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Abstract
It is an established fact that many infectious diseases, including COVID-19, AIDS 

are difficult to treat in the presence of various other comorbid diseases. It is, therefore, 
imperative to examine the impact of comorbidity in a noninfectious disease like diabetes. 
This study examines the effect of comorbidity of Diabetes Mellitus on the population 
dynamics of individuals with and without complications by modifying an existing simple 
linear mathematical model. A parameter was added to account for the rate of developing 
comorbid diabetes in the existing mathematical model. The stability nature of the model was 
determined and found to be asymptotically stable. The problem was solved using analytical 
and numerical methods of Runge-Kutta of order four, Euler method, and Fundamental matrix. 
Numerical solutions compare favorably with the analytic solutions. Graphical comparisons 
were made between the solutions of the original and modified models. The model predicts a 
continued increase in the number of diabetics, but effective and simultaneous management 
of Diabetes Mellitus, its complications, and comorbidities can significantly reduce the 
number of diabetics with complications. Managing any additional medical conditions that a 
diabetic may have is crucial for effective Diabetes Mellitus management.

Subject Classification:  (2010) 93A30, 65L20, 93B35, 34A30.

Keywords: Mathematical model, Comorbidity, Diabetes Mellitus.

1.  Introduction

A metabolic endocrine illness called Diabetes Mellitus develops when 
the body is unable to metabolize glucose (sugar) because of flaws in 
insulin secretion, action, or both. Hyperglycemia, a hazardous rise in 
blood sugar, is the result of this. When a blood sugar test after an eight-
hour fast consistently reveals readings above 125mg% (7.0mmol/L), 
diabetes is often diagnosed. Fasting blood sugar (FBS) readings between 
110 and 125 (6.1-6.9 mmol/L) are indicative of impaired fasting glucose 
tolerance, which frequently precedes fully developed diabetes [1]. The 
normal range of systemic blood glucose levels is 4.5 to 5.5 mmol/L [2]. 
Insulin sensitivity is impaired in people with type 2 diabetes, which 
prevents glucose from entering cells. Though it is increasingly being 
diagnosed in children and teenagers, type 2 diabetes is more common 
than type 1 and primarily affects adults [3].

The increasing prevalence of Diabetes Mellitus worldwide is 
comparable to the spread of SARS-CoV-2 and affects people of all genders, 
ages, and ethnicities. As of 2019, it was estimated that around 9.3% of the 
world’s population, or 463 million adults aged 20 to 79, have diabetes. 
However, if current trends persist, this number is expected to rise to 578 
million (10.2%) by 2030 and 700 million (10.9%) by 2045. Moreover, it has 
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been projected that diabetes and its associated complications will result in 
4.2 million deaths within this period [3]. Comorbidity refers to the presence 
of two or more medical conditions simultaneously in an individual, but 
the coexistence of conditions associated with diabetes does not necessarily 
indicate causality. High blood pressure, high cholesterol, heart disease, 
stroke, depression, loss of vision, and kidney-related issues are common 
comorbidities associated with diabetes [4, 5, 6]. Adults with type 2 diabetes 
and high body mass index (BMI) have been observed to have an increased 
risk of developing cancer, particularly in women for breast and endometrial 
cancer and in both sexes for colorectal and intrahepatic (liver) 
cholangiocarcinoma [7]. A complication is an additional problem that 
develops due to a condition being worsened by a disease, injury, or therapy. 
Comorbidities can also increase the risk of developing diabetic 
complications or other health issues. The burden of caregiving on 
households, families, and the community as a whole increases with 
multiple conditions, placing additional demands on those who are 
affected, their families, and the community. Accurately estimating the 
prevalence of diabetes is challenging since it often goes undiagnosed for a 
prolonged period of time [8, 9]. Poor blood glucose control significantly 
increases the risk of complications and mortality [10]. The presence of 
comorbidities, including Diabetes Mellitus, can lead to a rapid and severe 
progression of COVID-19, resulting in increased mortality rates [11, 12]. 
The virus can induce diabetes by worsening insulin resistance or by 
targeting the pancreatic islets [13]. Diabetic patients have a higher 
susceptibility to COVID-19 [14]. Clinical outcomes were worse for patients 
with any comorbidity than for those without [9, 15]. 

This research aims to develop a mathematical approach to address 
the challenges associated with the treatment and management of diabetes, 
including the factor of comorbidity. Mathematical modeling utilizes 
symbols, numbers, and letters to represent variables and their relationships 
to describe real-world systems. Previous studies have explored the diabetic 
population with and without complications [16, 17, 18, 19], and in [20], a 
mathematical model for diabetes complications and control was developed, 
analyzed for stability, and numerically solved to provide insights into the 
concurrent treatment of diabetes and its complications. To solve the model 
presented in [18], [21] utilized the fundamental matrix method, which 
employs matrix differential equation theory. This research uses the same 
method to obtain an analytical solution for the mathematical model of 
diabetes complications and control, incorporating comorbidity.
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2.  Methodology

The existing model as presented in [18], analyzed and solved in [20] 
is given as:

0( ) ( ) ( ) ( ) ( ) (1 , 0 )C t I C t N t C Cr q r′ = − + + =

0( ) ( ) ( )2 , 0( ) ( ) (2)N t I C t N t N Nn d m′ = − + − =

The parameters are defined as given in Table 1.

2.1 Formulation of the new Model

Let C(t) and D(t) denote the number of diabetics with and without 
complications, respectively, at a given time t. N(t) represents the total 
population of diabetics, and the incidence of diabetes is represented by I, 
which is divided into I1 for diabetes without complications and I2 for 
diabetes with complications. The mathematical model includes several 
parameters, such as the natural mortality rate (μ), the probability of 
developing complications (ρ), the rate of complication management, the 
rate of severe disability among diabetics with complications (v), and the 
mortality rate due to complications.

The number of diabetics without complications will decrease due to 
natural mortality (μD) and the development of complications (ρD), but 
increase due to effective complication management (γC). The decline in 
the number of diabetics with complications can be attributed to natural 
mortality (μC), the rate at which patients become severely disabled (vC) 
due to poorly controlled complications, and the mortality rate from 
complications. Effective complication management also contributes to the 
decrease in the number of diabetics with complications.

Moreover, the development of comorbidities increases the difficulty 
in managing diabetes, leading to a transition from diabetics without 
complications to diabetics with complications. Additionally, the number 
of diabetics with complications increases as C(t) increases.

Figure 1 is the schematic diagram depicting the formulation of the 
new model. The following system of Ordinary differential equations 
represents the rates of change:

1
 ( )( ) ( ) ( ) ( ) (3 ) ( )d D t
dt

D t I D t D t C tr m t g′ = = − + − +

2
 ( )( ) ( ) ( ) ( ) ( ) (4) d C t
dt

C t I D t C t C tr g m n d t′ = = + − + + + +
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( ) ( ) ( ) (5)N t D t C t= +

( ) ( ) ( ) (6)N t D t C t′ ′ ′= +

(7)q g m n d= + + +

Assuming that I1= I2=I, since new cases are usually not diagnosed 
with or without complication in mind, although as at the time of diagnosis 
many might have develop a complication of the disease. Hence

( ) ( ) ( ) ( ) ( )2 2 (8) N t I C t N tn d t m t′ = − + − − +

( ) ( ) ( ) ( ) (9)C t I C t N tr q t r′ = − + − +

So, for the new Model, the set of linear initial value ordinary 
differential equations is as follows:

0( ) ( ) ( ) , 0( ) ( ) (10)C t I C t N t C Cr q t r′ = − + − + =

0( ) ( ) ( )2 2 ,       0( ) ( ) ( ) (11)N t I C t N t N Nn d t m t′ = − + − − + =

Represented thus in matrix form as:			

0

0

( ) ( ) ( )
( ) ( ) ( ) ( ) 2

, (12)C t C t I C
N t N t I N

r q t r
n d m t

         − + −
                  − + − +         

′
= +

2.2 The Eigenvalues

Finding the Eigenvalues from Equation (12)

Figure 1
Schematic diagram of the model
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( )
( ) ( )

0 (13)r q t l r
n d m t l

− + − −
− + − + −

=

2 ( ) 0 (( ) ( ) 1 )( ) 4l r q m l r n d m t m t q t+ + + + + + − + + − =

Table 1
Parameter definitions, values, and sources

Parameter Definition of parameters Value Source(s)
Δ Mortality rate due is complications 0.05 Boutayeb et al., 

[16].
ρ Probability of developing a 

complication
0.85 Akinsola and 

Oluvo, [18, 20].
υ Rate at which patients with 

complications become severely 
disabled

0.05 Boutayeb et al., 
[16].

γ Rate at which complications are 
controlled

0.50 Informed 
from stability 
analysis.

μ Natural mortality rate 0.02 Boutayeb et al., 
[16].

τ Rate of developing comorbidity of 
diabetes

0.16 Du et al., [22];
AIHW, [23].

I Incidence of Diabetes Mellitus 6 × 106 Boutayeb et al., 
[16];
Sarah et al., 
[24].

I1 Incidence of Diabetes Mellitus without 
complications

I2 Incidence of Diabetes Mellitus with 
complications

D(t) Number of people with Diabetes 
Mellitus (diabetics) without 
complications

D(0) Assumed initial value of population 
of Diabetics without complication

1.7 × 
107

Akinsola and 
Oluvo, [18, 20].

C(t) Number of people with Diabetes 
Mellitus (diabetics) with complications

C(0) Assumed initial value of population 
of Diabetics with complications

9.5 × 
107

Akinsola and 
Oluvo, [18, 20].
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	 (15)y r q m= + +

( )( ) ( ) (16)f q t t m r n d m t= − + + + + −

2 0 (17)l yl f+ + =

The eigenvalues are determined by the roots of the quadratic equation 
(17).

2

1
4

2 (18)y y fl − + −=

2

2
4

2 (19)y y fl − − −=

Table 2 lists the model’s Eigenvalues and stability characteristics for a 
range of specified and indicted values.

Table 2
Summary of the Eigenvalues and nature of stability of equilibrium point for 
different cases at various values of the rate of developing comorbidity (τ) in 

the model.

Cases τ λ1 λ2 Nature of Critical point
Case 1 0.08 − 0.06160772612 − 1.428392274 Asymptotically Stable
Case 2 0.16 − 0.03350509489 − 1.456494905 Asymptotically Stable
Case 3 0.32 − 0.04431932702 − 1.534319327 Asymptotically Stable
Case 4 0.42 − 0.1047205423 − 1.594720542 Asymptotically Stable

2.3 Analytic solution of the model using Fundamental matrix formula method

Suppose A(t) and f(t) are continuous on an open interval L that 
includes the point t0, then the initial value problem has a unique solution 
x(t) on the entire interval L for any initial vector x0.

0,           ( ) ( ) ( ) (20 )A t t t′ = + = 0X x f x x

The formula represents the entire solution x(t).

0

1 1
0 0( ) ( ) ( ) ( ) ( ) ( ) (21)

t

t
t t X t s f s dt sF F F F− −= + ∫X
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where ( )tF  is the fundamental matrix. This is also called variation of 
constants formula.

Let

1 1 (22)l k= −

2 2 (23)l k= −

Finding the corresponding Eigenvectors by substituting (22) into (13) 
yields 

1

1

( ) ( ) 0
(  2 ) ( ) ( ) 0

(24)C
N

r q t l r
n d t m t l

     − + − −
          − + − − + −     

=

1( ) (25)C Nkr q t r+ − − =

Taking (26)C r=

1( ) (27)N r q t k= + − −

ê
1

1

t( ) (28)et r
r q t k

F −  
  + − − 

=

Similarly
ê

2
2

t( ) (29)et r
r q t k

F −  
  + − − 

=

1 2

1 21 2( ) ( )
( ) (30)

t t

t t
e e

e e
t

k k

k k

r r

r q t k r q t k
F

− −

− −

 
 
 + − − + − − 

=

1 2( )
1 2( ) ( ) (31)tt e k kr k kF − += −

1 12
1 1 2 1 2

2 21

1 2 1 2

( )
( ) ( )

( )
( ) ( )

( ) (32)

t t

t t

e e

e e
t

k k

k k

r q t k
r k k k k

r q t k
r k k k k

F −

 + − − − 
 − −
 
− + − − 

 − − 

=

2
1 1 1 2 1 2

0
1

1 2 1 2

( ) 1
( ) ( )

( ) 1
( ) ( )

( ) (0) (33)t
r q t k
r k k k k
r q t k
r k k k k

F F− −

 + − − −
 

− − 
 − + − −  − − 

= =
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2
0 0

1 1 2 1 2
0

1
0 0

1 2 1 2

0

( ) 1
( ) ( )

( ) 1
( ) ( )

( ) (34)
C N

C N
t X

r q t k
r k k k k
r q t k
r k k k k

F −

 + − −
− 

− − 
 − + − − + − − 

=

1
0 0( ) ( )t t XF F− =

1 2

1 2

2 1
0 0 0

1 2 1 2 1 2 1 2

2 1
01 2

1 2 1 2 1 2

( ) 1 ( ) 1
0( ) ( ) ( ) ( )

( ) 1 ( )
0( ) ( ) ( )

( ) ( )

t t

t t

C N C N

C N C

e e

e e

k k

k k

r q t k r q t k
r k k k k r k k k k

r q t k r q t k
r k k k k r k k

r r

r q t k r q t k

− −

− −

      + − − − + − −
− +      − − − −         

  + − − − + − −
−  − − −   

+

+ − − + + − − 0 0
1 2

1
( )

N
k k

  
+  −   

 
 
 
  
 

(35)
Equation (35) is the complementary solution of the Model.

1

2

1 2

1

( )
( )1 2 ( )

( ) ( ) (36)
s

s
e

e
s f s

k

k

r q t k
r k k r q t k

IF−
 − + − − 
 − − + + 

=

0

12 2
1 1 2 1 1 2 1

21 1

1 2 2 1 2 2

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( ) ( ) (37)

t

t

tt

e

e
s f s ds

k

k

r q t k r q t k
r k k k r k k k

r q t k r q t k
r k k k r k k k

I I

I I
F−

 − + − − − + − − 
− − 

 
− + + − + + 

 − − 

−
=

−
∫

0

1( ) ( ) ( )
t

t
t s f s dsF F− =∫

1 2

1

2 2 1 1

1 2 1 1 2 1 1 2 2 1 2 2

1 2 1 2 2 1

1 2 1 1 2 1 1 2 2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )( ) ( )( ) ( )( ) (
( ) ( ) ( )

t t

t

e e

e

k k

k

r q t k r q t k r q t k r q t k
k k k k k k k k k k k k

r q t k r q t k r q t k r q t k r q t k r q t k r q
r k k k r k k k r k k k

I I I I

I I I

− −

−

− − + + − + + − + + − + +
+ + −

− − − −

− + − − − + + + − − − + + + − − − + + +
+ + −

− − −

22 1

1 2 2

)( )
( )

te kt k r q t k
r k k k

I −

 
 
 
 

− − − + + 
 − 

(38)
Equation (38) is the particular solution (integral) of the new model.
Therefore the complete solution is 

1

2

2 0 0 2

1 2 1 2 1 2

1 0 1 1 2
0

1 2 1 2 2 1 2 2 1 2 1 1 2

( ) ( )
( )1

( ) ( ) ( ) ( )
( ) ( ) ( )

( )

(39)

t

t

C N

NC

C t e

e

k

k

r q t k r r q t k
k k k k k k k

r q t k r r q t k r q t k r q t k
k k k k k k k k k k k k k

I

I I

−

−

 + − − − + +
− − 

− − −  
   + − − − + + − + + − + +

− + −   
− − − − −      

=

− +

1

2

2 2
01 01 2 1 21 2

2 1
21 2 2

1 1
0 0

1 2 1 2 1 2 2

( ) ( )1
( ) ( )( ) 1

( )( )
( )

( ) 1 ( )
( ) ( ) ( )

(t) ( )

( )

t

t

N e C N

e

C N

k

k

r q t k r q t k
r k k r k k kk k

r q t k r q t k
r k k k

r q t k r q t k
r k k k k r k k k

r q t k

r q t k

I

I

I

−

−

 + − − − + +
  − −− 

+ − − − + +
−

  − + − − − + +
  − − −  

 = + − − − +  

+ + + − −

+ − 1 2

1 2 1

( )( )
( ) (40)r q t k r q t k

r k k k
I− + − − − + +


−
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2.4. Numerical Solution

The model was solved numerically using both the Euler method and 
the traditional Runge-Kutta method of order four. The algorithms were 
coded in the mathematical computation program Maple 14, and the 
resulting outcomes are presented in the following tables.

Ta
bl

e 
3
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um
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al
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nd
 A

na
ly

tic
 s

ol
ut

io
ns

 o
f t

he
 M

od
el

 a
t i

nd
ic

at
ed

 v
al

ue
s 

of
 th

e 
ra

te
 o

f d
ev

el
op

in
g 

co
m

or
bi

di
ty

 o
f D

ia
be

te
s 

M
el

lit
us

 (τ
 ) 

V
al

ue
s 

of
 ta

u,
 

τ  

So
lu

tio
n 

C
(t)

10
20

30
40

60
70

10
0

0.
08

A
na

ly
tic

 9
.21

458
656
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07

8.9
711

832
52 
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735

49 
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Figure 2
The number of diabetics with complications, C(t), when the rate at which com-

plications are controlled is at various values in the old model of [20].

Figure 3
Population of diabetics with complications, C(t), at specified values of the rate 
at which complications are controlled is in the new model with co morbidity 

term.

Figure 4
The number of diabetics with the without complications, N(t), when the rate at 

which complications are controlled is at various in the old model of [20].
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Figure 5
The number of diabetics with and without complications, N(t), when the rate 
at which complications are controlled is at various values in the new model.

Figure 6
The number of diabetics with complications, C(t), when the probability of 

developing a complications is at various values in the old model of [20].

Figure 7
The number of diabetics with complications, C(t), when the probability of 

developing a complication is at various values in the new model.
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Figure 8
The number of diabetics with and without complications, N(t), when the prob-

ability of developing complications is at various values in the old model of 
[20].

Figure 9
The number of diabetics with and without complications, N(t), when the prob-

ability of developing complications is at various values in the new model.

Figure 10
The number of diabetics with complications C(t), when the rate of developing 

comorbidity of Diabetes Mellitus is at various values in the Model.
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Figure 11
The number of diabetics with and without complications N(t), when the rate 
of developoing comorbidity of Diabetes Mellitus is at various values in the 

Model.

3.  Discussions

The fourth-order Runge-Kutta method yields a better approximation 
of the analytical solution than the Euler method, which is to be expected. 
As displayed in Table 2, the model’s equilibrium is asymptotically stable 
across various numerical values, indicating its suitability for the intended 
application. Tables 3 and 4 demonstrate the suitability of both the analytical 
and numerical solutions.

Figure 3 demonstrates that the number of diabetics with complications 
will decrease further as diabetes comorbidities are managed more 
effectively. This trend is similar to that seen in the previous model (without 
comorbidity) as shown in Figure 2. It is essential to diagnose and treat 
coexisting conditions such as hypertension and diabetes to decrease the 
number of diabetics with complications. Figure 4 is presented here for 
comparison purposes with Figure 5, although it is nearly identical to 
Figure 2 from [20]. Figure 5 reveals that as the rate at which complications 
of diabetes are controlled increases, the number of diabetics with and 
without complications reduces even in the presence of comorbidities. It 
further shows that without sufficient diabetes control, the population of 
diabetics shall increase geometrically. Hence a sufficient control of diabetes 
which can be through regular exercise, drug usage and lifestyle changes 
are essential. It can be deduced that the new model which incorporates 
comorbidity of diabetes gives more information and representation of real 
life situation, than the old model of Figure 4. This underscores the 
importance of mathematical modeling as a means to observe the cause-
effect of an intervention. Timely awareness, knowledge and treatment of 
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diabetes and its comorbidities are important in diabetes care and 
management. 

Figure 6, originally from [20], is presented here as Figure 3 for fair 
comparison. In Figure 7, it can be observed that the number of diabetics 
with complications increases as the risk of developing a complication from 
diabetes increases. To prevent the world from the impending diabetes 
pandemic, particularly in developing nations, which has been predicted 
by the International Diabetes Federation, it is essential to promote health 
education and conduct regular comprehensive medical check-ups that 
include vital signs and diabetes risk factors.

Figure 9 demonstrates that as the probability of acquiring a 
complication of diabetes increases, the proportion of diabetics with and 
without complications also increases. This pattern is more representative 
of the real-world scenario compared to the previous model in Figure 8. 
Therefore, any effort to combat this devastating epidemic should prioritize 
interventions that aim to delay the onset of diabetes complications.

The data in Figure 10 indicate that the number of diabetics with 
complications rises with an increase in the rate of comorbidities associated 
with Diabetes Mellitus. Therefore, it is crucial to prioritize the identification 
and treatment of comorbidities in diabetic patients in any intervention or 
care plan. Maintaining a low rate of diabetes comorbidity can be achieved 
through an effective blood pressure and blood sugar control program.

On the other hand, Figure 11 illustrates that as the rate of diabetes 
comorbidities increases, there is an increasing number of diabetics who 
remain unaffected. Hence, preventing and managing diabetes and its 
associated comorbidities should be a major focus of intervention efforts.

4.  Conclusion

In this paper, an existing mathematical model on diabetics’ population 
with and without complications was modified by adding a term on 
developing comorbidities of Diabetes Mellitus. The model was analyzed, 
solved analytically and numerically. The results of the modified and 
existing models were compared. The new model reveals that a 
comprehensive diagnosis and treatment of other diseases that a diabetic 
manifests is necessary and essential to his/her well-being. This shows that 
effective management and treatment of all the conditions that diabetics 
experience can lead to an increase in the population of diabetics without 
complications and a significant decrease in the number of diabetics with 
complications. Therefore priorities should be given to careful inquiry and 
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investigation in order to identify and treat other diseases condition a 
diabetic is encumbered with for effective management of Diabetic mellitus. 
Timely awareness, regular diagnostic tests and monitoring are essential 
for the control of Diabetes, its complications and comorbidities.
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