15 | 0.996 | 0.976 | 0.97
103 | 29 | 573.17 | 14309.3 | 431.36 | 1.8 | 1.93 | 1.42 | 0.994 | 0.984 | 0.977
170 | 38 | 424.66 | 9478.85 | 311.32 | 1.91 | 1.92 | 1.47 | 0.983 | 0.983 | 0.964
205 | 22 | 267.03 | 5569.95 2272 | 1.51 | 1.53 | 1.15 | 0.989 | 0.964 | 0.968
201 | 39 | 393.84 | 12997.59 | 313.71 | 1.81 | 1.78 | 1.27 | 0.965 | 0.983 | 0.996
Here, Table 2 depicts the variance of the estimators ym, , yst and y;.

The percentage relative efficiency (PRE) of the calibration estimatory,
and ¥, w. . t the usual estimator J,_, is also depicted. The gain in terms
of precision of the calibrated estimators ¥, and j, w. r. t the usual
estimator Y, is computed as well. The PRE, precision and gain in
precision are calculated using the following formulae:

V(v
V(v.orv,

— p—

*100, Precision (yuml or yst or yst) =

PRE (?st or :;:t) =

1
V(yusualorystoryst)

and % Gain(?storg;j =

Precision (?S ,or ;S ,)—Precision (;Mm; ) %100

Precision(y, )

Table 2

Variance, PRE and Gain in Terms of Precision based on Real Data Set

Estimator AMSE PRE Precision %Gain
Y st 2231.421 100 0.00044 -

v, 1322.762 168.694 0.00075 70.454
7, 368.327 605.826 0.00271 515.909
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5.2 Simulation Analysis

The performance of the suggested calibration estimator has also been
shown by a simulation examination. The simulation analysis was carried
out using the R programming language. We now consider a stratified
population which is divided into six strata. The data under the study
variable Y for each stratum are produced using the Normal distribution
with predetermined mean (1) and standard deviation (o). We followed
the instructions provided by Reddy et al. [11] to create the data associated
with the auxiliary variables X and Z for each stratum under the assumption
that they would have specific correlations with the study variable Y.
Therefore, we first generate the data under a dummy variable T for each
stratum with the same distribution as that of Y. Then we have generated
the data under the A.V. X and Z for each stratum using the transformation

AV = pY + \/1-p°T. Here, p indicates the correlation coefficient
between study variable Y and A.V. The particulars of the population are
given in Table 3.

Table 3

Particulars of Population

S;Ir(a)l.t. Str::l’culrlrll1 ‘Ii’zfl;lation Stratum Size (N)| P, Pus Per
1. N(u=6,0=1) 500 0.6471 | 0.8889 | 0.9244
2. N(u=14,0=2) 400 0.5896 | 0.8355 | 0.9365
3. N(u=10,0=23) 600 0.6710 | 0.8928 | 0.9330
4. N(u=18,0=4) 800 0.5371 | 0.8036 | 0.9337
5. N(u=15,0=5) 900 0.5464 | 0.8095 | 0.9340
6. N(u=23,0=6) 300 0.6640 | 0.8995 | 0.9240

Here, N = 3500. The sample size is fixed as n = 538. The proportional
allocation is used to determine the sample size for each stratum. Now, we
have selected the sample from each stratum using SRSWOR technique and
the sample information has been utilized to compute the approximate
variance (AVAR). The AVAR of the estimators¥,_,,, Y, and 7, has been
computed using the following formulae:



CALIBRATION ESTIMATOR OF A STRATIFIED POPULATION 1061

AVARG )=—L 5(5 ¢V, 212 . 5000
(yusual)_mZ]ﬁl (yusual]. ) ’]_ i Aiard 4

AVAR(_ )_ 1 25000 _ _Y)Z. 10 5000
)= 5000 & (yst, ;i=12,..,

AVAR( ) =——3(7 —Y)z- i=1,2,...,5000
yst _m j=1 (ysf/, s]=4L4..,

Table 4 shows the approximate variance of the estimators ¥, ., ¥,
and 7. The PRE along with gain in precision of the calibration estimators

Yy, and 7, w. r. t the usual estimator ¥, has also been shown.

usual

Table 4
AVAR, PRE and Precision in Gain based on Simulation
Estimator AMSE PRE Precision Gain
Y usual 0.02191 100 45.641 -
Yy 0.01758 124.601 56.869 24.6006
7, 0.01185 184.839 84.388 84.8915

6. Concluding Remarks and Interpretations

In the current study, we have taken into account some new calibration
constraints based on two auxiliary variables that establish a new calibration
estimator of the mean of a stratified population. Using the Taylor
linearization method, the variance expression for the proposed calibration
estimator is derived. In order to evaluate the effectiveness of the
recommended calibration estimator, an empirical study has been carried
out. A natural data set has been used to complete the empirical study. By
creating an artificial data set in the R software, a simulation analysis has
also been done. The efficiency of the proposed calibration estimator has
been compared with that of the usual estimator and the calibration
estimator suggested by Ozgul [9]. The comparison has also been made in
terms of gain in precision. The Table 2 and Table 4 reveal that because of
retaining smaller values of variance/AVAR and greater values of PRE, the
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suggested calibration estimator outperforms over the usual estimator and
the calibration estimator offered by Ozgul [9]. Therefore, the suggested
calibration estimator can be preferred over the current one.
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