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Abstract

The Rayleigh distribution is among the numerous distributions employed as a model
for lifetime events, finding appli-cations in survival analysis, reliability, and communications
engineering. This study focuses on investigating the stress-strength reliability of a series
system with redundancy at both component and system levels, utilizing the Rayleigh dis-
tribution with varying parameters. Estimators for model parameters are obtained through
the Maximum Likelihood method and Bayesian procedures. A Monte Carlo simulation
study is conducted to compare the different estimates. Additionally, a real-world application
is presented to demonstrate the validity of our proposed model.
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1. Introduction
[1] introduced the Rayleigh distribution as a special case of Weibull distri-
bution with shape parameter equal 2, and probability density function (pdf) is
defined as
x2

f(x;0) =%e_? x>0,0>0.

The main reason of choosing Rayleigh distribution is it has many applica-
tions in many fields such as reliability, survival analysis, clinical study etc. The
main aim of this study is to investigate the stress-strength reliability of series
system with cold standby redundancy at the components and system levels. In
many fields the stress-strength reliability model R = P[Y < X] is defined as a
reliability system, when X and Y are strength and stress random variables re-
spectively. In this case R can be used to measure the system performance. The
system fails when the stress Y exceeds its strength X. The stress-strength model
with single or multi-components case investigated by many authors such as [2],
[3], [4], [5], [6] and [7]. From the important concepts of the reliability theory is
a coherent system for more details see [8]. To increase the efficiency of the sys-
tem, add redundancy components to the system. [9] investigated the stress-
strength reliability of standby redundancy system which plays an important role
in enhancing reliability system. This type of reliability system when X and Y
are independent is studied by many authors see [10]and [11]. In the context of
redundancy system there three types of redundancies are hot standby (active),
cold standby (standby redundancy) and warm standby for more details see [12],
[13], [14] and [15].

Definition 1: Hot standby, available redundancy components are put in parallel
with the original components and function simultaneously with them.

Definition 2: Cold standby, redundancy components are put in standby and start
functioning when the original components fail.

Definition 3: Warm standby is a redundancy type between the hot standby and
the cold standby.

Definition 4: Structure function ¢ of n-components system is defined
as@: {0,1}* = {0,1} where 0, 1 mean a component fails or work respectively.

Definition 5: The System is said to be coherent if the structure function is non-
decreasing at each component.

To improve a coherent system, we can add n standby redundancy system.
Standby system can add at system level or component level to increase the sys-
tem reliability for more details [16], [17], [18], [19], [20], [21], [22], [23] and
[24]. The investigation of stress-strength model for cold, worm and active
standby system does not consider by many authors except some authors such
that [25] study the performance of the stress-strength model and mean remaining
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strength of series system with cold standby redundancy at system and compo-
nent levels using exponential distribution [26] study reliability estimation of a
N-M-cold-standby redundancy system in a multicomponent stress—strength
model with generalized half-logistic distribution. [27] study the estimation of the
stress-strength reliability for parallel system consists of active and cold standby
components. Our contribution to this study is to investigate the Bayesian and
Non-Bayesian estimation for Stress-strength of series system with cold standby
redundancy based on Rayleigh distribution at a system and component levels. In
context of estimation of the Rayleigh distribution parameters see [28]. The main
reason for choosing the Rayleigh distribution is it has many applications in
communications, physical sciences and engineering. This paper is organized as
follows in section 2 describe our proposed models. In section 3 we derived max-
imum likelihood estimators for our proposed models. Bayesian estimates of our
proposed model using Markov chain Monte -Carlo method (MCMC) is obtained
in section 4. In section 5 simulation study is performed to compare the behavior
of our estimators. Section 6 we introduced the real application to show the valid-
ity of our models. Finally, in section 7, we introduce the results and conclusions
of our paper.

2. Model Description

In this section, we assume that a series system with independent and iden-
tically n-components with lifetime distribution. For this system, let X; ... X, be
the random sample from the lifetimes of strength components has Rayleigh dis-
tribution with parametera; i.e., X; ® Ray(o;), i =1..nand letY; ...Y, be the
random sample from lifetimes standby strength components in the series system
has Rayleigh distribution with parameter o, i.e. ¥; = Ray(o,), i =1...n. The
standby redundancy component can be added to the system at two levels, first at
a component level, second at the system level. Let U be the common stress vari-
able and it is also having Rayleigh distribution with parameter 6 i.e., U =
Ray(0). In the context of the series system at component level, the standby re-
dundancy components added for each component of the series system. Now the
total lifetime of each strength component is W; = X; +Y;, i = 1...n. Then the
probability density function (pdf) and the cumulative distribution function (cdf)
of W;, i = 1...n are given by,

fuw,w) = [ fx(z = fy O dy,

when, oy = 0, = 0.
2 2

w w
e 202 (2wo+e402\T(W2—-202)Erf[~=])
fw, (W) = 22
i 403 >
and
,
we e 402\/EwErf[%]

—1— o 20Z —
P‘W,_(W)_1 ez 20 >

where, w > 0,0 > 0 and Erf(.) is the error function.
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When, o; # 0,, then,
w2+t 2 2

w w
e o3 = —-—
fw,w) = s (2e*2woly/of + 0f + 2e*iwoi/of + 0f —
2

1
(of+03)

z( ‘f‘f )
w2 1+——1—
a5(ci+d)

e 20} V2 (Erf—22—] +Erf[—22——])0,0,(—w? + o + 6})),

\/50'2\/0'%*'0'22 V2ay /012+o—22
(1)
and,
2
Fy.(w) = %23/2 (—e_z(”‘g’”f%)\/an Erf |—2 + Erf|—22
' 2(o1+02) V20, |6?+02 V20y |0} +0%

2

W2 w
0,0, + 2 <1 —e z‘f%) ol\Jo} + o} +2 <1 —e 2”§> i\l + ). (2)

Definition 6: (Stress-Strength Model for the series system at component level)

If U is the common stress variable in the series system which consist of n-
components W;, i = 1...n. Then the stress-strength reliability model of this sys-
tem is

Reoup = P(Wgy > U)
= 7 (1~ Fw @) fyudu

. o n-1
=S~ Jy (Fr @) fudy, (3)
where, W(;y = min(W; ... 1},).
For Rayleigh distribution we can’t get the closed form of Rqgyp, then we
use the numerical integration for both cases, g; = 0, = ¢ and o; # 0,. In the

context of the series system at a system level. The standby redundancy compo-
nents consist of a duplicate series system for the main system. The total lifetime

of these series system is Wy = X(qy + Y1) where X4y = Ray(j—%) and Y(;) =
Ray(j—%) then the pdf and cdf of W4, are given by

fW(l)(W) = fOWfX(l)(Z - y)fY(l)(y)dy
When, 0y =0, =0

e 202 (2nwo+e4o? \/ﬁ\/ﬁ(nwz—Zsz)Erf[zL

=)

fi W) w) =

403
2 _Tle \/—
Foy (W) = 1 — 57 — S NINTWERE )
wey\W) = 1—€ 207 =

20

When, g; # g, then,
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‘%”Wz(,,lﬁ;z) 1o,1.3 1
sw?(S5+—5 Vnwoy
fw (W )_—(92 oFoF ofre} vnv2 (Erf[—]+
@ 2(of + 07)%/? V20, 0f + of

37'LW

Doyo,(nw? — 62 — 62) + 2e 2°% nwoP Jo? + oF +

Erf[ Ve

V20, |02+02
Law (—+—)
2e* 91 9 nwoiJor + 022) 4)

+ Erf[—22—))
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Definition 7: (Stress-Strength Model for the series system at a system level)

Fuy) W) = S (e ot T (e

zrf+

If U is the common stress variable, then the stress-strength model of this
system is defined as

Rsysrem = P(Wpy > U)
= [y (1 = Fy, (W) fy (Wdu

When, 0, =0, =0

2 n
2
17162 [2 4+ 54202 +02)ArcCot[ VO ‘TZU])
o2+ 62 o2 Vn
Jelﬁa_nz ~3(n62+202)
Reysrem = (6)

nf2+g?

When, a; # g,, then,

! 7 ((n6? + o) o (n? + 62 +

(n02+02)(nO2+02)(0?+02)(n82+0% +02

02)? + 0 (n6? + a2)(nO? + o + 0})* + 0o (nH* +

Reysrem =

0y |nB2+0%+0%

0H)\nb% + o + 62 + \nbo,0,(n0? + ? + %)) + 6(n6? +
of)o? Z(Zgiaz) Vot + o7 (n6*ArcTan] 6oy ](012 +

03 |n62+02+02

nos Vnéo.
0%) U%(U%iaz),/al + o7 (ArcTan[ \[72](7192 + of)(of +

Vnbo,

—=Z o, (af +
03 |nB2+02+02

0$)\n0?% + o} + 6% + \nbao, (n6? + o + d2)))) (7

Definition 8: (Stress-Strength Model of n-components series system without
standby components)

Suppose that X, ... X,, be the lifetime of strength components from Ray-
leigh distribution with parameter o and the common stress variable U which is

0f)\n6? + a? + 07 + o, (ArcTan[
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also Rayleigh distribution with parameter 6. Then the stress-strength reliability
of the series system in this case is
R=P(Xy) >U)
0.2
" n62+02 ®)
The main aim of adding standby components is to increase the reliability
system. To show the effect of stand by components we graph the stress strength

model using equations (3), (6) and (8). Figure (1) and Figure (2) show the effect
of standby redundancy for different values of n and theta respectively.

The Effect of Standby redundancy
L 1 ! i
RS‘YS‘TF,’M

oa
—— R

R(.‘(JMD

Refabiiy

Figure 1
Rcomp, R and Rgygrpy for different values of n and 0y = 0.22,0, = 0.44,
6=0.2,0=0.2.

The Effect of Standby redundancy

Reysrem

R

Reomp

Rekabity

Figure 2
Rcomp, R and Rgysrpy for different values of @ and 0 = 0.22,0, = 0.44,
0=0.2,=n=20

3. The Maximum Likelihood Estimators of R.oyp and Rgysrem
In this section, we introduce the maximum likelihood estimator for Rqopp,

and Rgysrem-
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3.1 Maximum Likelihood estimator of Rcomp

Let the strength sample is Wy ... W;,, i = 1...m and the stress U;, i =
1...m, where m represent the number of systems which effect on n —compo-
nents and n cold standby components in the series system. Then the likelihood
function in this case is,

L(H: 01,02 |ﬂ' E) = H?Q(H?ﬂ fW(Wij))fU(ui)~
Where, fW(Wl- j) is defined in equation (1) and f;; (u;) is a Rayleigh distri-

bution with parameter 6. Now, to get the maximum likelihood estimator of
0, g,, 0,. Taking the logarithm of the likelihood function.

Log L(Q' 04,0, |ﬂ' E) =Xt Z?ﬂ LOg(fW(Wij)) + X1z Log (fy (wy)).
The partial derivatives are given in Appendix 1. From solving the first
equation. We get the maximum likelihood estimator of @ which donated by 8 as

m 2

6= (Z‘:—lmu")o'5 , but we can’t solve other equations analytic then we use the we
use the numerical nonlinear global optimization random search method using
Mathematica 13.1to get maximum likelihood estimators of o; and o, which are
donated by 6; and &,. Also, using the invariance property of maximum likeli-
hood method to get the maximum likelihood estimator of R qpp Which dented
by RMLE ., by replacing 6, 0,,0, in equation (3) by its maximum likelihood es-
timators 8, 8, and &,.

3.2 Maximum Likelihood estimator of Rsysrgm

Let W(yy;, i = 1...m be the lifetime of i™ system and U;, i = 1...m be the
stress. Then the likelihood function in this case is defined as

L(Q' 01,07 |ﬂ' E) =[1%, (fw(l),i(W(n,i)) fo(uy).
Where, fW( 1)i(W(1),i) is defined in equation (5) and f;(u;) is a Rayleigh

distribution with parameter 6. Now, to get the maximum likelihood estimator of
0, 0,1, 0,. Taking the logarithm of the likelihood function.

Log L(8,01,0,|w,u) = T2, Log (wey;Wy,)) + Zizq Log (fy (wy)).

The partial derivatives are given in Appendix 2. From solving First equa-
tion. We get the maximum likelihood estimator of & which donated by 8 as

m 2

6= (Zi;—lmui)o's, but we can’t solve others equations analytic then we use the
numerical nonlinear global optimization random search method using Mathe-
matica 13.1 to get maximum likelihood estimators of ¢; and ¢, which are donat-
ed by 6; and G,. Also, using the invariance property of maximum likelihood
method to get the maximum likelihood estimator of Rgysrgy Which dented by
RMLE .. by replacing 6, 0;,0, in equation (8) by its maximum likelihood esti-
mators 8, &; and &,.
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4. Bayesian Estimators of Rcoyp and Rgysrpy
In this section we introduce the Bayesian estimators of Rcopyp and
Rsysrem-

4.1 Bayesian Estimators of Rcomp

To get the Bayes estimator of Rqoyp, let informative priors of a;, o, and 6
be independent gamma distribution with parameters (a;, f5;), i = 1,2,3 respec-
tively. The probability densities functions of oy, 0, and 6 are

flo) = £ gt em b 0 >0a,p >0, (9
foy) = f(za 2) 5,921 ¢ 92b2 0, > 0,55, >0,  (10)
(6 = ﬁ g1 g~ 0Bs 6 > 0,as Bz > 0. (11)

Then, the joint prior distribution is f(gy,0,,0) = f(0,)f (0,)f(0) and the
joint posterior distribution of oy, o, and 6 is g(al, 0y, 9|m, g) =
L(G, 01,02|m, g) f(01,0,,0). Hence, the Bayes estimator of R;pp based on
the square error loss function is

R?ﬁﬁ = fooo fooo fooo Rcomp 9(01' 0y, 0 |ﬂ' g)daldazde
Also, we can use the noninformative priors when we replace functions de-
fined in (9), (10), (11) by f(ay) o — f(crz) < — L and (0 o( — . For more de-
tails about the noninformative pr10r see [29], [30]. But in both cases of informa-
tive or noninformative priors, we can’t get the closed form of Bayes estimator of
Rcomp- So, we use the Monte-Carlo Markov Chain method (MCMC) as an ap-
proximation of Bayes estimator. The MCMC method which named Gibbs sam-

pler and Metropolis Hasting (MH) algorithm see [31] and [32]. To apply MH
algorithm, we use the following steps.

1. Find the conditional posterior of 0,0, and 6 which denoted by
g(a1]oz,w), g(0,]01, w), and g(6]0).

2. Guess the start value of 01(0 (0) and 6.
Set i=1

4. Generate §®k*D g0 gD using  m(6|o; ) 585w,
7'[(01|9(k),02(k),w) and 7'[(62|9(k),61(k),w) respectively with normal pro-
posal distribution.

5. Repeatstep 4 N = 20000 times.
Get the Bayes estimator of Rqoyp at every value of 01, 0,, and 6 and cal-

culate the Bayes estimator from Roays = v RY o,

where,

N—Nj
Ny = 500 is the burn -in period of generate Markov chain.
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4.2 Bayesian Estimators of Reystem

In this subsection, we get the Bayes estimator of Rgysrgy Which denoted
by Rg‘}gfg}w using the same technique in the previous subsection by replacing
Rcomp bY Rsysrem-

5. Simulation Study
We construct a Monte-Carlo simulation study to compare the different
point estimators for our proposed model Rqoyp and Rgysrgy. The comparison
between different estimators using different statistical criteria such as bias, mean
square error (MSE) and relative efficiency (RE). The simulation study results
are obtained by Mathematica 13.1 and R- program. To perform the simulation
study using the following algorithm
1. Calculate the true values of Rcoyp and Rgysrpy at different values of
different parameters (o4, 05, 0) = (0.5,2,2), (2.5,1,3), (2,2,5).
2. Generate the sample sizes of m = 4,12,20 and n = 4,8,12,16,20, 50,
75,100.

3. For Bayesian estimation, we select the hyperparameters of ay, 05, and 0 as
(a;, b)) = (0.1,2) for i = 1,2,3 for informative prior case and (a;, b;) =
(0,0) for noninformative case.

4.  We get the maximum likelihood estimators of Rgoyp and Rgysrpy as
method was explained in section 3.

5. We get the Bayesian estimators of Rgoyp and Rgysrgy as method was
explained in section 4.

6. Calculate bias, mean square error (MSE) and relative efficiency (RE)

where,
Bias = E(R — R), MSE = E(R — R)? where R the estimator of R and
RE1 = MSEFMLE) __ RE2 = MSE(MI',E) __an
MSE (Bayes informative) MSE (Bayes non—informative)
RE3 = MSE (Bayes non—informative)

MSE (Bayes informative)

Tables 1-3 show the results of maximum likelihood and Bayesian point es-
timates of Rq-opp. According to RE, we can decide that the maximum likelihood
estimator of Rcopyp is more efficient than the Bayesian estimators in both cases
informative and non-informative prior because the values of RE1 and RE2 less
than 1. Also, for Bayesian estimates we can decide that the informative case is
more efficient than non-informative case because the vales of RE3 is more than
1. Also, from Tables 1-3 and Figures 3-5, we can see the values of mean square
error are decrease when the sample sizes are increase. Tables 4-6 show the re-
sults of maximum likelihood and Bayesian point estimates of Rgysrgy. Accord-
ing to RE, we can decide that the maximum likelihood estimator of Rgysrgp 1S
more efficient than the Bayesian estimators in both cases informative and non-
informative prior because the values of RE1 and REZ less than 1. Also, for
Bayesian estimates we can decide that the informative case is more efficient
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than non-informative case because the vales of RE3 is more than 1. Also, from
Tables 4-6 and Figures 6-8, we can see the values of mean square error are de-
crease when the sample sizes are increase.

Table 1
Maximum Likelihood Estimator and Bayes Estimator of R;oyp for (64,0,,0) =
(0.5,2,2)
Maximum Likelihood Estima- Bayes Estimator Bayes Estimator
m| n |Reoup tor (Informative prior) (Non-Informative prior) | RE1 | RE2 | RE3
RN, | Bias | MSE |R(DF| Bias | MSE |RI2=| Bias | MSE
414 10.1098[0.0699 [-0.0997 0.0995  10.0480[-0.0154 [0.2387 [0.3714 [0.0654 [0.4277 0.4168]0.2326]1.7917
8 | 00365 :0.0916 [0.0839  [0.0156[-0.0117 0.1386  [0.1600 [0.0062 [0.3937 [0.6051(0.2130[2.8405
12 | 0.0264 [-0.0695 [0.0483  [0.0157]-0.0078 [0.0614 Jo.4211 [0.0259 [0.6729  [0.7854/0.0717]1.0959
16 | 0.0184 [-0.0512 00326 [0.0056]-0.0065 [0.0424 0.0485 [-0.0038 [0.1467 [0.7686]0.2220]3.4845
120 | 0.0150 ]0.0474 [0.0224  10.0092]-0.0050 [0.0253  0.0427 ]:0.0033 [0.0025  [0.8853[0.1990[4.4446
50 | 0.0874 [-0.0056 0.0003  [0.0105[-0.0019 [0.0039 Jo.1112 [2.3*10° J0.0008 [0.0760[0.3826]0.2010
75 | 00389 1:0.0009 [0.0002  10.0432]-0.0008 [0.0007 0.0687 [-0.0005 [0.0003  [0.2536[0.6659]0.42900
100 0.0094 [-0.0010 J0.0001  10.0301]-0.0007 [0.0006 [0.0618 [-0.0004 [0.0002 [0.1574]0.4340]0.3840
1214 Jo.o182]0.1641 [0.0364 0.1330  10.0670[0.0122 [0.1488 [0.4056 [0.0968 [0.9379 [0.8935]0.1417]6.3030
8 | 00155 10.0003  [0.0011  10.0089]0.0011 0.0013  0.1585 [0.0175 [0.3075  [0.8139[0.0035]2.3653
12 | 0.0154 10.0002  0.0005  10.0036]-0.0012 [0.0014 0.0845 [0.0055 [0.3052 ]0.3377]0.0016]2.1800
116 | 00126 1:0.0003 [0.0001  10.0047]-0.0008 [0.0007 0.0521 J0.0021 [0.0448  [0.1404{0.002 [6.4000
20 | 0.0089 [-0.0004 [0.0001  [0.0044]-0.0006 [0.0004 [0.0022 [-0.0008 [0.0064 [0.2100[0.0156]0.1450
50 | 01463 [0.0025  [0.0001  10.0275]0.0002 0.0003 0.0186 [8*10° [e*10*  [0.2890[1.5625]4.000
75 | 0.046210.0004 [1.4*10°  [0.0152[-4*10" {0.16*10 |0.0154 [-0.3¥10* [0.1*10* 10.0875(0.10040.8711
100 0.0116 [-0.0006 [4.4*10°  ]0.0142[-4¥10" [0.16*10* [0.0225 [0.4*10* [0.1¥10* {0.0027]0.0023]1.1556
2004 [0.0079[0.1146 J0.0266 0.7115  10.0400J0.0080 0.0644 [0.4038 [0.0989 0.9796 0.1104]0.7236]2.4490
8 | 00277 10.0024 [0.0061  10.0214[0.0016 [0.0028 0.1879 [0.0013 [0.0185 [0.2142[0.3291]0.8644
12 | 0.0154 [0.0006  [0.0004  10.0078]-0.0008 [0.0069 0.0870 [0.0065 [0.4345 [0.5760[0.0009]5.5705
16 | 0.0087 [0.0001  [0.0002  [0.0028-0.0003 [0.0010  [0.04944(0.0025 0.0674 0.1968]0.0029[2.4071
20 | 0.0047 1:0.0001 [0.0002  10.0031]-0.0002 [0.0005 00026 [-0.0002 [0.0007 [0.3472[0.2847]2.2580
50 | 01156 [0.0021  [0.4*10*  10.1054]0.0019  0.0003  0.1040 J0.5¥10* 0.0003  [0.1051[0.1600[0.8333
75 | 0.0190 [0.0001 [2.1¥107  ]0.0083]5.3*10° [2.8¥107 [0.0052 [-0.3*10 [1.29*10 [0.7382]1.6203]0.4628
100 00071 ]0.0001 [6.4*10™ 10.0064]-0.1%107 [2.2#10° [0.0078 |-1¥10° [1*10°  [0.2844(0.6400[0.4545
Table 2
Maximum Likelihood Estimator and Bayes Estimator of R;qyp for (64,0,,0) =
(2.5,1,3)
Maximum Likelihood Estima- Bayes Estimator Bayes Estimator
m | n Reoup tor (Informative prior) | (Non-Informative prior) | RF1 | RE2 | RE3
RN, | Bias | MSE |Ri;"| Bias | MSE [Rooys| Bias | MSE
4 |4 |0.1032/0.1827 [0.0198 [0.3950  [0.0751]-0.0070 [0.4921 [0.3823)0.0697 [0.4868 |0.8026]0.8113[0.9892
8 | 0.0279 [-0.0094 [0.0885  [0.0239[-0.0099 [0.9825 0.1581[0.0068 [0.4709  |0.9000[0.1879[0.4792
12 | 0.0180 [-0.0071 [0.0504  {0.0114-0.0076 [0.5852 ]0.0890[-0.0011 [0.1400 {0.8612(0.3599]0.2393
16 | 0.0055 [-0.0061 [0.0372  {0.0071[-0.0060 {0.3607 [0.0555[-0.0029 0.8887 {0.1031]0.0418]2.4638
20 | 0.0046 [-0.0049 [0.0243  ]0.0059]-0.0048 [0.2366 0.0381]:0.0032 [0.1059  [0.1026(0.2293[0.4475
50 | 0.1014 [-0.0003 [1.3*10°  {0.0971]-0.0001 |1.5%10° |0.0906]-0.0002 0.6¥10* {0.8734/0.2047]4.2336
75 | 0.0233 [-0.0011 [1*10° 0.1074)0.6*10° [3.1¥10° [0.0848]-0.0002 [0.6¥10* [0.3188]0.1661[4.0125
100 0.0030 [-0.0010 [1*10° 0.1357)0.0003  |1.1¥10° [0.0890[-0.0001 [0.2¥10* ]0.9467]0.4959[1.8330
12 4 [0.018100.0934 [0.0188 [0.3543  {0.0598[0.0104 [0.1086 [0.4139[0.0840 [0.7064  |0.3260[0.0343]6.5046
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Table 3
Maximum Likelihood Estimator and Bayes Estimator of R;oup

RCDMP

Maximum Likelihood

Estimator

Bayes Estimator
(Informative

prior)

Bayes Estimator
(Non-Informative prior)

MLE
RCOMP

Bias | MSE

RE% | Bias

comp

MSE
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RCOMP

Bias

MSE
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Table 4
Maximum Likelihood Estimator and Bayes Estimator of Rsysrey
for (64,0,,0) = (0.5,2,2)
Maximum Likelihood Bayes Estimator Bayes Estimator
m| n [Reysrem Estimator (Informative prior) (Non-Informative prior) | pr1 | RE2 | RE3
RYEpy| Bias | MSE (RO | Bias | MSE |Ries. | Bias | MSE
4 |4 [0.2763 (0.3820 (0.0264 (0.0698 0.1554 |-0.0651 [0.4249 [0.1799 |-0.0291 [0.5808 |0.1642|0.1201]1.3669
5 | 0.1080 |-0.02100.0442 |0.1918 [-0.0211 |0.0446 0.0766 |-0.0249 0.6231 ~{0.9964(0.0709|1.3970
12 ] 0.0814 1-0.0162(0.0263 {0.0734 [-0.0169 (0.0285 10.1499 |-0.0105 0.1109  {0.9194{0.7336|3.8912
16 | 0.1741 ]-0.006310.0040 10.0821 [-0.0121 |0.0147 ]0.2096 |-0.0041 0.0173  {0.2743]0.3201{1.1768
2o | 0.0432 |-0.0116{0.0013 0.0518 [-0.0112 0.0126  {0.0342  |-0.0111 0.1233  {0.10310.0105|1.7857
50 | 0.0200 |-0.0051[2.6%10° [0.0312 |-0.0049 [0.0024 {0.0223 |-0.0050 [0.0025 {0.0108/0.0100|1.07527
75 | 0.0140 |-0.0034/1.2#10° (0.0121 |-0.0035 [0.0012 {0.0042 |-0.0036 |0.0013 {0.0101{0.0092|1.0968
100 0.0230 [-0.0025(6.4*10° 10.0170 [-0.0025 (0.0007 [0.0157 [-0.0026 {0.0007 ~[0.0091{0.0094/0.9701
12 14 {01097 {0.3296 (0.0549 [0.0302 [0.1516 [0.0140 [0.1974 [0.1767 (0.0167 (0.2805 {0.1582/0.1076]1.4209
s | 0.1314 10.0027 {0.0007 0.0639 {-0.0039 {0.0155 {0.1013  |-0.0010 [0.0011 {0.4192]0.6349|0.0709
2 | 0.2250 0.0096 [0.0092 {0.1668 [0.0059 0.0354 ]0.0844 |-0.0021 0.0044 {0.0028]0.20691.4242
li6 | 0.0766 {-0.0020{0.0004 10.0773 [-0.0011 {0.0127 {0.1292  {0.0012 0.0014 {0.50470.2692|0.1102
o | 0.0916 {-0.0009{0.0001 0.0534 [-0.0021 {0.0441 {0.1075 |-0.0001 [0.0001  {0.0022]0.8264(0.0022
50 | 0.0266 [-0.0016/2.7%10 (0.0342 |-0.0015 [0.0002 [0.0416 |-0.0018 [3.5%10° |0.0130/0.7356|0.0176
75 | 0.0153 {-0.0012(1.58*10°(0.0358 |-0.0009 [0.0001 [0.0385 |0.0009 [9.01*107/0.0158/0.0175/0.9010
100 0.0183 {-0.0009/8.3*107 (0.0189 |-0.0009 [0.0001 [0.0275 [0.0008 |0.6*10° |0.0083/0.0122(0.6756
20 4 (0.0684 10.2693 [0.0502 (0.2522 {0.1795 (0.0301 [0.0906 |0.2678 0.0498 |0.2485 |0.5816|0.1014(2.7428
5 | 0.1321 10.0079 |0.0063 {0.0777 {0.0023 |0.0054 ]0.2842 ]0.0269 [0.0727 ~(0.9064(0.0865|1.3463
2 | 0.1086 0.0033 |0.0011 {0.0884 [0.0024 |0.0059 |0.1144 ]0.0038 [0.0014  (0.1845(0.7485/0.2372
li6 | 0.0771 {0.0005 {0.0001 0.0400 {0.0011 {0.0014 {0.0498 |-0.0011 0.0001 {0.3508]0.7399|0.0714
2o | 0.0777 10.0004 |0.0001 {0.0598 {0.0003 {0.0001 0.0522 |-0.0008 [0.0001 ~[0.1632(0.1524(1
50 | 0.0291 [0.0007|6.17%107)0.0366 |-0.0006 [0.4*10* |0.0414 |-0.0013 {0.0001 |0.0167(0.0035[4.6648
Table 5
Maximum Likelihood Estimator and Bayes Estimator of Rgysrey
for (64,0,,0) = (2.5,1,3)
Maximum Likelihood Bayes Estimator Bayes Estimator
m| n |Reysren Estimator (Informative prior) | (Non-Informative prior) | Rg1 | RE2 | RE3
RYEpy | Bias | MSE |REe* | Bias | MSE |Riyrs, | Bias | MSE
4 |4 (02471 {0.3190 {00179 {0.0323 {0.1439 |-0.0258]0.0665  [0.2086 |-0.00960.0092 ]0.4852 {0.3486|0.13834
s | 0.1279  ]-0.0149{0.0220 {0.1369 |-0.0137]0.0189  {0.1209  |-0.0157{0.0248 [0.1159 |0.88401.3121
12 | 0.0736  |-0.0144|0.0209 {0.1033 |-0.0119]0.0143  10.0951  |-0.0124{0.0154 0.1455 [0.13551.0769
6 | 0.0837  |0.0102{0.0104 [0.0988 |0.0092{0.0085 {0.0981 {0.0093 [0.0086 {0.1210 (0.1199(1.0117
0 | 0.1048  |-0.0071{0.0050 (0.0276 |0.0109(0.0120 {0.0485  |-0.0099{0.0098 {0.4151 (0.5070(0.8166
50 | 00540 |-0.0038(0.1¥107 {0.0490 |0.00390.0015 [0.0282  [-00043 [0.0019 [0.0006 0.0003|1.2777
75 | 00152 |-0.0031(9.5%10° 0.0372 |0.00270.0007 [0.0121  [-0.0047]0.0022 [0.0135 |0.0043(3.1557
12 14 [0.0954 103190  ]0.0559 [0.3124 ]0.1334 10.0095 ]0.0090  [0.2524 ]0.0392 |0.1540 ]0.3461 |0.2086|1.7111
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0.1603  10.0081 [0.0065 {0.0987 {0.0004 |0.0017  [0.1423 {0.0058 [0.0034 {0.3820 {0.1891{2.0000
2| 0.1025  |0.0005 [0.0001 0.0408 [-0.0045/0.0020  |0.1057  {0.0008 |0.0007 {0.0483 {0.1357|0.3500
E 0.0521  |0.0254 [0.0646 [0.0484 |-0.0029/0.0862  [0.1329 {0.0023 |0.0054 {0.7486 |0.1176]0.0323
20 | 0.0678  |-0.0013]0.0001 [0.0933 |-0.0001/0.0001  |0.0389 |-0.0028 |0.0079 {0.9070 |0.0125]0.7900
50 0.0328  |-0.0013]1.56*10°0.0317 |-0.0012(0.0001 ~ [0.0248 {-0.00140.0001 [0.0156 [0.0078[1.9937
75 | 0.0224  |-0.0009]9.4¥107 0.0216 |-0.0009/0.9¥10* [0.0172 |-0.00100.0001 {0.0005 {0.0086(0.0063
l100] 0.0129  |-0.00089.8*107 0.0114 |-0.0008/0.7%10* [0.0115 {-0.0008 |0.710* |0.014 {0.0139{1.0056
20 [4 10.0591 |0.1510  ]0.0229 0.0527 0.0600 [0.0002 |0.0005 ]0.2029 [0.0359 |0.1292 |0.1040 0.4077]2.5800
8 0.1152  10.0070 {0.0049 |0.2947 [-0.02940.0867 [0.0869 {0.0034 [0.0012 [0.0564 |0.4057(0.0138
2| 0.1005  |0.0034 [0.0011 [0.1075 {0.0040 |0.0016  |0.0666 {0.0006 (0.0039 [0.6761 |0.2816]2.4375
16 | 0.0552  |-0.0002{0.0005 0.0653 {0.0003 10.0015 0.0900 {0.0019 0.0372 {0.3329 {0.0134(2.4800
Z 0.0561  |-0.0015[0.0002 (0.0574 {-0.0001/0.0007 |0.0353 |-0.0011|0.0141 {0.2768 |0.0141]2.0142
50| 0.0360  |-0.0004[2.1¥107 10.0390 |-0.0004[0.1¥10* [0.0284 |-0.0006 [0.3%10* |0.021 0.0035[3.769
75 0.0162  |-0.00063.3¥10 0.0260 |-0.0004/0.1¥10* [0.0165  {-0.0005 |0.3*10* |0.0033 0.0010[3.2262
l100] 0.0123  |-0.0005[2.1¥10* 0.0214 |-0.0003(0.1¥10* [0.0118  {-0.0004 |0.2#10* |0.0021 [0.0009[2.2372
Table 6
Maximum Likelihood Estimator and Bayes Estimator of Rgysrpy
for (61,0,,0) =(2,2,5)
Maximum Likelihood Bayes Estimator Bayes Estimator
m | 0 |Reysrem Estimator (Infglrmative prior) (Non-liformaﬁve prior) RE1 | RE2 | RE3
RYE,, | Bias | MSE [R5 | Bias | MSE |Rire | Bias | MSE
4 |4 10.1286 {0.0063 |0.1194 10.1426 0.1106 |-0.004510.2025 [0.0872 |-0.0103]0.1071 0.7041 ]0.1331 0.5288
3 0.0088  [-0.0149 10.0022 0.0395 [-0.0111 |0.1240 0.0625 [-0.0082(0.6826  (0.0177 |0.0032 |5.5048
12 | 0.0022  [-0.0105 |0.0011 0.0348 [-0.0078 |0.0611 0.0414 |-0.0072(0.5280  (0.0180 {0.0020 |8.6415
16 | 0.0102  [-0.0074 10.0005 0.0329 [-0.0059 |0.0357 [0.0344 |-0.0058(0.3466 [0.0139 0.0014 |9.7086
E 0.0064  [-0.0061 |0.0003 0.0193 [-0.0054 10.0029 0.0255 |-0.0051(0.2657 [0.1004 |0.0011 |9.1620
50 0.0070  |-0.0024 5.9%¥10° [0.0130  |-0.0023 [0.0005 {0.0182 [-0.0022/0.0005 0.0118 [0.0121 |0.9750
75 | 0.0097 |-0.0015 [2.6¥10°* 0.0118  |0.0015 [0.0002 {0.0062 [-0.0016]0.0002 0.013 {0.0097 |1.3317
[100) 0.0120 |-0.0011 {1.4%10°* 0.0052 |0.0012 [0.0001 {0.0071 [-0.0012/0.0001 ~|0.014 [0.0094 |1.4762
12714 0.0459 10.0025 |-0.0108 0.0011 0.1504 [0.0261 ]0.0682 |0.1003 {0.0136 [0.1849 [0.0161 |0.0059 27111
3 0.0006  [-0.0056 10.0003 0.0321 [-0.0034 10.0011 [0.0549 {0.0011 (0.0012 {0.2520{0.2370 |1.0909
12 | 0.0880 [0.0035 10.0001 [0.0266 [-00016 [0.0002 [0.0976 [0.0043 (0.0185 [0.3865 |0.0053 |9.2500
16 | 0.0460 [0.0006 |0.0001 [0.0254 {-0.0012 |0.0001 [0.0374 |-0.0005(0.0002 [0.6091 |0.3543 |2.0000
20 | 0.0003  [-0.2280 |0.0001 0.0380 {-0.0003 |0.0001 [0.0189 [-0.0013(0.0018  [0.6409 |0.0548 |1.8000
50 | 0.0107  |-0.0007 [4.9¥107 [0.0075 |-0.0008 |0.6%10(0.0112  [-0.0006]0.4¥10* 0.0816 [0.0101 [8.0272
20 [410.0279 [0.0022 |-0.0064 [0.0041 10.0905 {0.0156 |0.0244 |0.0875 [0.0149 [0.2220 |0.1614 |0.0184 |9.0900
3 0.0009  [-0.0033 10.0011 0.0561 {0.0035 0.0012 10.709  [0.0053 (0.0288 [0.8852|0.0380 |2.4000
12 | 0.0005  [-0.0022 |0.0005 0.0442 {0.0013 0.0001 0.0265 [-0.0001{0.0013 [0.2709 |0.3673 |1.3000
E 0.0002  [-0.0017 |0.0002 0.0354 {0.0004 0.0002 [0.0427 {0.0009 (0.0855 [0.9102 |0.0023 |4.2700
120 | 0.0003 |-0.0013 [0.0001 {0.0182 |-0.0004 |0.0002 [0.0494 0.0011 0.1155 |0.4259 |0.0008 |5.7000
50 0.0125 |-0.0003 [9.4*10™ [0.0090  [-0.0004 |0.1%¥10*]0.0132  |-0.0002(8.64*107 [0.0094 [0.0108 [0.8643
75 | 0.0078  |-0.0002 {7.1¥10* [0.0068  |-0.0028 |7.9¥10°(0.0061  [-0.0002[8.4%10* 0.0089 [0.0084 |1.0694
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Figure 3
Plots of MSE for R;oyp for (64,0,,0) = (0.5,2,2).
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6. Application

In this section, we introduce the real application to show the validity of our
proposed models in real life. [33] introduced data about the lifetime of steel
specimens under the different stress level. Now, let us have the series system
which has n active components (X-variable) which tested at 36 stress level with
corresponding #n standby components (Y- variable) which tested at 36.5 stress
level. The main aim, an engineer wants to make the comparison between the
system which contain the components X and Y by another component U which
tested at 33 stress level where,

X:173 -218 -162 -288 -394 -585 -295- 262- 127- 151-181 -209 -141 -186 -
309- 192- 117- 203- 198- 255.

Y: 118 -273 -192- 238- 105- 398- 108- 182- 130 -170-181 119- 152- 199-
89-211- 324- 164- 133- 121.

U: 184- 241- 273- 1842- 371- 830- 683- 1306- 562- 166-981- 1867 -493-
418-2978- 1463- 2220- 312- 251- 760.

To estimate the reliability of the series system using these data. Now, to verify

our aim must perform the following steps:

1.  Modify each data set X, Y, U by divided it by 100.

2. Divide the strength X and Y into m parts each one has n unit to construct
W and U is getting as the mean value of each part we study two cases for

RCOMP'

Casel: Forn=4,m =25,

/2.91 491 3.54 5.26\
499 983 4.03 4.44

W=|257 321 362 328| , U, =]| 894 |.
293 3.85 3.98 4.03
441 3.67 3.31 3.76

Case2: Forn =5m =4,
291 491 3.54 5.26 4.94 5.822

9.83 4.03 4.44 257 3.21
3.62 3.28 393 385 398 °

4.03 441 3.67 3.31 3.75 10.012
We study two cases for Rgysreu »

W =

Casel: Forn =4,m =25,

/ 2.91\ / 6.35
4.03 7.975

w=|257| , v,=]| 894 |

2.93 1338 |
331 8.857



168

M. KH. HASSAN AND M. ASLAM

Case 2: Forn =5,m =4,

291 5.822
_ | 275 _ | 7.094
W= 2.93 > U= 13.474
3.31 10.012
3. Perform the goodness of fit using to approach tests and graphs to show that
the Rayleigh distribution is a good fit to X,Y,U;,U, as shown in Table 7
and Figure 9.
Table 7
The Result of Goodness of fit Tests for Data
Goodness of Fit Test
Data Anderson- Darling Kolmogorov- Smirnov
Statistic P-Value Statistic P-Value
X 1.0674 0.0980 0.1897 0.2025
Y 0.8756 0.1663 0.1995 0.1554
U, 0.7781 0.2126 0.3667 0.1979
U, 0.3594 0.7157 0.3095 0.5522
Figure 9
Q-Q Plot For X,Y, U4, U,
4,

Finally, we calculate different estimates for Rq-opp and Rgysregpm as shown
in Table 8,
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Table 8
Different Estimates for R;oyp and Rgysrey for Data
n=4m=>5
Estimate MLE Bayes Inf.ormatlve Bayes.Non- .
Prior Informative Prior
Rcomp (61,6,,0) (61,6,,0) (61,6,,0)
=(1.6397, 1.6397, = (1.8468, 2.0161, — (1.6719, 2.3818,
6.7639) 7.8697) 7.0072)
REoip = 0.0017 RE&Y®S = 0.0016 RE&YeS — 00022
Rsysrem (61,62,6) (61,6,,0) (61,6,,0)
=(3.2794, 3.2794, = (3.4046, 4.2490, =(3.49006, 4.4734,
6.6432) 8.8887) 9.3851)
R§spm = 0.0421 REeYes — 00323 RE®Yes  —0.0314
n=5m=4
Recomp (61,62,0) (61,62,0) (81,62,9)
=(1.6397, 1.6397, =(3.8598, 6.400, =(2.2852, 1.6397,
6.6432) 15.9728) 7.7645)
REoip = 0.0016 RE&YES = 0.0026 RE&YeS — 0,0017
Rgysrem (61,6,0) (61,62,0) (81,62,6)
=(3.6665, 3.6665, =(4.5927,5.2615, =(5.3414,7.7974,
6.7639) 7.7521) 8.6598)
RVstem = 0.0504 RE&YES = 0.0683 REaYes — 0.0584

7. Conclusions

We can state that the results and conclusions of our study as this study is
considered Bayesian and non-Bayesian statistical inference of stress- strength
for the series of system when adds the cold standby components at component
levels and system levels. We are using Rayleigh distribution because it has
many applications specially in engineering field. For non-Bayesian estimation
we used maximum likelihood estimator also for Bayesian estimates we used
MCMC algorithm. Simulation study is performed to compare the behavior of
estimates which show that the maximum likelihood estimator is more efficient
than Bayesian estimates using RE criterion. Finally, we use real engineering
application to show the validity of our model in real life.
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Appendix 1. Likelihood equations of Ry p
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