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1. Introduction

Information on auxiliary variable is incorporated in sample surveys
to improve the efficiency of the estimators. Sometimes, in practical
situations, an auxiliary variable is not available but, alternatively, a related
auxiliary attribute can be utilized, as it demonstrates a strong association
with the study variable. For example, in a study about the health of the
human population, the gender of a person is an auxiliary attribute. The
breed of cow serves as an auxiliary attribute for estimating milk production.
The source of irrigation acts as an auxiliary attribute for estimating crop
yield. In the estimation of the population mean with the help of an
auxiliary attribute under simple random sampling, Naik and Gupta [9]
introduced ratio, product, and regression type estimators and developed
the conditions, using point bi-serial correlation, under which these
estimators are better than the mean per unit estimator.

Further, Shabbir and Gupta [12] introduced an estimator of mean by
optimizing two stable constants and obtained an expression for minimum
mean square error (MSE). Singh et al. [16] proposed different ratio
estimators with sample regression coefficient and two distinct real
constants or the functions of a known parameter of an auxiliary attribute
that are conditionally better than the ratio estimator of Naik and Gupta [9]
and mean per unit estimator. Abd-Elfattah et al. [1] used the population
coefficient of kurtosis of the auxiliary attribute to suggest an estimator
which demonstrate greater efficiency than the estimators proposed by
Naik and Gupta [9] and Singh et al. [6]. Further, Grover and Kaur [5],
Koyuncu [7], Singh and Solanki [14], Singh [15], Yadav and Adewara [19],
Khan et al. [6], Malik and Singh [8], Saini and Kumar [11], Audu et. al [3],
Al-Isawi et al. [2] and others also contribute in same direction.

A valuable performance of auxiliary attributes in SRS leads to its use
in SSRS to estimate the population mean. Singh and Audu [17] introduced
four ratio-type estimators in SSRS that utilize the coefficient of kurtosis,
coefficient of variation and point bi-serial correlation coefficient of the
auxiliary attribute and comparing them with the traditional combined
ratio estimator. The comparison demonstrates that the proposed estimators
exhibit lower bias and demonstrating greater efficiency than the combined-
ratio estimator under all conditions. Khan et al. [6] suggested a general
class of ratio-cum-product type estimators of mean while incorporating
auxiliary attribute information. The proposed class is compared with
conventional estimators, including the mean per unit estimator, the ratio
estimator by Naik and Gupta [9], and the estimator by Singh et al. [16]. The
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results indicate that the suggested estimators consistently outperform the
existing ones. Verma et al. [18] developed a regression-type estimator for
the population mean and utilize a constant to minimize the mean squared
error (MSE). Under optimal conditions, this estimator outperforms the
conventional ratio estimator. Zaman [20] introduced modified ratio
estimators by utilizing a combination of the coefficientof kurtosis and the
coefficient of variation of the auxiliary attribute. Additionally, following
the approach of Prasad [10], the author developed another ratio estimator
for the population mean. In all cases, the suggested estimators outperform
the combined ratio estimator. In addition, the author constructs an
expression for the minimum MSE of suggested estimators. Zaman [21]
extended Abd-Elfattah et al. [1] estimator to develop an exponential type
estimator for mean which outperforms the ratio and exponential
estimators.

In this paper, a new unbiased estimator is proposed to estimate the
population mean under SSRS using the auxiliary attribute.

2. Notation

Now, consider a finite population U having N units partitioned into
L strata. Let Y, and @,, denote the value of the study variable y and the
auxiliary attribute ¢ for the i" unit (i=1,2, ..., N,) in the stratum h,
respectively. Further, N, denotes the size of stratum h, such that
4N, =N. A simple random sample is drawn without replacement
from the stratum h of size #,, such that Y n, =n. The population is
divided based on the presence or absence of the attribute to forming

distinct strata.
Let

hi

_|1,if i"unit of h"stratum in the population possesses attribute,
0,otherwise.

Let © be a set containing those population units which have ®,, =1,
where i=1, 2, .., N, and h=1,2,..,L. Then we have the following
notations:

the total number units in the population possessing
=L N

A= 2d o, :
attribute ¢.
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: : th :
A=YV . the total number of units in #™ stratum possessing

attribute ¢.

the proportion of units in the population

A
P=5 . .
possessing attribute ¢.
0Nt the proportion of units in the population that do
N not possess attribute ¢.
p =% the proportion of units in h" stratum possessing
h N,
attribute ¢.
Q, =N © the proportion of units in k" stratum that do not
h N,
possess attribute ¢.
Y=Y WY, : thepopulation mean of study variable.
_ 1 N, .
Y= %2 the mean of study variable in 1" stratum.
w =" : . th
TN © the weight of I stratum.
2 1
Son =, _ the populatio nvariance of h" stratum of
>y, —Y,) " study variable.
2
Son = N B _ the population variance of h" stratum of
Zi:l((phi -P, )? auxiliary attribute.
~ IJth
S — 13N the population covariance between y and
yoh N,-T ] (yhr ) .
(@, -P,) © ¢ in h" stratum.
=p hSyhsph
~h Qh( i 2/1)
© SEWIAS,,, : . . .
B, = S the regression coefficient of y on ¢.
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yoh .
B = Son " the regression coefficient of y on ¢ in h" stratum.
Py " the point bi-serial correlation coefficient of h"

stratum of the study variable and auxiliary attribute.
R= ; : the population ratio.
R =0 .
"R * the population ratio of h" stratum.
C=5,/ Pand " coefficients of variation of yand ¢, respectively.
C,=S/Y
y
Let

b = 1,if i"unit of h™stratum in the sample possesses attribute,
" 10, otherwise.

the total number of units in the sample

L n
a=Y,axh 0,

possessing attribute ¢.

the total number of units in the sample drawn

a,= X9,
th . .
from h" stratum possessing attribute ¢.
p = :  the proportion of units in the sample drawn from
/—
' stratum & possessing attribute ¢.
= _ 1 n, N,
Y =5 LY, the sample mean of study variable in 4" stratum.
Wy =5 * the estimated weight of h" stratum.
v, =W, ¢ the usual estimator of the population mean.
the usual estimator of the population
L
pst = Zh:1w11ph

propportion.

3. Existing estimators

Let us consider a few estimators existing in the literature under SSRS.
The usual weighted estimator for mean under SSRS is given by
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Tl = yst
Variance of the above estimator is as
L
V(T,)= ;Zi th/'LhS§h 1)
Where, 4, = 11 .
nh Nh

3.1 Separate Estimators

The Naik and Gupta [9]'s separate estimators of Y by utilizing
auxiliary attribute information under SSRS are as

L _ P
TNs1 zhéwhyh_h

h

h=1

T, =SWy,2
NSZ thh

L A
TN53 = %Wh(yh + ﬁ¢h P, =p,)
Where, ﬁ ,, is an estimator of f3,,.

MSEs of the above estimators are given as

L
MSE(T,; )= XIW}A,[S], +RiS;, ~2R,S ] )
L
MSE(T, )= XW;4,[S}, + RS}, + 2R S,,,] (3)
L
MSE(T,, )= S 2,5},(1-p}) @

The Bahl and Tuteja [4]'s separate estimators of Y by utilizing
auxiliary attribute information under SSRS are as

L _ P -
ey

n TP
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MSEs of the above estimators are given as

L 2 2 RZ 2

MSE(T,; )= X2, | S}, +--5}, ~R,S,,, 5)
L 2 I 2 R; 2 |

MSE(T,; )= SW/A, | S}, + =S, + RS, (©)

Khan et al. [6] proposed a generalized ratio cum product type
estimator with known f,, given as

yh + ﬂq)h(Ph B Ph)

AP +B
Ap, +B, A8 h):H

T =iw{;t
ks, = &l | M

Y+ Pulbi=pi)
AP, +B,

h™h

+§Wh2 [(1_}1’h')|: (Ap,,ph +Bh):|:|

Where A, and B, are known population parameters of the auxiliary
attribute in h" stratum. 4, is a constant. MSE of the above estimator is

given as

MSE(Tksl )= éw,f,l}; [S2 +(R; (1-24))- B, )ZS;h] +[(R,(1=224;)=B,,)S, 5]

yh

— A,
Where, R} = ’yh—” and for 4, =1/2,
AP +B,
L 2 2 2
MSEmz‘n (TkS1 ) = Zvvh /lhsyh (1 - ph ) (7)

h=1

3.2 Combined Estimators

The Naik and Gupta [9]’s combined estimators of Y by utilizing
auxiliary attribute information under SSRS are as

_ P
TNC1 = yst _
st

—_ P,

TNC2 = yst Pt

NC3 :yst—'—B;(P_pst)
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Where, B¢ is an estimator of [5¢
MSEs of the above estimators are given as

L
MSE(T, )= XW}4,[S}, + RS}, ~2RS,, ] (8)
L
MSE(T, )= YW;2,[S], +R’S}, +2RS,,,] )
L *
MSE(T, )= XW;4,5,(1-p%) (10)

Sharma and Singh [13] suggested ratioand product type exponential
estimators under SSRS as

Where 7 is a real constant. The expressions for the mean squared
errors of the above estimators are given as follows:

L 2 2 Rz 2

MSE(Ty. )= XW/ 4, | S}, +=S;, ~RS,,, (11)
L 2 2 RZ 2

MSE(Tyc,) = XWA, | Sy, + S0, + RS, (12)

L2 » MR &
MSE(TSC3 )= hz::lwh 2, |:Syh + 4 Son _nRSwh}

Zk:lwlxz/lhphsyah
REEWAS,

L *
MSE (TSC3 )= %th/l S2(1-p?) (13)

h~yh

For n=2 above equation becomes:
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Verma et al. [18] introduced an estimator of the population mean
with known ﬁw as

. o' =
TVC1 =[yst +ﬁlp(P_pst)](MJ

o'p,+(1-6")P

Where 0' is a constant.
The expression for the mean squared error of the above estimator is
given as follows:

L *
MSE(T,,) = XW}A,[S}, +(B, +(1-28)R)'S} ]

L . ,
~XWEA,[2(B, +(1-25)RS,,,]

YSLW2A,(S, +8,,,) ~ PB, SE WA,

For &' = - h”hoh
2YSE WA,
L *f
MSEmz‘n (TVC1 ) = hglwhzllhsjjh (1 - p 2) (14)

Zaman and Kadilar [22] suggested a general class of exponential
estimators under SSRS as

(EP, +F)—(E'p, +F') j

T _
ZCk ystexp((Eflgst + F')—(E'Pst + F/))

E'(#0) and F', are some real constants. Particular members of the
general class for k=1,2,...,9 are presented in Table 1.

Table 1
General class of exponential estimators
Values of
Estimators

E F'
_ P,-p.,) '
T — st st ﬁ
S “ex’g[(zz, 1, +28)) ! "’

- (P, —P)
T — st st C
¢, ysrexp[(Pst +p, + ZC(P) 1 [
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_ (P,-p,) .
T — st st
=T\ 55 1 p
’ P _
Ty =Y exp ﬁ¢—( uPa) ﬁ«; C¢
4 By(P, +p,)+2C,
_ C,(P,—p,) /
T — ¢\ st st C
¢ y.exp C¢(Pst+pst)+2ﬁ(;) 9 ﬂ¢
C (P, -
T,e =y exp ¢( = PSt) - C¢ p
Co(P+p,)+2p
. p (P, —p,) .
T — st st C
o =V e, p :
— ﬁI(P —}7) i
T =7 exp|l ——2 st Tst? 8
T o2 By p
_ p'(P,-p.,) . /
T = st st
7C, Yy, exp —P*(Ps,‘*‘PS,)"'Zﬁ; p ﬂ¢

Where, ﬁ(; denotes coefficient of kurtosis and C s denotes coefficient
of variation.
MSEs of the above estimators are given as

L
MSE(T, )= XW/4,[S,, + S, ~26S,,,] (15)
Y Y .Y . BY
2P+B)" 7 2P+C,)" 7 2P+p) Tt 2ABP+C,)
0 = C¢Y _ C¢Y o = p* ? 0 = B‘; Y
TO2CPB) T 2ACPp) T 2p'P+C,) T 2BP+p)

and 6! —L
" 2Ap'P+B))

Where, 6, =

’

Zaman [21] proposed the following estimators under SSRS as

— P.-p
T — stl stl
o y“exp(l’ +Pm]

stl

= Pstz — P
Tzc11 = ystexp[m
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_ P.-
Tzc — ystexp st3 pst3
12 Psf3 + pslB

_ P, -
T, =Yy.exp Zas P
13 Pst4 + pst4

_ P.-
T, =y.exp s Pus
H 1)st5 + psfS

Where, P

stl

=W, (B, +Cp), Py = Zi-W, (p, +C,),
P, =W, (B, +Bs,), Py = Zi-W, (P, +By,),

P, =3iW,(B,Bi, +Cp)s Pz = ZicW, (p, By, +C,),

P, =YrW,(B,C, +By)s Py = ZhW,(0,C,, + By

PstS = Zi:lwh(P], +ph )f p5{5 = Zl%:lwh(ph + ph )/

[34'),1 is coefficient of kurtosis and C o 1S coefficient of variation of

stratum .
The expressions for the mean squared errors of the above estimators

are given as follows:
S g |5t g g
M E(Tzck )= E’] n | Py +T oh -6, yoh (16)
where k =10,11...,,14 and

— Z 5=1Wh Y _ Z £=1Wh Y
h ZLIVVII (Ph + Cq,h) o Zﬁ=1wh (Ph + ﬁ,:,h) '

!

0. = T Y 0 = Lwhy
° Zﬁﬂwh (P;,C,M + B;h ) " zﬁ:lvvh (Ph + ph )

Another improved estimator by Zaman [21] is given as

8

— P, -p

T — ex st6 st6
S p[&ﬁm]
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Where 6 is a suitably chosen scalar, P, = ZﬁZIWh(E;Ph +F)) and
Pue = 2nW,(E/p, + E)). MSE is given as

L (%6},)° :
MSE(TZC15) = Elw,flh S;h +%S¢fh - 59155Wh

WY, ShaW2AS
Where, 6}, = — Lt A For 8,0 =2%
SEW.(EP,+E) RS WZA,S,
L *
and MSE,,, (T, )= XW;,55,(1-p?) (17)

All of the preceding estimators are biased with the exception of T,.

4. Proposed Estimators

Under SSRS with the known auxiliary information on P, for each

stratum, we developed an unbiased estimator of a population mean (Y) as
_ L _ _ Lo
yprup = gml(Phylh + thZh) = Ellwhyh

- — _ 1 _ 1
where, i, =B, +Q, V5, Yy za_ziE@yhi and ¥,, = n—a 2ieeY -

h h h

Clearly, ymp is an unbiased estimator of mean, and variance of the

proposedestimator is given as
L
Vi, )=V|2XWy,
(ypmp) (”Z“l hyh j
Now,

visw 7 =l Sweva) = sw2l A (PS? +Q S2 )+ S2 +PS?)
= WY | T P Yy =& At w220 )T P T 2
h

After using the identity,
S;h ~BS; +th§h +Ph(?1h _Yh)2 +Qh(Y2h _}_/h)z

h=1h

in above the equation, we have



POPULATION MEAN USING AN AUXILIARY ATTRIBUTE IN STRATIFIED RANDOM SAMPLING 641

L L _ _ _
V[%Wh%) = hémzz[lh (S;h -b, (Ym -Y, )2 - Qh(Yzh -Y, )2)]

*?Wi[ { Q83 +PS: >H
=1 h

L _
= hZ::lth |:A’h (th -PQ, (Y, - Zh) )+— (thlzh +PhS§h )}

h

L — —
= hg,lwhz [lh [S;h -bQ, (Yu, -Y, )2] + O(nh )_2]
Hence, V(7,,,) up to first order approximation become

V(T = ZW“SZ -PQ,(Y,, - Y, )1 (18)

5. Comparison

To compare the proposed estimator ¥, = with existing separate and
combined estimators four general expressions are formed as follows:
The general expression for MSE of separate estimators is

N L 2 2 2¢c2
MSE(6,)= XW;2,[S], +K7S, —2x5,,,] (19)
When, 0 TNS , 9 =Ty, 9 T,, and 9 T then k=R,

k=R, k=R, / 2 and k= R,/ 5 respectlvely
The general expression for MSE of combined estimators is

MSE(®9) = éw;/lh[s;h 1283, - 2675, ] (20)

When@ =T, 9 =Ty s GC Ty s 9C TSC, GC T, and@ =T,
1 2
then k' =0, x =R, ¥ =R, k' =R/2, k° —R/2 and k —0,; respectlvely
After subtracting (18) from (19), we have

~ L — —
MSE(0)~V(7,,)= SW;4,BQ,lk (¥, ~1,)F >0 (21)

The proposed estimator always more efficient than TNS ,TNS ,T and
T,

BS,*

Subtract (18) from (20),

~ L . - =
MSE(6,)~V(7,,) = SWA,PQ,Ix ~(¥,, ~Y,)F >0 (22)
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The proposed estimator always more efficient than T, T, , T,

NCl’ NCZ’
Tscl, TSC2 and TZCk.

Subtract (18) from (10),

MSE(Ty. )=V(7,,) = hz;w;,lhphgh [8,, - B,J 20 (23)

The proposed estimator always more efficient than the combined
regression estimator T,. . Similarly, one can show that the proposed
estimator always more efficient than the generalized estimators T,. ,T,.
and TZC15' However, the proposed estimator as efficient as TNSS. Further,
the proposed estimator is as efficient as the optimum estimator in the class

T

kS, .

6. Simulation study

A simulation study was conducted using R software to verify the
theoretical findings for the estimators considered in the present research.
Two stratified populations are generated each of size 300 (with N, =100
for each stratum), from a normal distribution are givenin Table 2 and Table
3.

Table 2

Parameters of Population-I

. V2 1 Ca)
Size Y, S ;h P S;h Py 2C
Stratum-1 100 149359 | 44.7486 | 0.5 | 0.2525 0.6147 1.1220
Stratum-2 100 179156 | 32.7073 | 0.6 | 0.2424 0.4545 1.2853
Stratum-3 100 | 21.1819 | 62.5071 | 0.7 | 0.2121 0.8167 0.8813

Overall 300 | 18.0111 | 52.8707 | 0.6 | 0.2408 | 0.6450

Table 3
Parameters of Population-II

1C
2¢,
Stratum-1 100 | 14.9359 | 63.0929 | 0.5 0.2525 -0.7475 0.9449
Stratum-2 100 | 16.9157 | 31.3484 | 0.6 0.2424 -0.4150 1.2396
Contd...

Size Yh S;h p S;h Py
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Stratum-3 100 | 15.1819 | 749803 | 0.7 | 0.2121 | -0.8500 | 0.5768
Overall 300 | 15.6778 | 56.8749 | 0.6 | 0.24080 | -0.6704

From the above populations, 10000 stratified random samples of sizes

(n) 21, 30, and 45 are drawn from each population. Further, MSEs of
variouse stimators are shown in Table 4 and Table 5.

Table 4

MSEs for Population-I

MSE(6) n =7 n,=10 n,=15
T, 1.6482 1.2682 0.8555
Ts, 7.6116 6.5535 3.8380
s, 1.2622 0.8258 0.5134
Tas, 1.8012 1.25602 0.7874
Tae, 5.6439 4.2576 2.7616
Tae, 1.2881 0.8460 0.5391
Ty, 1.6643 1.1214 0.7189
Yoo 1.2622 0.8258 0.5134

Note 1: This is conditional simulation study for 1<a, <10.

Note 2: The estimators T, , T,

constants or parameters. However, MSE (T

7
kS1

SC,7
3
in the simulation study because these estimators require some known
)=MSE(T,, ) and the
1 3

T Tzck ,k=1,2,...,15 are not included

VC1

minimum MSEs of other estimators are identical to MSE(T,. ).
3
Table 5
MSEs for Population-I1

MSE(6) n =7 n,=10 n,=15

T 1.8722 1.4415 1.0306

Ty, 3.2948 29110 1.9625

T, 1.2622 0.8258 0.5134

Contd...




644

S.S. BRAR, M. SINGH AND S. C. MALIK

Tys, 1.3725 1.0420 0.6895
e, 2.9032 2.4593 1.6539
e, 1.3356 0.8921 0.5826
Ty, 1.2817 0.9213 0.6005
Y 1.2622 0.8258 0.5134

The percentage relative efficiency (PRE) of an estimator (é) relative

to J,, can be obtain as:

RE(6)=—

V@) 100
SE(6)

PREs of these estimators are given in Table 6 and Table 7.

Table 6

PREs for Population-I

PRE(6) n =7 n,=10 n,=15
T, 100 100 100
Tis, 21.6546 19.3524 222905
Tys, 130.5816 153.5793 166.6315
Tis, 91.5067 100.9698 108.6527
Tae, 29.2041 29.7880 30.9787
Tae, 127.9544 149.9104 158.6783
T, 99.0341 113.0917 118.9985
Y0 130.5816 153.5793 166.6315
Table 7
PREs for Population-II
PRE(6) n =7 n,=10 n,=15
T, 100 100 100
Tys, 56.8228 49.5201 52,5152

Contd...
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T, 148323 174.5642 200.733
T, 136.4043 138.3344 149.4687
e, 64.4867 58.6154 62.3108
The, 140.1694 1615733 176.8984
Te, 146.0689 156.4565 171.6087
Y, 148323 174.5642 200.733

The following findings emerge from the simulation studies for the

generated populations:
1. Usual ratio and product type estimators are less efficient then T,.

2. The efficiency of T,; and T,. is always higher than that of T}, and
2 2
it rises with the size of the sample.

3. The proposed estimator consistently outperforms existing ones and
demonstrates equal efficiency to T, .
3

4. The efficiencyof suggested estimator rises with the size of the sample.

7. Conclusion

The above discussion reveals that the variance of the proposed
estimator is lower than the mean squared errors of classical weighted
estimators, separate and combined ratio-type estimators, separate and
combined product-type estimators, as well as separate and combined
exponential ratio-type and product-type estimators. Additionally, the
suggestedestimator is shown to be as efficient as the regression estimator
and other optimal estimators from general classes. However, while the
proposed estimator is unbiased, other equally efficient estimators are
biased, making the proposed estimator more advantageous compared to
the existing alternatives. Lastly, the simulation study confirms that the
proposed estimator consistently outperforms the current estimators.
Future research could extend this study to two-phase stratified random

sampling.
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