Journal of Statistics & Management Systems
ISSN 0972-0510 (Print), ISSN 2169-0014 (Online)

Vol. 28 (2025), No. 1, pp. 115-120

DOI : 10.47974/]SMS-1244

On characterization of a continuous distribution through lower record
values

M. I. Khan

Department of Mathematics
Faculty of Science

Islamic University of Madinah
Madinah 42351

Saudi Arabia

Abstract

The characterization results via conditional expectation of lower record and truncation
moments are considered for a new family of probability distribution. Several probability
distributions can be characterized by the proposed method.
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1. Introduction

A sequence of observations that are smaller or larger than the previously
recorded observations is known as records. Record values have distinct elements
in the recorded studies. Every change in the study for Y indicates that a record is
noted. The records are found naturally in several areas of study e.g., sports,
medical sciences, engineering, and traffic among others.

Let Y;,Y,, Y3 ... be a sequence of independent and identically distributed
(iid) random variables (r.v.). having cumulative density function (CDF) F(y)
and probability density function (PDF) f(y). The joint PDF f(yy, ¥4, ..., Yy) of
the r lower record values is

JiCH)

f()ﬁd’z' ---'yr) = Hrz_ll f(yr) Fop’
while joint PDF of Y}y and Y, () is

—0 <y <y, <<y <o, (1)
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fioro 00 2) = srasy [FInEGN] T =In(F(2) + In(Fy)IF"*
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f)
X o f(@), =0 <y <y <oo. )

Then, the conditional PDF of (Y} (5)|Y,y = ¥) is defined as

1 -r-1f®@
fuo Yoy =) = 1oy [FInF @) + In(FONT 7 25 for 1 <7 <s
3)

The statistical inference and applications of record values were pioneered
by Chandler [1]. Later, profound literature, theory, and methodology on record
values have been grown over various realms, see Ahsanullah [2], Arnold et al.
[3], and Nevzorov [4] for instance.

In literature, a lot of work has been concerned with upper record values
from a continuous distribution. The lower record values possess their own
significance, in specific problems of investigation e.g., in the stock market,
freestyle swimming, and marathon walk (see. Paul [5]).

The characterization of continuous distributions has been proposed by
many authors. Some of them, Malinowska and Szynal [6], Shawky and Bakoban
[7]. Faizan and Khan [8], Khan and Faizan [9], Faizan et al. [10], Kotb and
Ahsanullah [11] and Khan [12] are considered in detail. The goal of the current
study is to find characterizations of the proposed distribution using lower record
values.

Let Y be a continuous r.v. with CDFF(y) and PDFf(y) on the support
(u, v), where u and v may be finite or infinite, are given respectively,

F) =[k()]°,6>0 “4)
fO) =8kI° k' (1), 6 >0 )
where k() is an increasing and differential function with k(y) - 0 asy -» u*

and k(y) » lasy » v~ forally € (u,v).
Noting that (4) and (5) hold the following relation.

fONk®) = 8k'WF©). (6)

This family includes the most noted lifetime distributions such as the

power, inverse power, reflected exponential, inverse Weibull, inverse

exponential, Gumbel, Burr Type II to Burr Type XI distributions which are
given in Table 1.

2. Characterization

Theorem 2.1: LetY be a continuous r.v. with CDFF(y) and PDFf(y) and
vy € Wv). Thenforl <r<s

E[k(YL(s)lyL(a) = y)] = ms|ak(y)a a=rr+1 @)
if and only if

F) =[k()1°6 >0 (®)

S S=r
where my), = (ﬁ)

Proof: From (3), we have
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= [‘(51_7-) fjk(z) —In(F(2)) + In(F(y))]* ! ;8 dz
Using (4) and (5) in (9), we have

y k() - 5-1 k'@
F(s ‘r)f k(Z) [6 In (k( ))] [ (Z)] [k(Y)] dZ
Let
- ml())
w=lIn [(k(z))] ’
Then (10) reduces to

= o Iy Tee B w] e do,

On simplification (11), it confirms (7).
For the sufficiency part, we deal with,

o [ k@)[In(F @) + In(FO)ITH (2)dz = gy GIF ).

In view of Faizan and Khan [8], (12) yields
F(y) = [k()]°

and hence (8) verifies.
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)

(10)

(11

(12)

Theorem 2.2: For 1 < r < s <t and same conditions hold in previous theorem

E[k(Yuo Vi ] = mesE [k (Yo Yoo ]
if and only if

F(y) = [k(»)]1° 6 > 0.
Proof: In consideration of Theorem 2.1,
E[k(YulYie] = merk () and E[k(Yy o Yie] = msprk ().

Now,
5§ \t~T 5§ \t=S/ 5§ \ST
Melr = (ﬁ) - (ﬁ) (m) = MejsMsir
Therefore,
= me,k(y)
= mt|sms|‘rk(y)
= mtls[mslrk(y)]
= mysE[k (Vo) Yoom]

It follows (13).

For sufficiency part
o d K@-In(F (@) + In(FOG)]f (2)dz
= mys roms Jy k@[-In(F @) + In(F O] f @)dz.

(13)

(14)

(15)
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Performing differentiation of (15) w.r.t.y. It provides the sufficiency part
Note: Equation (13) reduces to (7) atr = s.
Characterization result based on truncated moment is presented below.

Theorem 2.3: As stated in Theorem 2.1 and further f'(y) and E(Y|Y <y)

exist, then
Expectation[k(Y|Y < y)]| =¥Y()P(y),y =0 (16)
where
_ 1 [kl Jic))
lp(y)_6+1[k’() ] nd ) =%,
if and only if

fO) =8k’ k'), §>0. (17)

Proof: 1If Y follows (5), then we have

y
= o5 I K (W du
y
= 15 [} @8 Tk W15k (w) e (18)
Integrating (18) right hand side by taking t = [k(u)]®
= s k1), (19)

Multiply and divide by f(y) in (19), we get

B O S 176%) ik €9
s+1 k') 1FW)

=¥YeW»)
Hence, (16) is determined.
To confirm the (17). We have the following,

o) _ Y0-K'®) _ k')
o o -1 [k( ) “0] Ahsanullah et al. [13] (20)
where,
' K’
Ko) =vm|1-6-DE2]
Performing integration in (20) both sides, we obtain,
[k(y)
f»M =975
where

g =308k'(y),as [ (PDF)dy =1
This completes the proof.
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Table 1
Example based on CDF F(y) = [k(y)]%,6 > 0.
Distribution k(y) F(y)
Power y yS,y>0
Inverse power y—u yny 8
y—v (E) ,u < y <v
Reflected exponential e-v) e _oo <y <v
Inverse Weibull eV’ e’ y>0
Inverse exponential 1 8
ey eV, y>0
Gumbel e~e” e ¢, y>0
Burr Type II (1+e )t (1+e?) b, —o<y<om
Burr Type 111 (1+yP)t (1+y™P)?d,—o<y<om
Burr Type IV 1171 1776
v —Y\v c—Y\c
S]] oo
y y
—tanyy-1 I [
Burr Type V (1 + ce~tany) a +Ce—tany)—6'_i<y <§
Burr Type VI (1+ Ce—ssinhy)—l (1+ Ce—&sinhy)_‘s’ —0 <y < oo
5
Burr Type VII (1 + tanhy) (1+tanhy) L~ <y <o
2 2
2 5
Burr Type VIII (— tan‘ley> (E tan‘ley) ,—o <y <o
Vs v
—0y? A
Burr Type X (1_3 y ) (1—3‘93’2) y>0
Burr Type XI 1 1 8
(y - Estrry) (y - ;stny) ,0<y <1
Conclusion

Characterization is considered for the new family of distribution
conditioned on lower record. The results provided in this article contribute
significantly to finding the relationship between the moments.
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