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Abstract

A novel bimodal modification of the gamma distribution is developed in this article
by combining the double ganeralized gamma distribution with the extended two-piece
transformation, named the extended two-piece double generalized gamma distribution
(ETDGG). The epsilon-skew parameterization method is used to introduce asymmetric to
this distribution. The statistical properties of the ETDGG distribution are derived, including
cumulative distribution function (CDF), probability density function (PDF), moments,
quantiles, and moment generation functions. Two parameter estimation methods (moment
and MLE) are explored.In order to assess the performance and reliability of the estimation
method, Monte Carlo simulation is carried out. Finally, to demonstrate the adaptability and
effectiveness of the proposed distribution, two real world datasets are used. The findings
present that the proposed ETDGG distribution provides a better fit than other considered
distributions.

Subject Classification: 60E05, 62E15, 62F10, 91G15.
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1. Introduction

Bimodal distributions arise naturally in many different scenarios. Finding
appropriate probabilistic models that can explain the occurrence of bimodality is
an issue of vital importance. The bimodal distribution structure has been
extensively investigated by scholars. Sulewski constructed a two-piece power
Normal distribution (TPPN) [1] and Gomez et al. proposed a Bimodal Truncation
Positive Normal distribution (BTPN) in [2]. Hassan and Hijazi introduced a novel
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statistical model known as the bimodal exponential distribution [3]. Juric
introduced the asymmetric double Weibull distribution (ADW') [4], Vila and
Cankaya introduced the bimodal Weibull distribution (BWeibull) with the
quadratic transformation based on the Weibull distribution [5]. Abdulah
presented the e-skew gamma distribution (ESG) and epsilon-skew inverted
gamma distribution in [6] and [7], Among them, epsilon-skew is a method of
adding skewness, whose construction makes the cumulants distributed on both
sides of the scale parameter obey the binomial distribution, which may be helpful
for the study of the difference in the proportion between two independent
samples. For example,epidemiological research often investigates gender
disparities in the occurrence of chronic health issues (like lung cancer, diabetes,
hepatitis, severe pain, and depression) within both transnational and subnational
contexts[8]. respectively. However, these distributions share a common
limitation: regardless of parameter variations, the distribution shows two peaks at
the same height level. Therefore, this distribution may not be suitable for datasets
with two modes of unequal observation frequencies

Juric further introduced an asymmetric double Weibull type 11 (ADW™) [4],
which allows for controlling the relative sizes of left and right peaks through a
skewness parameter. Nevertheless, this particular distribution also possesses
evident drawbacks: when skewed to the left, the left peak becomes higher; when
skewed to the right, the right peak becomes higher. Such correlation significantly
limits its flexibility as a bimodal distribution. Therefore, Cankaya introduced the
asymmetric bimodal exponential power distribution in [9], while Bulut et al.
proposed the bimodal extended generalized gamma distribution in [10]. These
two distributions address the limitations of the aforementioned bimodal
distribution by controlling the peak value through manipulation of distinct shape
parameters on either side of the position parameter, thereby ensuring
independence between peak value and skewness. However, employing distinct
shape parameters may lead to discontinuity in the distribution function.

In this paper, we proposed a novel bimodal distribution, the extended
two-piece double generalized gamma distribution. Firstly, the two-piece
distribution proposed by Rubio and Steel in [11] was extended and presented in
Section 2. Then, in Section 3 we applied the extended two-piece transformation
on the double gamma and double generalized gamma distributions to have
extended two-piece double gamma (ETDG) distribution and extended two-piece
double generalized gamma (ETDGG) distribution respectively. The term "double"”
refers to a construction method that extends the distribution from the original
positive real domain to the whole real line by symmetrization of the density. A
comprehensive moment estimation and maximum likelihood estimation process
for the ETDGG distribution is provided in Section 4, followed by an assessment
of parameter estimation stability through simulation studies presented in Section
5. In section 6, we apply our novel model to real financial data. Finally, a
discussion and summary are presented at the end of this paper.



TWO-PIECE DOUBLE GENERALIZED GAMMA DISTRIBUTION 943

2. An extended two-piece transformation for bimodal distributions

Let's revisit the definition of the two piece distribution. Let f(x) denote a
symmetric unimodal probability density function with mode at zero and support
on the entire real line R. Its corresponding CDF is denoted as F(x).

Definition 1: A random variable X is said to follow a two-piece distribution if its
PDF is given by

2
ftp(x”J'I 01,07,0) = o to ()

This distribution is formed by combining two half-densities that have
distinct scale parameters,o; and o,, centered around the location parameter p.
The shape parameter 6 primarily influences the behavior of the distribution's
tails.A commonly adopted approach is to define o; = ga(k) and o, =
ob(k),where a(k) and b(k) are positive functions dependent on the skewness
parameter k. Under this reparameterization, the corresponding PDF can be
expressed as:

2

fop (63 1, 0,,8) = s (FS, 0)1 (x < ) + f (ks 01 x = ).

2
However, when f(x) deviates from a unimodal symmetric distribution to a
bimodal distribution with zero values on the symmetric axis p, the flexibility of
the above two-piece transformation becomes constrained. Through calculations,
it can be observed that the ratio of scale parameters on both sides in (1) and (2) is
equal to the ratio of cumulative quantities on both sides, expressed as equation
gr _oa(k) _a(k) _ Fse(w)

o ob(k) bk 1-Fe(w) ’

where F.(x) represents the cumulative distribution function of f(x). This
strong correlation significantly impacts the flexibility of bimodal distributions.
For instance, in (1) and (2), the peaks on both sides will always be identical. To
address this limitation, we propose an extended two-piece transformation for
bimodal distributions.

Definition 2: A random variable X is considered to adhere to an extended two
piece distribution when its PDF takes the following form:

. 1 X—U
ferp (X 1,01, 02, k, 6) = (a(k)+b o (01 fC—= 0I(x <+

ora(k)’
G Ol = ). )

Considering the writing habits of some distributions and the convenience of

calculation, we can take the reciprocal of o, that is, f = i Therefore, an

extended two-piece model with a rate parameter version is provided, which can be
written as

Letting 8 =§ for convenient expression and computation, the extended
two-piece distribution can be re-written as
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Bof (Baos )1 (x 2 ). (4)

Here 3; and 3, are the induced scale parameters.

It can be observed that redefining two different scale parameters allows the
distribution on both sides of the symmetric axis to be unconstrained by the
skewness parameter k, while the parameter k still has the ability to control the
cumulative quantities on both sides of the symmetric axis, which makes it more
flexible.

3. Bimodal with extended two-piece transformation

In this section, we apply the extended two-piece transformation to the
double gamma distribution and the double generalized gamma distribution,
choosing epsilon-skew parameterization particularly [12].

Extended two-piece double gamma distribution

A random variable X is considered to follow extended two-piece double
gamma distribution (ETDG), denoted by X:ETDG(«, B, B, k), if its probability
density function (PDF) is given by:

B (—_x)“‘l hx
2l (a) \1+k e, x<0

B (x )“‘1 B
- - >
2I(a) \1-k ek x=20

fe) = ) %

in which I'(@) is gamma function, a € (0,4o0) is shape parameter, S, 5, €
(0, +00) are scale parameters, k € (—1,1) is skewness parameter.

Extended two-piece double generalized gamma distribution and basic properties
A random variable X is considered to follow extended two-piece double

generalized gamma distribution (ETDGG), denoted by X: ETDGG

(a, s, b1, B2, k), if its PDF has the form:

&(ﬁ)s“‘l eCEEES 20

2l (a) \ 1+k !

sa—1 B
Fas (ﬁz—x) e_(rzi)s, x=0
2l'(a) \1-k

f) = ) Q)

in which I'(@) is gamma function, a,s € (0, +o0) is shape parameter, B, 5,, €
(0, +0) is scale parameter, k € (—1,1) is skewness parameter.

Figure 1 shows the pdf for the ETDGG distribution under different
parameter combinations.

If a random variable Z has a location parameter ¢ and follows the ETDGG
distribution, we can express it as Z:ETDGG(y, s, a, B4, f2, k) through a linear
transformation Z = p + X.
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Figure 1

The behaviors of PDF of ETDGG distribution for different values of parameters.

Cumulative Distribution Function (CDF) of ETDGG
If X:ETDGG(a, s, f1, B2, k), then the cumulative distribution distribution

function (CDF), F(x), of X is

(10t

Fx) = {
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2
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Analysis of the survival and hazard functions for ETDGG
The survival function S(x) and hazard function h(x), of X are

—Bix
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where y(a, x) denotes the lower incomplete y function.

Mode of ETDGG

By definition, the mode is the point at which the PDF reaches its maximum
value or, equivalently, the logarithm of the probability density function. Taking
the derivative of the logarithm of the PDF to have
aln(B) + Ins = In(2r'(@)) + (sa = Dn (L) — (- 255 x < 0
lnf(x) — 1+k 1+k
aln(B) +Ins — In(2r(@)) + (sa — Hin (22) - s, x>0

(10)

Letting its derivative equals to zero, solving the equation yields at most two

solutions:

1 1
—(sa-1)s(1+k) (sa—1)s(1-k)
X, = , Xy =
1 B1 2 B2

where a >0, $;,8, >0,—1 <k <1. So that, we can obtain the following
scenarios of mode.

(a) if 0 < sa < 1, the mode does not exist.
(b) if sa = 1, the mode is equal to zero.

1 1
(¢) if sa > 1,8, = f5,, themodeis x; = Z(azDSAHK) | (sasDSAZK)

)

B1 B2
1
(d) if sa > 1,5, > B, the mode is x, = ‘(“%””")
1
1
(e) if sa > 1,5, < f,, the mode is x, = (5“‘1;&
2

The above results show that the mode of ETDGG is independent of the
skewness parameter k.

Moments of ETDGG
E(X™) = [1)x"f (x) dx
= [0 x"feOdx + [ x"f (x)dx.
Let
L) = [°_x"f(x)dx,
R(n) = [77 x™f(x)dx,

based on the moments of the gamma distribution, we can obtain

A+ (a+D)
—_ ((— n S
L) = (D",
(- 1T (a+D)
RO = —r@ne

So the moments of ETDGG are —
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(X™) = L) + RM) = (~1)" — ez o (M)
So the expectation and variance of ETDGG are
1 1
E(X) = — (1+k)2F(aa+;) (I—k)zl“(a:g)’
2l (a)B1 2l (a)B;
1 1 1
Vx) = - (1+k)21"(aa+§) (1—k)21"(aa+;) _ (1+k)4r2((§+§)
2I'(a) By 2I'(a)B3 4 (a)pr”
A-K)*r2@+d)  A-k)P(A+K)2T2 (a+3)
- ar2(@pEe 2r2(@)pEpg

Quantile function Q(p) and random variable generation function of ETDGG

1+k

The Q(p) of ETDGG distribution is as follows:
1-2p
O<p=—-

(Hk) Qg ( TRl 1))§

(QG(Z” Ha1)s, Hrapst

Q) =

b}

(1 k)

(12)

where Q;(p, @, B) is the p-th quantile function of gamma distribution. Based on
this, we can naturally use the inverse method to obtain the generation function of
the random variable Y following the ETDGG distribution, which is given by:

(1+k) 1-2p

1+k

Y= —

9 (0, ( @, 1))s x 10 < U < 2H)
1+k

+& k)(QG(Z” a1 ) x I <UD

where U~U(0,1).

Special cases of ETDGG

1. If s=1,B=8k=
double gamma distribution.

2. Ifs=1p
skew gamma distribution [6].

3. Ifa=1,p =pBk=
double Weibull distribution.

4. Ifa=1p
skew Weibull distribution.

5. If a=n/2,p, = ,82—— =0,
into the double Chi-squared distribution.
6. Ifa=1/2,s=2p

into the standard Normal distribution.

7.0 a=1/25=2p =F =2

into the epsilon skew Normal distribution [12].

(13)

0, the ETDGG distribution degenerates into the
= f,, the ETDGG distribution degenerates into the epsilon
0, the ETDGG distribution degenerates into the

= f3,, the ETDGG distribution degenerates into the epsilon
the ETDGG distribution degenerates
=B, = g,k =0, the ETDGG distribution degenerates

sthe ETDGG distribution degenerates
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4. Estimation Methods

In this part, we study the parameter estimation process of ETDGG
distribution. To estimate the parameters, we utilize two methods: the moments
estimation and the maximum likelihood estimation. Let us consider a random
sample of m observations X = (x1, X, X3, ..., %,)" drawn from the ETDGG
distribution and let (a, s, B4, f2, k) be the parameters to be estimated.

4.1 Method of Moments Estimation (MME)

Let X, be the section of X for x; > 0 and X_ be the section of X for
x; < 0, then

E(X,) = in:oxi’ EX.) = in<oxi’
and
E(X,*) = —Z"";"x?, E(X_?) = —Z"i;"x?,
So, we can obtain from (1) and (2)
B FGHa)a+k)?
E(X_.) = T @Rl (14)
2y TC+a)(1+K)3
Ex-5) = 2M(@)py” (1)
_ TGHa)(1-k)?
E(X,) = T @pE (16)
2 3
2y _ TC+a)(1-K)
EXD) = S (17)

Solving the above equations, we can have the MME of the skewness
parameter k, which is given by

p_ 1 2EPXDEXY)
k=1 meny

Assuming s is known, taking the following transformation on the original

sample data X
=) r=(-5)

we can obtain four equations

E(r) =55
E(r) =455
E(rh) =<0,
E(Y,%) = "5

Solving the above equations, we can have the MME of the parameters a, f;
and £,
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E2(v-) E%(Y4)

Ev-3 E(w+?)

_E2(Y_) E?(Y4)

E(Y-%) E(v4?)
5 E(Y.)

1
1=  Pa Ban)”
B0y 2 rw, 2y

a=

5 _ E(Yy) )§
- 2y _E2(0r-) _E2(vy). /7
E(Y:5)(1 Ev D) E(Y+2))
We employ the numerical method to find the estimation of the parameter s.
Using grid search method to find the minimum of the Kolmogorov-Smirnov
distance between the pdf and the sample data.

4.2 Maximum Likelihood Estimation (MLE)
The log-likelihood function for (e, s, B, B,, k) is proportional to

1X; @5, By, B k) = 1y [log (L] + (5@ = 1) By log (225) —

2l (a) 1+k
Baxi Bas Baxi Baxi
S0 (—259° + 1, [log )] + (5 — 1) Dm0 108D — B o B2
Table 1
The results of simulation study.
Parameters a s By B k
n a § B B k
Bias 500 0.3754 -0.0663 1.0606 0.0402 -0.0038

2000 0.1350 -0.0839 0.6245 -0.1086 -0.0051
5000 0.0081 -0.0722 -0.1226 0.0732 0.0027
SE 500 0.0277 0.0048 0.1680 0.9040 0.0007
2000 0.0081 0.0035 0.0799 0.0443 0.0003
5000 0.0076 0.0040 0.0594 0.0471 0.0002
RMSE 500 0.4227 0.0743 1.5839 0.6341 0.0059
2000 0.1465 0.0874 0.8386 0.3285 0.0055
5000 0.0535 0.0775 0.4336 0.3379 0.0031

where n; and n, are the sample size of X greater than 0 and less than 0
respectively, from which the normal equations are obtained. These equations are
given by,

= (@) + 5[Txie0 108(=x) + Tamo 10g(x)] + s[rulog(Z) +

nlog(2)] = 0,
% =2y a0 10g(—x,) + Trno log(x)] + a[nlog(EL) + n,log(£2)]
s s x;<0 g i x;>0 glXi 1 g1+k T gl—k

— Vo (—s10g(— 25 — 3, o E2s10g(E2) = o,

o0 _mas _BaXins—1 Xy _
M Yo (B (- =,
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=M 5T (B =,

0B2 B
[ (as—1)n; (as 1)nr B1XiNs Bax;
% = 1 T +mzx<o( 1+k) le>0( )
where P(a) = is digamma function [13]. Obviously, these equations are

1"( )
nonlinear and rather complex, having no closed-form solutions. Therefore, we

solve these equations using the numerical methods such as the Newton —
Raphson method [14] with an iterative process

9n+1 = gn - H_1Vl(9n)'

where 8 = (a, s, By, B2, k)T and H is the Hessian matrix of the log-likelihood
function (see Appendix for details of Hessian matrix).

5. Simulation study

In this part, we provide three sets of simulation studies to evaluate the
behavior of maximum likelihood estimation under finite samples.We consider 50
Monte Carlo simulations for three samples. size=500, 2000 and 5000. We set
a=12,s=11,5, =6,0, =4,k = 0.1. The results are presented in Table 1
and Figures 2, 3, 4 respectively.

Estimate Value

— ———
o -
T T T T T
a s B1 B2 k
Parameter
Figure 2

Boxplot of the parameters estimated results for sample size=500.
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Estimate Value
4
|

T T T T T
a s B1 B2 k
Parameter

Figure 3
Boxplot of the parameters estimated results for sample size=2000.

Estimate Value

T T T T T
a s B1 B2 k

Parameter

Figure 4
Boxplot of the parameters estimated results for sample size=5000.

Table 1 summarizes the empirical bias, SE and RMSE). In general terms,
when the sample size increases, the bias, SE and RMSE items decrease,
suggesting the consistency of the MLE. As also shown in the figures, Typically,
larger sample sizes result in lower bias and reduced variability, implying the
estimators are well estimated and the consistency of the MLE.
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6. Applications
6.1 Bimodality in S&P's distortion
Table 2
Descriptive statistics for the S&P's distortion data.

Max Min Mean | Median | Variance Sd Skewness | Kurtosis
0.97400 | -0.63441 | 0.20436 | 0.20487 | 0.09736905 | 0.3120401 | 0.03988599 | 2.320289
Table 3
The criteria results of parameter estimation.

p-value K-S distance AIC BIC
BTPN 0.007251 0.040185 825.1484 846.995
ESG 0.008275 0.03971 926.0849 947.9315
TPPN 2.2e-16 0.155789 919.3812 941.2278
ADW* 0.1204 0.035232 830.2833 852.1299
ETDG 0.04349 0.033168 882.2451 904.0916
ETDGG 0.2351 0.024793 803.9791 836.749

2.0

1.5

0.5

2.0

0.5

0.0

— ETDGG
- = ETDG

2.0

— ETDGG
- - TPPN

2.0

Figure S
Histogram plot for the S&P's distortion data and fitted results with the distributions.

— ETDGG
- BTPN
- = ESG

Empirical studies shows that The S&P 500 distortion distribution, that is,
The log-transformed discrepancy between the market index and its true
fundamental value, has a non-unimodal distribution. Although S&P 500 exhibits
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fluctuations around its basic value, it tends to persist longer in both bull and bear
market conditions, and fluctuates less near its basic value. Therefore, the distorted
distribution of S&P 500 is opposite to the expectation, instead of conforming to a
unimodal shape, the distribution is distinctly bimodal.[15].

We have obtained the data from [15] for the period January 1871 to
December 2015. Table 2 presents the descriptive statistics of this dataset. The
histgram plot of this data set presented in Figure 5 shows obviously asymmetry
and bimodality. We compare our proposed ETDG and ETDGG distribtions with
ESG, BTPN, TPPN, ADW™ distributions. Table 3 presents Kolmogorov-
Smirnov (K-S) test, AIC and BIC criteria for the employed distributions. All these
criteria show that our proposed ETDGG distribution performs the best. Figure 5
shows the histogram plot for this dataset and the fitted pdfs for the considered
distributions. The top left is the fitted results with ETDGG and ETDG
distributions, constructed based on the extended two-piece transformation, which
can capture the cumulative quantities as well as the peak value on both sides of the
data. The top right shows the fitted results with ESG distribution and BTPN
distribution. They can only capture the cumulantive quantities while cannot
capture the peak values on both sides. The bottom left panel presents the fitted
result with TPPN distribution, which can only capture the peak value while
cannot capture the cumulative quantities on both sides. The bottom right shows
the fitted result with ADW™ distribution, although it can capture the peak value
and cumulative quantities on both sides, but it cannot flexibly capture either one
of them alone.

6.2 Other applications

Table 4
Summary statistics for the currency exchange rates data.

Max Min Mean Median | Variance Sd Skewness |Kurtosis
0.03682(-0.04121{-0.0002879(-0.0000859(0.00004334|0.0065865(-0.3211597{5.454019

Table 5
The K-S test results for distributions.
p-value Kolmogorov-Smirnov (K-S) distance
Normal 3.119e-13 0.059671
ESG 0.2983 0.015144
AL 0.03539 0.022071
ADW 0.1189 0.018468
ADW* 0.1689 0.017279
ETDG 0.7322 0.010685
ETDGG 0.5283 0.012589
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Figure 6
Histogram plot for the currency exchange rates and fitted results with the considered
distributions.

We also consider the daily average currency exchange rates for British
Pounds to Japanese Yen from the Bank of England spanning from January 1,
1980, to May 21, 1996. Table 4 summarizes the descriptive statistics for this data
set. Kozubowski and Podgdérski[16], Juric [4] had previously fitted this data set
using the asymmetric Laplace distribution (AL) and type 2 of asymmetric double
Weibull distribution (ADW™) respectively. Here we employ the Normal, ESG,
AL, ADW, ADW?*, ETDG and ETDGG distributions to fit this dataset
respectively. Table 5 presents Kolmogorov-Smirnov (K-S) test results of the
fitness with these employed models.The histogram of dataset and the fitted PDFs
of the selected distributions are illustrated in Figure 6.

Note that, based on the K-S test results, both extended two-piece
transformed distributions as ETDG and ETDGG distributions provide a superior
fit compared to the others. Figure 6 also presents outperformance for the ETDG
and ETDGG distributions.

7. Discussion and conclusion

When the data is bimodal distribution, it is difficult because there is no
traditional distribution with this property.This study contributes to the analysis of
bimodal distributions, the proposed extended two-piece double generalized
gamma distribution have the following advantages are observed: a well-defined
support over the real line, exact mathematical formulations for the CDF, and
analytically tractable moments. flexible to handle skewness and kurtosis and the
ablility to generalize a lot of Normal distributions such as standard Normal,
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Weibull, Gamma and Chi-square distributions. The proposed distribution was the
best choice of fitting comparing with the other distributions for the real
applications. In the future work, We believe that this distribution is useful for
practitioners in many different fields.

Appendix
The Hessian matrix of the log-likelihood function for the ETDGG
distribution is

0%¢ 0%¢ 9%¢ 0%¢ 2%¢
a2 dads 0adB, O0adB, Oadk
0%¢ 0%¢ a%¢ 0%¢ a%¢
dsda  0s®2  8sdp, 0sdfy sk
H= a%¢ a%¢ 9%¢ a%¢ 9%¢
Tl opaa apios  9B°  0B1dP,  0Piok
a%¢ 9%¢ a%¢ 9%¢ a%¢
0B20a  0B0s  0B20B1 28" 0B, 0k
0%¢ 0%¢ a%¢ 0%¢ a%¢

okda Okds 0kdB, okoB,  okZ
The elements in matrix H are as follows,
0%¢

_ !
2wz = (),
0%¢ a%e B B
O L  Fco 108(—X) + o log(x) + nilog(LL) + n,log(LL),
% 9% ms
dadpy  0B1da By’
%0 0% mys
dadBy 0B da B’
%0 9% _ mps  ms
dadk  odkda 1-k  1+k
8%¢ n B1x; B1x; Box; Box;
= = — Yo (“EEys10g2 (- B2y o EEysl0g7 (B2,
¢ _ n B1x; 2, PBaxi Baxi 2 B2xi
== T a Zx<o (CT)01087 (=T — Xm0 (G5 108° (T,
9% 9% _ ma B1Xins—1 x;
dsdfy  0B10s P le-<o( 1+k) ( 1+k)
L1XiNg— B1xi Xi
$ Lco (=75 Hog(= 220 (=70,
o%¢ _ 9% _ma_ BaXiys—1¢ %y _ BaXiy 511 o B2Xiy (_Xi_
om —amas = g 20 (o)) T s Taso (5 o85O G,
8%¢ _ 9%¢ _  an |, an, 1 BiXins
okos ook~ 1wk ik T 1+kle'<0 ( 1+k) +
s L1xi B1xi
= Fico (—E)s10g(— £ty
1 Bax; s Baxi Bax;
— Fso (-2 - =3 o Eysl0gl,
922 nias

= 5(5 = 1) Do (—EEHs2(— 22,

ap1° B1’
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a%¢ a%¢
0B10B;  Bz0s
2 2 2 . .
0§1gk - a:aih = o 2o (= %)S_l(_ il
= =M 505 = 1) Bao CEY LY,
0Z:gk - a:jaiez - _%Z"i“’ (%)5_1(1%)‘
o

where '(a) is the derivative of (), called trigamma function[13].
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