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Abstract

Volatility is an inherent characteristic of a time series (TS). It is said to be asymmetric
when negative and positive shocks of equal scale have different effects. If the volatility of one
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epoch is influenced by its distant counterpart, then volatility has a long memory structure.
Nonlinear variance models such as the IEGARCH model are used to deal with asymmetric
volatility and long memory simultaneously. This article attempts to derive the direct formulae
regarding the ‘out-of-sample’ forecast and the error variances associated with these forecasts
for the ARMAC(1, 0)- FIEGARCH(1, d, 1) model. Four real-life TS data are used for empirical
purposes. It is observed that each TS has a significant long memory in volatility and its
volatility is asymmetric.

Subject Classification: 91B84, 62M10.
Keywords: Asymmetry, GARCH, Long-term persistence, Time series, Volatility.

1. Introduction

The modeling of time series (TS) is an important area of statistics. A TS
can be defined as the set of data points of a variable over time. The data points
may be collected at evenly spaced time intervals. The crucial feature of a TS is
that the observations are correlated over time. This characteristic of a TS is the
way forward for TS modeling. In a broader sense, a TS can be divided into
components subjected to linear and nonlinear perspectives. The classical
‘autoregressive integrated moving average’ (ARIMA) model [1] is only suitable
for the linear component. This necessitated the development of more complex
models that could capture the nonlinear component of a TS. The volatility of a
TS is considered to be the unexpected variation over time. It is the nonlinear
component of a TS process. By relaxing the assumptions of the ARIMA model,
it is possible to model several TS processes using nonlinear models. The most
commonly used nonlinear TS models to capture volatility are the ‘autoregressive
conditional heteroscedastic’ (ARCH) model [2] and the generalized ARCH
(GARCH) model [3 and 4, independent of each other]. As a recent reference, let
us mention that Maheshwari and Kapoor [5] formulated a prediction model to
study the volatility of the National Stock Exchange (NSE) based on the GARCH
model. This model is regarded as a symmetric model in the sense that negative
and positive shocks of equal scale have the same effect on volatility. In many
practical situations, this may not be the case.

Volatility can be classified as asymmetric when negative and positive
shocks with similar scales have dissimilar reactions to volatility [6]. The
asymmetric volatility of any TS can be effectively captured by using the
exponential GARCH (EGARCH) model [7]. Again, it is often noticeable that
the dependence between the observations of a TS is significant for a large lag.
We refer to this phenomenon as the long-term persistence. This phenomenon
can be identified through the visualization of autocorrelation among the
realizations like ACF and PACF. A TS with a long memory will exhibit
hyperbolic decay (slow decay) in its ACF and/or PACF. Long-term persistence
can exist in both linear and nonlinear domains. The fractionally integrated
ARIMA (ARFIMA) model [8] is applicable when long memory exists in the
linear structure. In this model, the differencing parameter takes fractional values,
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as opposed to integer values in the ARIMA model. With the nonlinear
structure’s long memory present, the fractionally integrated version of the
GARCH model, i.e., the FIGARCH model [9], is useful. The fractionally
integrated EGARCH model, i.e., the FIEGARCH model [10], fulfils the needs
of both the EGARCH and FIGARCH models.

Correct understanding regarding the volatility of a financial TS helps the
stakeholders to make appropriate decisions in time to optimise their
performance. Agricultural commodity prices also exhibit volatility. Weather
abnormalities, seasonal variations in agro-meteorological parameters and
changes in administrative policies have an immense impact on the volatility of
agricultural commodity prices. Karali and Thurman [11] found that the month
before the harvest is typically the most volatile. The seasonal production cycle
of agricultural commodities is the main reason behind it. Prior knowledge of the
possible price movements of different agricultural commodities can help farmers
make relevant decisions throughout the crop calendar ranging from planning to
harvesting. Agricultural practices are the livelihood for a major fraction of the
Indian population. Applications of the ARFIMA [12], GARCH [13], FIGARCH
[14 and 15] and ARFIMA-FIGARCH models [16] can be found in the literature
using Indian agricultural TS data. Rakshit and Paul [17] modeled the onion price
of the Delhi, Bengaluru and Lasalgaon markets and found that the log return
series of these markets have long memory and asymmetric volatility. They
found that the FIEGARCH model performed best for them.

The naive method can be used for out-of-sample forecasting. This method
starts with a one-step-ahead forecast. This forecast realization is treated as an
actual observation and is added as the latest realization to the model
initialization set. In the next step, the parameters are re-estimated using the
resulting model initialization set and the next one-step-ahead forecast is
obtained. A multi-step ahead forecast can be obtained by this step-by-step
process. However, as far as we are aware, the literature contains no formula to
obtain the multi-step forecasts directly for the FIEGARCH model. An attempt
has been made here to develop the formulae regarding the ‘out-of-sample’
forecasts and the error variances associated with these forecasts for the
ARMA(1, 0)- FIEGARCH(1, d, 1) model. To derive the formulae, the
conditional expectations and conditional variances have been applied
recursively, as followed by Ghosh et al [18] and Rakshit and Paul [19]. For
empirical illustration, three onion price series from three major Indian markets
and one stock market index (S&P 500) are used. Onion is an integral part of
Indian cuisine and is used in a wide variety of dishes across the country. There
are several studies in the literature aimed at understanding the behaviour of
onion price series in India [20, 21 and 22] as well as globally [23, 24 and 25].
The onion price series is of immense importance for food inflation in the Indian
economy. Saxena et al [26] showed that the onion price series had the highest
instability index (49.30%) among all the major cultivated vegetables in India.
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2. Some nonlinear models
2.1 The ARCH & GARCH models

The former model is formulated based on the assumption that at time t, the
error term’s variance is not constant but depends on the squared error terms
from previous time epochs. Let {¢;} be a TS process and I,_, be the existing
information up to the previous lag. Then the conditional distribution of {e;}
given (I;_;) follows normal with zero mean and conditional variance h,. Here,
this h; follows the ARCH (g) model and it can be written as

g = heve (1)

he = ao + B, aiel @

where «, is non-zero non-negative, @;’s are non-negative, Z?zl a; <1 and
innovation v~ IID (0, 1).

The GARCH model requires fewer parameters to be estimated. The h; of

the GARCH model is a linear function of both lagged shocks and its own lags.
For the GARCH (p, q) process, it is expressed as

- q 2 P
hy = ag + Zizl g + Zj:l ﬁjht—j (3)

where a is non-zero non-negative, @;’s and 8;’s are non-negative.
In the above equation, the unknown parameters a; and f8; measure the

effect of previous shocks and volatilities on current volatility, respectively. The
necessary and sufficient condition for this model to be weakly stationary is

?:1 Ofi + 25-):1 ﬁ] <1 (4)

The GARCH methodology assumes that the consequence of volatility is
solely determined by the level of the shocks and is unaffected by the sign of the
shocks. This gap can be filled by the EGARCH model.

2.2 The EGARCH model
This is a robust model with a logarithmic expression of the conditional
variance. In addition to dealing with asymmetric volatility, this model has the
advantage that there are no restrictions on the parameters of the model. The h;
is expressed as
Et—i

Inh, = ag+3¥0_ BiInhe_; + ¥, (al- N L jf%) (5)

where y; is considered as the asymmetric parameter which helps to capture the
asymmetric effects.

2.3 The FIEGARCH Model
In the presence of asymmetric volatility and long-term persistence, the
FIEGARCH model is useful. By adding the fractional differentiation term and

carrying out a few algebraic operations on the EGARCH model’s h,, this model
is produced. Like the EGARCH model, the FIEGARCH model also has no
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restrictions on the model parameters. The h; of the FIEGARCH (p, d, q) model
is described as

BLA ~ L)*(nh, = ap) = a(L)g(z-1)
>Inh = a+ 53 (1= D (z-1)  (6)

where g(Zt_l) = QZt_l + ]/(th_ll - Eth_ll) and Zi_ 1 = \/‘g}it_—_ll is the

normalized innovation. S(L) and a(L) are the lagged polynomials, of order p
and q, respectively.

3. The derivation of the formulae for out-of-sample forecasts of ARMA(1,
0)- FIEGARCH(1, d, 1) model

Suppose, there are T + [ realizations in a time series data, out of which the
first T realizations are employed in model building and the latest [ realizations
are employed for validation purposes.

Let the ARMA (1,0) be applied as the mean model. Therefore, we have

yr = U+ P1yr-1 + € (7
Whel‘e £T|IT—1 ~ N(O, h’T) and Er = hTVT

Iy_, and vy are defined in the same line as the ARCH process.
The formula for the out-of-sample forecast for one-step ahead is obtained
as

V4141 = }7T+l+1|1,2,...,r+l
= EYrsre1 |y Yar o Vi)
=04+ P1yru (3

In a similar way, the two-step ahead forecast is obtained using the
conditional expectation recursively, as follows:

V14142 = }7T+l+2|1,2,...,T+l = EYrsis2ly1, Y2r oo Yr40)
= E(}A’T+l+2|1,2,...,r+l+1|y1'J’2' ""yT+l)
=f+ $13A’T+1+1
=0+ ¢ (A+ Pryre)
=a(1+¢,) + (13123’T+L )

4. The derivation of the forecast error variances
In equation (6), h is defined as follows:

(L)
Inhy = ;(L) a-rL) Q(ZT 1)
_ 1+aqL d(d+1) ,, eT-1 er—1 | _ eT—1
= o + (22 Bl)(1+dL+ 12)|e th+y( L TH)]

(considering the binomial expansion and taking approximation up to the second
order)
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=aqy+ [(1 +a L)(1 - ﬁ1L)_1 (1 +dL + d(d+1) Lz)] [QET_—1+

hr—1

A=)

= o+ [14 @+ By DL+ (e + BB + )+ 55212 x

o=+ (|| - 2 =)

ET—-1 ET—-1 £T-1 eT—>
—(XO [9 ( T Tor s >]+(a1+ﬁl+d) [eﬁ‘i'
ET—2_ d(d+1) er—3

(| ) {<a1+ﬁ1>(ﬁ1+d)+ ) [ oy

(171 -2 [
14 Jhr—3 hT 3

= hy = exp a0+[9 :T_l +Y(JF11_E E’TT )]+(a1+B1

| £T-2 ET-2 ET—2

d) _9 hr—2 + ]/( Jhr—2 —E Jhr—2 >] +
{Car+ BB+ D + 24P oy (| ] - )” (10)

For the ARMA(1,0)- FIEGARCH(1, d, 1) model, the forecast error
variance corresponding to one-step ahead forecast is computed as

2
2 _ o
07414112, 141 = E [{J’T+z+1 - yT+l+1|1,2,...,T+l} Y1, Y2 ---;}’T+z]

= E[é72“+l+1|1,2,...,T+l] = Rryien (11)

where

Rriisn = exp |@ + é@ +7 gf” —E gf“ + (@ + B+

hry hry hry

@) |0+ p | ] — B | ) (@ + ) (B + d) +

Aryiq \/ET+1—1 JET+Z—1

&(az*'l) 0 ) +9 eryi-2 | E Ert1-2 (12)
Rrii—s \/ETH—Z \/HTH—Z
Now, according to the assumption
éT+l~N(O' FLTH )
= St N (0,1)

Rrit




AN ALTERNATIVE METHOD OF FIEGARCH MODEL 677

2

& & &
SE( 2L |=0and V| 2L |=E( 2L | =1
] hr4 hr4

Once again, the mean deviation from the mean of this standard normal
variate is given by the following equation:

g 2
E T+l — J:
~ T

hry

Hence,
- ~[] % 2 P ) 7) | g Ereizs
hryie1 = exp|@y + [9\/% }/( \/% - \/;)] + (a'1 +p1 + d) [9 ,—ﬁT:l_l +

(=] )]+l oo 2] )
13)
The forecast error variance for two-step ahead forecast is
07%+z+2|1,2,...,r+1 =E [{}’T+z+2 - }7T+z+2|1,2,...,T+1}2|J’1:}’2; ---'J’T+z]
=E [E{YT+1+2 - }7T+l+2|1,2,...,T+l+1}2|3’1:)’2» ---:YTH]
+ V[}A’T+l+2|1,2,...,T+l+1|J’1:}’2: :yT+l]
= E[E{é%‘+l+2|1,2,...,T+l}] +V(Prs142)
= E(hrs1r2) + VPriiez) (14)
= E(hrsie2) + V[ + $1974101]
= E(hrsir2) + 61 VPrases) (15)

Now, we have

E(hriez) = Epr @y + [0 4+ 9 eretes | _ g | 2rein +

ll ‘/ET+I+1 \/ET+I+1 \IET+1+1

(@ + P +d)|0-ZL 4+ 9| | 22| - F ET” {(&1 +B)(B+d)+

Rry ATyl HT+

5(‘3*'1)] i) Eryi-1 +9 erei—1 | | Erei-1 H

2 ~ —~
JhT+l—1 \/hT+l—1 hT+l 1
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ET4i41

~
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BT+i+1

= E(exp @,) X E |exp gL 4 p -E X
A ET+I+1 \/ET+I+1 \/ET+1+1
Elexp|(a, + B, +d)48 frel +79 fret | _ g | Era X
At hr41 hr41
Elexp [{(@+ B) (B + @) + S50k 4 p | |
hryi-1 hryi-1
E Srei-1 (16)
Rry1-1
Now, from the assumption
Ery141~N(0,Aryi41)
= SEraien ~N(0,1)
AT4141
2
=>FE ET+l+1 =0 and 174 ET+i+1 =E ET+i+1 =1
ET+l+1 A ET+[+1 A HT+Z+1
Again, the mean deviation about the mean of this standard normal variate
is given by
E ET4i41 — \/2
[ATs141 i
Now, expressing the expectations separately and after putting these values,
we get
[ é é é
Elexp P S y T+l | | e
[ JBT+I+1 1/flr+z+1 1/ET+I+1
. € € é
—plig4lotr 5 T+l | | S

~ €T+

(
ik

k ,’ET+Z+1

Jhraten

+vy

\/hT+l+1
,\/ ET+1+1

\ 1VAlT+z+1
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(let’s consider up to the second order of approximation of exponential

expansion)
_ E|[1+ {A ET+1+1 " €rii41 \/7\]1
1’hT+l+1 \ hT+l+1
| Ereren 2
-

1) éryn
+ -0 ————
2 ~ ~
hri141 hryi1
[ 3 | 3 | 2
A € é
—pl14dp S +7 TH+1 [ -
,IET+1+1 <’BT+I+1 }
. [ 2
a2 A
+1!§2 fT+l+1+}72 ET+i41 | E
2 hrii4q ’fl T
k T+I+1
ir 2\||
+ 2@y ST T+ [ z }
h\Jh )|
ET+i+1 E 1
s

(. A
=E|1+{6 2L 4 p| [
k 1’ET+1+1 ,’i’\lT+l+1
3 ~2 Evier 2 V2| Ern
s [ ===
hrjpr T Nm A
/ T+141

+1
2 k hT+l+1
~ ET+l+1 ET+1+1 2
B
~ ~ T
\[hT+l+1 \[hT+l+1 )
Neran z\l @ +) S 7
— — _l,_ — _I__
”/) 2 hrypyg T
2 Eryin ]

_ [ {A Erire
l k 1’hT+l+1 \.’hr+l+1
87 Eriier | Erem
T [-
hriie

oo |2 i1
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J hriiea \/hT+l+1 \/hT+l+1




680 D. RAKSHIT ET AL.

hT+l+1

_ 1+9E/ Eryia \+]7/E i1 f\ <§72"+l+1>+%2
\firer) o] V)
/€T+z+1 Eryi41 \

2 Erii1
— 92 |— E
hT+l+1 hT+l+1 hT+l+1

A 2 éT+l+1
Hy\/;E -
hyiieq
g 2o 2@ PP 25
=1 +V(ﬁ J;) + 2 + 7 ny
(as for X~N(0,1), E(X|X|) = 0)
2 2 52
-1 +(9 +V) _7r (17)

U

Similarly,

I

A |~ €& & €
(&1+ﬂ1+d) !9 T+l +? T+l —E T+l

ﬂ

Eiexp

|

=E[1+](@ + 5 +d) 0Ll 4 p| [t - [nt

1 (&l_l_ﬁl_i_d") ) Er+1 +? &+l —E e+l 4 e
2! — — ~
hr4i hr41 hr41
52
=1+ (a; + 4 +d)° {2 -7} (18)
Furthermore,

[ (
E iexp {(@1 +51)(By +d) + 4 2+ 1)} ie freis
|

hT+l—1
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52

= 1+ {(@ + B) (B + ) + 28 ()7 (19)

2 s

Hence, from equations (16), (17), (18) and (19),
E(hT+l+2) =c X [1 4 (@247%) (62+y2) ?_2] [1 + (051 + ﬁl + d) [(92 2) ﬁ}] y

s
52

[1 +{(@+A)(B +d) + d(““)} () 7 }] (20)

2 T

(where ¢ = exp(@,))
As a result, the formula for forecast error variance is

0T2+1+2|12 T+ = E(hryie2) + 9312 VPri141)
=cx[1+ @) T [1+(a1+[s’1+d) e i ]

T

[0+ {(@ + 8B+ )+ 2L (CD TN 4 5% @)

5. Empirical Illustration

5.1 Data Description

Four TS have been selected for empirical illustration. Of these, three are
the daily prices series in Rs./q of onion from three different locations in India,
namely Delhi, Lasalgaon and Bengaluru, and the other is one USA-based share
market index, the S&P 500. The TS is considered for the duration of 1 January
2008 to 28 February 2022. The onion price data are sourced from the
Government of India. The index data are taken from the Yahoo Finance website.
The data series are transformed to log return (LR) series and the analysis is
performed on the transformed series. For a TS {y.} the LR series {r;} is
calculated as

r, =In2- (22)
Yt-1

The daily series was chosen because it has a greater chance of
demonstrating long-term persistence due to the large number of realizations over
a longer period.

5.2 Descriptive Statistics

The main purpose is to provide a quick overview of the main
characteristics of a dataset. The basic statistical measures of the selected TS are
given in Table 1. For the onion price series data sets, there are 5173 realizations,
while for the index data, there are 3565 realizations. All four selected TS show
a high degree of variation. The index data set has significantly less C.V. (%)
than the other three onion price series. It also has significantly lower skewness
and kurtosis. It is also noticeable that the price series attributable to the
Bengaluru market has much higher kurtosis as comparable to the other series.
The last 250 realizations of each selected TS serve as the holdout/test set, while
the remaining earlier realizations serve as the model initialization set. Parameter
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estimation is performed using the model initialization data set. The holdout set is
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used to determine the in-sample forecasting efficacy.

Table 1
Descriptive statistics of the TS used

Statistics Bengaluru Delhi Lasalgaon S&P 500
Minimum 300.00 275.00 230.50 676.53
Mean 1366.58 1358.99 133241 2118.45
Median 1016.67 1069.00 991.00 1994.99
Maximum 12500.00 7650.00 8625.00 4796.56
S.D. 1081.14 918.44 1059.31 953.62
CV (%) 79.11 67.58 79.50 45.01
Skewness 3.28 2.04 2.04 0.86
Kurtosis 18.77 5.25 5.32 0.12

A time plot is a simple and sophisticated tool to identify the overall trend,
seasonal effect and cyclic effect over time on a TS through visualization. Time
plot provides some crucial insights into a TS. Figure 1 characterizes the
temporal variation of the selected TS. Figure 1 shows that a similar pattern of
price movement exists for all the price series. The strongest price increase can
be seen towards the end of 2019. Although the locations are geographically far
apart, the price series of these locations are well connected. The final subplot
shows the index data, which, with the exception of two notches, shows an
upward trend.

0 1000 2000 3000 4000 5000

Days
BENGALURU

o e |

T T
4000 5000

IS, ¥ IO il NP SRRy, Ve
; T T
1000 2000 - 3000

Index
1000 4000
.

Figure 1
Time plots (actual series)

5.3 Stationarity Test

Before applying the GARCH model, the data sets must be stationary.
Deviations from stationarity can lead to unreliable and misleading forecasts. If
the series is non-stationary, the model might capture noise or transient patterns
rather than stable underlying dynamics. The augmented Dickey-Fuller (ADF)
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test [27] and the PP test [28] are used to examine the possible existence of non-
stationarity. Table 2 shows the results and all tests are significant with p <0.01.

Table 2
Stationarity test
TS | Bengaluru | Delhi | Lasalgaon | S&P 500

LR

ADF -16.24 -17.40 -16.21 -15.04
PP -77.82 -81.63 -80.88 -69.05
Squared LR

ADF -15.85 -14.39 -15.98 -8.53
PP -70.33 -64.54 -61.02 -50.45

5.3 Long Memory Test

The GPH test [29] is a statistical method used to estimate the long memory
parameter d in TS data. This test is performed, and Table 3 displays the
findings. It shows that in the LR series, the estimates of d are not significant
here. However, they are significant for the corresponding squared series. This
suggests that while long memory is absent in the LR, it is present in the variance
structure. It can therefore be concluded that volatility exhibits long-term
persistence.

Table 3
Long memory test
TS Bengaluru Delhi Lasalgaon S&P 500

LR

d -0.019 -0.125 -0.037 0.057
s.e. 0.053 0.111 0.034 0.090
Z -0.347 -1.125 -1.097 0.634
Squared LR

d 0.089 0.301 0.067 0.275
s.e. 0.029 0.065 0.031 0.089
Z 3.051 4.637 2.184 3.093

5.4 ACF and PACF

ACF and PACEF plots (Figure 2) are visual tools used in TS analysis to
understand the dependencies within the realizations. They help to identify the
nature and extent of correlations at different lags, which is crucial for building
appropriate TS models. The critical values of the test statistic at a 5%
significance level are indicated by the dotted lines in the plots. It is evident that
the LR series’s ACF and PACF decrease exponentially. This indicates that the
mean model lacks long memory. However, for the last column of Figure 2, the
situation is different. Here, hyperbolic decay and significant autocorrelations are
visible at long lags. This implies the possible existence of long memory in
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volatility. The same conclusions are also supported by the results of the GPH
test.

AR PACH: LOG RETORN SEHES SO SOUATED L8 FETUSERES
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Figure 2
ACF and PACEF plots

5.5 Fitting of Models

Since the stationary assumption is fulfilled for all the LR series, the first
step is to apply the ARMA(1,0) model to each data set. The ARCH effects
indicate the non-constant variance of the residuals over time which depends on
past errors and it has been tested by carrying out the ARCH-LM test under H,
that the residual series has no ARCH effect. The test was significant for all
residuals. Next, the FIEGARCH(1, d, 1) model is applied to all the residuals.
The estimated parameters are derived using the MLE procedure under the
normality assumption and they are provided in Table 4. The parameter «a; is
highly significant for the Bengaluru, Delhi, and Lasalgaon, markets (p < 0.01).
For the index data, it is significant with p < 0.10. From the estimated values of
the parameter a, it can be inferred that for the index series, the dependency of
present volatility on the past shock is less significant than for the other three
selected TS. The parameter S; is highly significant (p < 0.01) for each series.
This implies that for each series the current volatility is highly influenced by the
past volatility. The asymmetric parameter y is significant with p < 0.01 for the
Delhi and Lasalgaon markets and also for the index series. On the other hand, it
is significant with p < 0.05 for the Bengaluru market. The d parameter is
significant for the index series with p < 0.10 and also highly significant (p <
0.01) for the remaining series. The volatility of the selected TS shows an
asymmetric nature along with long memory, as indicated by the significant
estimate of the asymmetric parameter and the fractional differencing parameter.
The residual series are examined to ensure the model’s adequacy. The fitted
ARMAC(1, 0)- FIEGARCH(1, d, 1) model’s in-sample forecasting ability is
assessed using the RMSE and MAE. Their respective formulae are given by

RMSE = [%Zé:l(% - yt)z]l/z (23)
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1 ~
MAE = 2 %i_4|y: = il

where y, indicates the actual value and ¥, is its forecasted value, [ is the number
of realizations used for in-sample forecasting. Table 5 provides the computed
values for these two error functions.

Table 6 shows the forecasts accompanied by their respective forecast error
variances for the next two horizons of the selected TS obtained from the
resultant formula for the ARMA(1,0)- FIEGARCH(1, d, 1) model. It has been
observed that as the forecast horizons increase, so do the forecast error
variances. This is an acceptable phenomenon because it is expected that the

24)

variability will increase with the higher length of forecasting horizons.

Table 4
Estimate of parameters
Parameter Bengaluru Delhi Lasalgaon S&P 500
ARMAC(1, 0)
Constant 0.005 -0.003 -0.001 (0.001) 0.000
(0.000)*** (0.000)*** (0.000)***
AR(1) -0.071 -0.041 -0.073 -0.062
(0.012)*** (0.016)** (0.014)*** (0.019)***
FIEGARCH(1, d, 1)
Constant -4.515 -2.840 -4.455 -8.739
(0.001)*** (0.065)*** (0.068)*** (0.175)***
a, -1.647 -0.318 -0.497 -0.167 (0.100)*
(0.275)*** (0.056)*** (0.032)***
b1 0.972 0.787 0.957 0.746
(0.000)*** (0.018)*** (0.003)*** (0.034)***
0 0.001 0.179 0.255 0.197
(0.000)** (0.009)*** (0.011)*** (0.017)***
y -0.007 0.030 -0.074 -0.164
(0.003)** (0.003)*** (0.006)*** (0.013)***
d 0.962 -0.326 -0.894 -0.199
(0.074)%* (0.035)*** (0.057)**x (0.115)*
w5 < 0.01, ¥¥p < 0.05, *p < 0.10
Table 5
In-sample forecasting performance
Series RMSE MAE
Delhi 0.049 0.014
Lasalgaon 0.071 0.042
Bengaluru 0.087 0.043
S&P 500 0.009 0.007
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Table 6
Out-of-sample forecasts
Series Horizon Forecasted values | Forecast error variances
Delhi 1 -0.0026 0.0542
2 -0.0025 0.0598
Lasalgaon 1 0.0141 0.0083
2 -0.0018 0.0118
Bengaluru 1 0.0188 0.0109
2 0.0037 0.0110
S&P 500 1 0.0006 0.0001
2 0.0004 0.0002

6. Conclusions

To the best of our knowledge, there is no direct formula available to get the
out-of-sample forecasts for the ARMA(1,0)- FIEGARCH(1, d, 1) model and the
error variances for these forecasts. In this article, an attempt has been made to
derive these formulae by using the conditional forms of both expectations and
variances recursively. Real-world TS have been used for empirical purposes.
Every TS under consideration exhibits asymmetric volatility with long memory.
Together with their forecast error variances, using the resulting formulae the
forecasts of the selected series for the next two horizons have been obtained. It
has been observed that as the forecast horizons increase, so do the forecast error
variances. This study can be extended to obtain the same aspects of the formulae
under non-normal innovation. Again, for the situation where long memory exists
in both the mean and variance models.
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