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Abstract 
Stratified sampling enhances the efficiency of estimators by dividing the 

heterogenous population into the homogeneous strata. In the literature, Stratified 
Modified Probability Proportional to Size (Stratified MPPS) sampling is a 
method that selects units within each stratum using MPPS sampling. MPPS 
sampling is used when the data follows Zipf’s law. In this paper, the allocation 
methods of sample size among the strata are applied to Stratified MPPS 
sampling to minimize the variance. Proportional allocation assigns sample sizes 
to strata in proportion to their sizes and Neyman allocation considers both 
stratum size and variability among strata to allocate the sample size among 
various strata. An Empirical study based on real-world datasets, compares the 
proposed allocation methods to estimate the population total in statistical 
practice. 

Subject Classification: 62D05, 62F40, 62G09, 94A20 
Keywords: With and without Replacement Sampling; Probability 

Proportional to Size (PPS); Stratified Sampling; Proportional and Neyman 
Allocation.  Modified PPS (MPPS); Zipf’s Law;  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1. Introduction 
Stratified sampling reduces sampling variability and enhances precision by 

ensuring adequate representation of each stratum in the sample. Goodman and 
Kish [5] proposed the technique of controlled selection to increase the 
probability of selection of preferred samples. The allocation of sample units 
across strata is a critical aspect of Stratified sampling design. Various allocation 
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strategies have been proposed, including proportional allocation, Neyman 
allocation etc. The selection of an allocation strategy is influenced by various 
factors, such as objectives of research, population characteristics, and 
availability of resources. Proportional allocation is often preferred when strata 
vary in their sizes [2], [16], as it ensures adequate representation of smaller 
strata such that 
        , 
where    is the sample size drawn from     stratum of size   ,   is the total 
sample size drawn from total population   and    is the proportion of strata size 
  
 ,          . 

Neyman allocation is theoretically optimal but may be impractical as it 
needs accurate auxiliary information [12] and is given by 
           

∑       
   

, 

where     is the standard deviation between     in the sample for the     stratum. 
Sukhatme [14] proposed a method when variances for     stratum is not known 
then estimated variances are used based on equal allocations and it is called 
modified Neyman allocation. Evans [3] observed when    

  are significantly 
equal then proportional allocations are more efficient then modified Neyman 
Allocation. The preliminary test of significance had been carried out by 
Sukhatme and Tang [15] and if the variances are significantly equal then the 
proportional allocation is recommended to be used otherwise modified Neyman 
allocation gives more efficient results. 

Probability Proportional to Size (PPS) sampling has been suggested by 
Hansen and Hurvitz [9] for finite populations. PPS sampling is used when the 
unit size is proportional to the study variable, ensuring that each unit's selection 
probability is directly proportional to its size. In literature, to draw a sample with 
PPS without replacement Rao Hartley Cochran (RHC) design has been 
introduced by Rao, Hartley, and Cochran, [13]. In this design, the population is 
divided into number of groups equal to sample size using SRSWOR and from 
each group a unit from each group is selected using PPSWR sampling to draw a 
sample of PPSWOR sample of certain size. 

Avadhani and Sukhatme [1] extended the approach to Controlled sampling 
in case of varying probability of selection of units within each stratum. Gupt and 
Rao [8] examined optimal allocation for distributing the sample size among 
strata in Stratified Probability Proportional to Size with Replacement (Stratified 
PPSWR) sampling within each stratum.  

Zipf introduced a distribution where the most frequent unit appears 
approximately twice as often as the second most frequent, three times as often as 
the third, and so on [17]. This phenomenon, known as Zipf's law, states that a 
unit's rank is inversely related to its frequency. It was initially identified through 
the analysis of word repetition patterns in the English language. Further, Zipf’s 
law is applied on cities and their population ranked in decreasing order of the 
size of cities [4]. 
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In 2018, Joshi and Rajarshi suggested a new sampling technique named 
Modified Probability Proportional to Size (MPPS) sampling to draw a sample 
when the data follow Zipf’s law [11]. They also suggested Modified Rao 
Hartley Cochran (MRHC) sampling in case of without replacement selection of 
a sample. In this approach, the population is divided into two groups after 
arranging the sampling units in descending order based on their frequency, 
ensuring no loss of generality. The first group, containing the highest 
frequencies, is entirely included in the sample, while the remaining units are 
selected from the second group using PPSWR for the MPPSWR design and 
RHC sampling for the MRHC design. The MPPSWR sampling technique is also 
developed in case to find the proportion and an application to find the proportion 
of PA (Persian-Arabic) loanwords by Joshi and Rajarshi [10]. Further, this 
sampling technique is applied to estimate the proportion of Indeclinable words 
in Hitopadesha [7]. 

In 2024, Goyal, Arora and Goyal introduced Stratified Modified Rao 
Hartley Cochran (Stratified MRHC) sampling for without-replacement case and 
Stratified Modified Probability Proportional to Size (Stratified MPPSWR) 
sampling for with-replacement scenarios [6]. In this approach, a heterogeneous 
population is split into homogeneous strata, with samples from each stratum 
selected using MPPSWR for with-replacement sampling and MRHC for 
without-replacement sampling, as outlined by Joshi and Rajarshi [11]. 

In this paper, we consider the problem of proportional and Neyman 
allocation for Stratified MPPS sampling and compare the allocation of sample 
sizes among   strata for the sampling technique. The efficiency of these 
allocations is also studied along with a real-life illustration. 

The structure of this paper is as follows; in section 2, allocation of sample 
size among   strata using proportional and Neyman allocation for Stratified 
MPPSWR sampling is done. The comparison of these allocations has been given 
under certain conditions. In section 3, proportional and Neyman allocations are 
used for Stratified MRHC design followed by the comparison of the variances 
under these allocations. In section 4, these allocations are applied on real life 
situations and the results comes out to be gain due to Neyman allocation over 
proportional allocation. In section 5, the concluding remarks of comparison of 
Neyman and proportional allocation are given. 

2. Allocations in Stratified Modified PPS with Replacement Design 
Suppose a finite heterogenous population of total size  , consisting of   

distinct sampling units. These units are divided into   homogeneous strata, each 
containing    units, with the total size for     stratum denoted as   , where 
          such that             . A sample of size    is 
selected from the     stratum, which has a population size of   , resulting in a 
total sample of size  .  Let                represent the characteristic values of 
   units in the     stratum and let     denote the size of     unit in the     
stratum, where           and           . Then, the known probability of 
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selection of     unit from     stratum is     
   
  

 according to PPSWR sampling 

such that ∑      
        .  

We wish to draw a sample using Stratified MPPSWR sampling where from 
each stratum sample is drawn using MPPSWR sampling as the data within each 
stratum is assumed to follow Zipf’s law [6]. 

In the     stratum, a sample of size    is split into two groups after    units 
are arranged in decreasing order of their size such that               , 
without loss of generality. Then, the population within each stratum be split into 
two groups,     and     with sizes     and     respectively. 
(i) The first group,     which consists of higher frequencies and has a size of 

           , is fully included in the sample with probability  . Here, 
    represents the sample size chosen from the first part of     stratum. 

(ii) The second part of the sample,     is selected from the remaining 
population    , which consists of            units, using PPSWR 
sampling. Consequently, the overall sample size for the     stratum is given 
by           . This procedure ultimately results in a Stratified 
MPPSWR sample of size  .  
Suppose that,  

         ∑       
          ∑      

              ∑       
          ∑      

        (1) 

then the selection probability of     units from the second group    , which 
includes the     unit (where                   ) in the     stratum, is 
given by 

   
   

 using PPSWR sampling. Let, 

      
   

      ⁄    

For the population total  , the unbiased estimator under Stratified 
MPPSWR sampling is expressed as 

   ̂      ∑   
 

 
   (∑       

       
   
∑    

   
   
          )   (2) 

where  ̂        
   
   
∑    

   
   
          such that  ( ̂       )     . 

The first group from each stratum is selected with probability  , resulting 
in no variation, while the variance arises solely from the second group of the 
sample in each stratum and is given by 

   ( ̂     )  ∑    

  
 
   [     ∑

   
   

  
        (    

      ⁄     )
 
]   (3) 

The unbiased estimator of the variance of Stratified MPPSWR sampling is 
given by 

   ̂( ̂     )  ∑    

  
 
   [  

          
∑ (    

      ⁄   ̂       )
    

          ]   (4) 
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Comparison of Stratified MPPSWR sampling and Stratified PPSWR 
sampling establishes the condition for determining the optimum value of     [6]. 
The value is obtained under the condition  

   ( ̂    )    ( ̂     )       (  
  
    

   
)     (5) 

2.1 Allocation of Sample Size among Various Strata 
The variance of Stratified MPPSWR sampling depends on the sample size 

drawn from each stratum, specifically sample size distribution among different 
strata. In this regard, we will explore proportional and Neyman allocation in the 
context of Stratified MPPSWR sampling. In Stratified MPPSWR sampling, 
variance can be written as 

   ( ̂     )  ∑     
   *   

 

   
+   (6) 

where    
  
  and      ∑    

   
  
        (    

      ⁄     )
 
. 

The gain in efficiency due to Stratified MPPSWR sampling is minimum 
when the factor is equals to zero as given in equation     i.e., 

  (  
  
    

   
)                 (7) 

(i) Proportional Allocation 
In proportional allocation,    is directly proportional to    which implies 

      , where   is the proportionality constant. 
          
    ∑    

     ∑   
 
     

    
   
      

Putting the value of    in equation     we get           . 
Then  the variance under Stratified MPPSWR sampling using proportional 

allocation by putting the value of     in equation     is given by 

   ( ̂     )  ∑     
   *  

      
    + 

    
 ∑

      

   
 
       (8) 

(ii) Neyman Allocation  
In Neyman allocation,    is directly proportional to       which implies 

         , where   is the proportionality constant. 
              
   ∑    

     ∑       
    

    
      

∑       
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Putting the value of    in equation     we get     
         
∑       
   

. 

Then, the variance under Stratified MPPSWR sampling using Neyman 
allocation is given by 

   ( ̂     )  ∑     
   [∑       

   
         

    ]   

    
 ∑

     
   

 
   [∑       

   ] 

    
 ∑

     
   

   
      (9) 

where    ∑       
   . 

2.2 Comparison of Stratified MPPSWR sampling under Proportional and 
Neyman Allocation 
For fixed  , the variance under proportional allocation can be written using 

equation     and     as 

   ( ̂     )   
 ∑

     
   

   
    *  ∑

      

   
 
     

 ∑
     
   

   
   + 

    ( ̂     )  *  ∑
     
   

 
           +   (10) 

where    ∑       
   . 

For Neyman allocation to be better than proportional allocation the factor 
         must be greater than or equal to  . But we observe in practical 
situations if for one stratum it is positive then for the other it will be negative. 
But overall, the factor *∑      

   
 
           + comes out to be positive as it is the 

weighted sum of the factor         . 
It can be visualised that if the standard deviation is same for all strata, then 

the gain due to Neyman allocation is reduced in comparison to the gain due to 
proportional allocation under the condition due to modification given in 
equation (5) when the gain in variance is least. If all     are equal i.e.,      , 
then two systems of allocation become equally efficient.  

   ( ̂     )   ( ̂     )   
 ∑

   
   

 
   (  ∑     

   )   

    
 ∑

   
   

 
   (   ∑    

   )    

as we know ∑    
    ∑   

 
 
     . 

 ( ̂     )   ( ̂     )  

Hence, the proportional allocation comes out to be equal to Neyman 
allocation when the strata variances are equal. 

3. Allocations in Stratified MPPS without Replacement Sampling Design 
Goyal et al. introduced Stratified MRHC sampling for heterogeneous 

data which follow Zipf’s law within each stratum [6]. The population is split 
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into    homogeneous strata. Consequently, MRHC sampling is used to draw 
samples from each stratum in the case of without replacement sampling. 
Using MRHC design, the population total   is estimated which is highly 
correlated to the size of the population units using a sample of size    
selected from the population of size    from the     stratum. 

 In this sampling technique,     stratum is separated into two groups 
after sorting the units in descending order based on their size. Each stratum 
is split into two groups,     and    .         units with higher frequency 
are fully included in the sample with probability   from the first group i.e., 
   . From the population size           i.e., from the second group    , 
remaining sample of size           is selected using RHC design of 
PPSWOR sampling. The population     in     stratum is split into     
SRSWOR random groups and from each random group a unit is selected 
with RHC design. The     unit in the     stratum from the second group has the 
selection probability 

   
     

, where       represents the total of    ’s i.e., the initial 

probabilities of the     random group in the     stratum              
         . Then, under this scheme, the unbiased estimator of population total 
is  

   ̂      ∑   
 

 
   [∑       

    ∑    
        ⁄

   
         ]  (11) 

The variance of the estimator when the     groups formed of equal size 
such that           , where     is a positive integer is given by 

   ( ̂     )  ∑   
 

  
 
   (       

     
)  
   

∑    
   

  
        (    

      ⁄     )
 
 (12) 

The comparison of Stratified MRHC sampling with Stratified RHC 
sampling gives the condition under which the optimum value of     is 
determined [6]. The value is obtained under the condition  ( ̂     )  
 ( ̂    )   , if 

  *(     
    

)  
  
 (       

     
)    
   

+     (13) 

3.1 Allocation of Sample Size among Various Strata in case of Stratified MRHC 
sampling 

The variance of the Stratified MRHC sampling is influenced by the sample 
size allocated to each stratum, determining how the total sample is distributed 
among the various strata. We will discuss proportional allocation and Neyman 
allocation in the case of Stratified MRHC sampling. The variance of Stratified 
MRHC sampling when           , where     is a positive integer given in 
equation      can be written as 

   ( ̂     )  ∑    (  
     
     

)  
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   ∑    (
       
     

)      
   

 
     (14) 

where    
  
  and      ∑    

   
  
        (    

      ⁄     )
 
  

Using the condition of Stratified MRHC sampling given in equation     , 
the gain in efficiency is minimum when this factor is equals to zero i.e., 

  *(     
    

)  
  
 (       

     
)    
   

+    

         (
    
     

)    (15) 

(i) Proportional Allocation 
For proportional allocation       . So, putting the value in equation 

     we get   

         (
    
     

)     
Then, the variance under Stratified MRHC design using proportional 

allocation is given by 

   ( ̂     )  ∑     
   (

       (
    
     

)   
     

)  
   (
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   ∑     
   (                       

        
)        
            

     

   ∑       

          
 
   (                       

       
) (16) 

(ii) Neyman Allocation 
For Neyman allocation,    

      
∑       
   

, So, putting the value in equation 

     we get 

         (
    
     

)       
  

   

where    ∑       
   . Then, the variance under Stratified MRHC design using 

Neyman allocation is given by 

   ( ̂     )  ∑        

      
   

   (
       (

    
     

)        
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where    ∑       
   . 

 
 



ALLOCATIONS IN PPS SAMPLING TECHNIQUE� 887

3.2 Comparison of Stratified MRHC Sampling under Proportional and Neyman 
Allocation 

For fixed  , the difference of variances under proportional and Neyman 
allocation can be written using equation      and      as 
   ̂           ̂        

  ∑       

          
 
   (                       

       
)   

 ∑      
          

 
   (                            

       
) 

  ∑      
          

 
   (                  

       
) 

  ∑      
          

 
                 (18) 

For Neyman allocation to be better than proportional allocation the factor 
          . But we observe in practical situations if for one stratum it is 
positive then for the other it will be negative. But overall, the factor 
∑      

          
 
               comes out to be positive as it is the weighted sum 

of the factor          in equation (18). 

Remark: If variances of all strata i.e.,     are equal then proportional and 
Neyman allocation are equally efficient as in case of Stratified MPPS sampling. 

4. Application of Stratified MPPS sampling under Proportional and 
Neyman Allocation for Estimating Christian Literate Population in 
India 

A real-life situation has been carried out in order to observe the behaviour 
of proportional and Neyman allocation in case of Stratified MPPS sampling. We 
have considered data from census      of literate population [18]. We aim to 
estimate the total literate population in India and a subdistrict-wise Christian 
population of size         is considered for analysis. The complete 
population of subdistricts is split into two strata i.e., female with size    
      and male with size          respectively. A sample approximately 
    of the population is selected from the sampling units i.e.,       . The 
two strata follow Zipf’s law as the subdistrict-wise population as shown in 
Figure  . In the case of with and without-replacement sampling, under Stratified 
MPPSWR and Stratified MRHC design respectively, the sample size is split into 
two portions using proportional and Neyman allocation methods.   

Using R software, under proportional allocation the sample of size 
        and         is selected from the female and male strata. In 
Stratified MPPSWR sampling, the optimal values are         for the female 
stratum and         for male stratum, determined using the condition in 
equation     and presented in Table  . After sorting them in descending order 
based on the subdistrict population size for female and male strata, the 
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population is divided into two parts. The first part is fully included in the sample 
consisting high frequency units. The remaining population for female stratum of 
size         and for male stratum is         is selected from the 
remaining population using PPSWR sampling. 

 

  
(a) Female Population (b) Male Population 

Figure 1 
Graph of Female and Male Population Size According to Census 2011 

 
Similarly for Stratified MRHC design, the optimal value         and 

        for female and male strata respectively as shown in Table   using 
condition given in equation     . The remaining units are included in the 
sample using RHC design from both strata. Using RHC design, the remaining 
units         and         are included in the sample.  

According to Neyman allocation, the sample size of         from 
female and         from male stratum is selected using the population 
variances. For Stratified MPPSWR sampling, the optimal values are         
and         for female and male strata respectively as given in Table   using 
equation    . These sampling units are selected in the sample with probability 1, 
while the remaining units         and         are chosen using PPSWR 
sampling. 

In case of Stratified MRHC design the optimal values         and 
        for female and male strata respectively using condition given in 
equation      given in Table  . The remaining units         and         
are included in the sample using RHC design from both strata. 

 
Table 1 

Optimal Values of     under Stratified MPPSWR Sampling 

    
            (    

    
   

) 

Pr
op

or
tio

na
l 

A
llo

ca
tio

n Female 
0.00023962 568 0.1966326 0.000471862 
0.00023906 569 0.1963930 0.000471874 
0.00022425 570 0.1961539 0.000471869 

Male 
0.00023005 569 0.1979912 0.000468237 
0.00022963 570 0.1977612 0.000468238 
0.00022854 571 0.1975315 0.000468238 
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N
ey

m
an

 
A

llo
ca

tio
n Female 

0.00019783 696 0.1706381 0.000428995 

0.00019437 697 0.1704403 0.000429010 

0.00017219 698 0.1702493 0.000429001 

Male 

0.00030211 441 0.2310590 0.000522481 

0.00030030 442 0.2307565 0.000522487 

0.00029431 443 0.2304580 0.000522485 
 

Table 2 
Optimal values of     under Stratified MRHC sampling 

    
               (       

     )    
   

 

Pr
op

or
tio

na
l 

A
llo

ca
tio

n Female 

0.000270099 511 0.2105084 13760 0.000214551 

0.000269804 512 0.2102383 13759 0.000214541 
0.000243680 513 0.2099685 13758 0.000214556 

Male 

0.000253551 511 0.2119638 13843 0.000214120 

0.000251203 512 0.2117103 13842 0.000214098 
0.000250889 513 0.2114591 13841 0.000214101 

N
ey

m
an

 
A

llo
ca

tio
n Female 

0.000191766 667 0.1760567 13604 0.000168030 

0.000191676 668 0.1758649 13603 0.000168020 
0.000191615 669 0.1756733 13602 0.000168024 

Male 

0.000304332 440 0.2313607 13914 0.000279403 

0.000302110 441 0.2310564 13913 0.000279403 
0.000300308 442 0.2307543 13912 0.000279405 

 
The variance using proportional allocation is             and using 

Neyman allocation is             in case of Stratified MPPSWR sampling. 
This can easily be seen that Neyman allocation gives lesser variance than 
proportional allocation. For Stratified MRHC design, the variance is 
            for proportional allocation and             for Neyman 
allocation. The Neyman allocation is efficient in case of without replacement 
also.  

We calculated the efficiency by taking the ratio of variance of proportional 
allocation by the variance of Neyman allocation. In Stratified MPPSWR 
sampling, the efficiency is             and for Stratified MRHC design, the 
efficiency is             as given in Table  . From this we can observe that 
Neyman allocation gives more efficient results than proportional allocation in 
both the cases of with and without replacement. 
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Table 3 
Comparison of Stratified MPPS Sampling in Case of Proportional and  

Neyman Allocation 

          Variance Efficiency 

St
ra

tif
ie

d 
M

PP
SW

R
 Proportional 

Allocation 

Female 569 406439440 

1.0044021251 

Male 570 221613979 
Total  157960634.2 

Neyman 
Allocation 

Female 697 308900376 
Male 442 320102650 
Total  157268319.4 

St
ra

tif
ie

d 
M

R
H

C
 

Proportional 
Allocation 

Female 512 386829480 

 
1.0072466411 

Male 512 226441606 
Total  151872617.2 

Neyman 
Allocation 

Female 668 293592744 
Male 441 309430218 
Total  150779968.9 

5. Conclusion 
In this paper, variances of Stratified Modified Probability Proportional to 

Size sampling has been discussed in case of proportional allocation and Neyman 
allocation in case of with and without replacement design. The theoretical 
results of comparison of the two allocation procedures are given and under 
certain condition the proportional allocation gives less efficient results than 
Neyman allocation. In this sampling design, the sample size is distributed across 
different strata where proportional allocation proves to be less efficient in 
practical scenarios for both with-replacement and without-replacement cases. 
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