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1. Introduction 
In the public life and in the everyday life we often encounter a “queue”. 

Typical examples are queues of customers to buy a transport ticket or another type 
of ticket, queues at a grocery or at other store, queues in banks, queues of 
TV/Internet subscribers, etc. Queues occur because the flow of service requests is 
random and generally uncontrollable, and the service points number is limited. If 
the service points number is large enough, then queues will rarely occur and the 
average waiting time in a queue will not be long, however, in this case, the long 
downtime of the employees and of the equipment are possible. If the service 
points number is small, downtime is almost impossible, however, long queues and 
losses due to waiting occur. 

In order to analyze the functioning of complex systems (for example, 
automatic telephone exchanges, computer systems, automated information 
systems, dispatch services, etc.), at which it is necessary to perform mass service 
of objects, taking into consideration some random factors, it is convenient to 
study special models, the so called mass service systems (MSS). Due to their 
nature, these are systems for serving queues of requests. The concept of “request” 
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here is understood in the widest possible sense. The theory that studies such 
models is called the mass service theory or the queueing theory. 

One of the possible formulations of the problem of the queueing theory is as 
follows: determine the number   of service points, such that the sum      
            of the expected losses       due to delayed service and of the 
equipment downtime       be minimal. 

 
The description of a mass service system includes information about:  
•  incoming flow of requests (queries, calls, customers, etc.);  
•  devices (lines, channels) and duration of service of the requests;  
•  order (algorithm, mechanism) of such a service.  

 
In order to increase the efficiency of the real systems, especially important 

are these characteristics of the mass service system, which take into account the 
presence of queues, the wait due to absence of requests, and the loss of requests, 
that is, leaving the system (logout) without service. These characteristics of mass 
service systems are described by random processes and random variables. 

The conditions for existence and the concrete expressions for stationary 
distributions of the characteristics of mass service systems are of main interest. 

The random variables, which describe the parameters and characteristics of 
the mass service system, are characterized by their nonnegativity. 

An important characteristic of the mass service system is the system 
occupancy period (service occupancy period). This is the time interval from the 
moment when the request is received by a vacant (unoccupied) system to the first 
subsequent moment when the system is free of requests. 

The considered topics and problems and related to them are discussed in 
references [1]-[31], etc. 

Queueing theory is also connected with the scheduling theory and its 
applications (see, for example, [Stefanov 27]), Markov processes and Markov 
chains, etc. 

In Section Two, some probability results are presented. Some queue 
disciplines and mass service systems are considered in Section Three. 

2. Basic concepts of probability theory 
Recall some basic concepts and results of probability, which are used in the 

next section. 
 Distribution function (DF)       of the random variable   is defined as  

        {           
       

where        is the probability with which random variable   satisfies 
inequality    . 

The random variable   has a uniform distribution (U) in        if the 
distribution function      of   is defined as follows  
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       {
      
 
            
       

 

The random variable   has a deterministic distribution (D) if  
          

The random variable   has an exponential distribution (E) with parameter 
    if  

       {           
       

If the random variable   has an exponential distribution then for all values 
of     and     we have  

                     
The random variable   has Erlang distribution (Er) of order   if  

    ∑     
       

where   ,          , is a sequence of independent random variables, 
distributed uniformly, that is, exponentially distributed random variables with 
parameter       . 

The random variable   has Poisson distribution (P) with a parameter 
    if  

           

   
           

Let   be a discrete random variable, taking nonnegative integer values, that 
is,            . The probability generating function   of   is defined as 
follows  
             ∑   

           
where   denotes the mathematical expectation, and      denotes the mass 
probability function of  . 

3. Some important mass service systems 
The most common case of a mass service system is that with recurrent input 

flow, where elements of the sequence          of intervals between arrival of 
requests in the service system are independent in the totality of uniformly 
distributed random variables with DF       If             with      
the flow is called simple with intensity   or Poisson with parameter  . If 
requests arrive in the mass service system at the moments that form a recurrent 
flow (with distributed function      of the length of the intervals between these 
moments) and at any such moment, a random number of requests   can arrive in 
the mass service system (with a generating function         ), then the flow, 
incoming in a mass service system, is called the quasi-recurrent flow of requests 
and it is denoted by      . If the recurrent moments form a simple flow with 
parameter  , we have a quasi-Poisson flow      . 
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The following notation is introduced for the basic types of mass service systems: 
          or                , where  
•    is the distribution of the intervals between consecutive moments of 

request arrivals (the arrival time distribution);  
•    is the distribution of the duration of service of the requests (the service 

time distribution);  
•    is the number of servers (devices, channels) in the service system;  
•    is the number of the wait places for requests (either finite or infinite);  
•    is the order for serving the requests (the queue discipline);  
•    is the size of the calling source (either finite or infinite).  

 
The most commonly used types of queue disciplines   are  
•  FIFO (First In, First Out) or FCFS (First Come, First Served);  
•  LIFO (Last In, First Out) or LCFS (Last Come, First Served);  
•  GD (General Discipline, service in any order);  
•  SIRO (Service In Random Order); etc.  

 
The following mass service systems can be considered: 
1.         , FIFO : a three-channel (three-server) mass service system with 

simple flow, exponential service (E), with two wait places, requests are 
served in the arrival order (FIFO). 

2.           , LIFO : a single channel (single server) mass service system with 
recurrent Erlang flow of order          , deterministic service (D), 
without losses (infinite number of servers,  ), with reverse order of service 
(LIFO). 

3.           , PR, FIFO : a single channel (single server) mass service system 
with two simple flows of requests of different priorities     , uniformly 
distributed      durations of service, without losses      requests are 
served in the arrival order (FIFO). 

4.         : a mass service system with recurrent income flow (GI, General 
(generic) distribution of inter-arrival time), infinite number of channels 
(servers)     and exponential time of request service (E). 

5.                     : a single channel (single server) mass service 
system with simple flow, exponential service of requests (E) in the order of 
arrival (FIFO) and infinite wait places for requests ( ). 

6.                   : a self-service model, the servers number is infinite 
    since the customers serve requests in general discipline (GD) as well. 

4. Conclusions 
This paper is devoted to the queueing theory and its applications. Some 

basic concepts and results are presented, and some important queue disciplines 
and mass service systems are considered. 
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