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Abstract
Measuring age heterogeneity and the role of vaccines in the epidemic, an age-structured 

SVEIHR model is developed to simulate the propagation of the third outbreak of COVID-19 
in Liaoning Province. Based on the actual data, parameters are obtained by the MCMC 
method and used in numerical analysis and the calculation of the basic reproduction number 
for different contact patterns and vaccine efficacy. The appropriate method of epidemic 
management obtained in this paper is to conduct self-quarantine first, and then resume 
work under the management policy, which can productively halt the epidemic. Besides, it is 
found that vaccination can effectively alleviate the epidemic situation. Specifically, the more 
effective the vaccine is, the fewer people will become infected.

Subject Classification:  93C15, 92B05.
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1.  Introduction

Since the end of 2019, Corona Virus Disease 2019 (COVID-19), a novel 
coronavirus pneumonia, has had a significant impact on people’s health 
and lives, as COVID-19 is highly contagious and generally susceptible, 
primarily transmitted through droplet respiratory particles, direct contact, 
and aerosol propagation. In order to investigate the transmission of 
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COVID-19 and analyze the pivotal factors of its epidemic, a representative 
dynamic model, the SEIR model, is extensively used and improved while 
taking into account various aspects ranging from quarantined to media 
coverage [1, 2, 3]. And the vaccine factor is no exception. Kar et al. [4] used 
the SIR model and regarded the vaccine as a way to turn susceptible 
people into removed people. Shen et al. [5] adjusted the SEIAHR model by 
appending a new compartment for vaccinated individual and compared 
the number of averted infections under different policies to demonstrate 
the effectiveness of the vaccine.

However, vaccine is age-heterogeneous. It’s unrealistic to simply 
summarize people into a same situation. That’s why the initial vaccination 
in China was exclusively for people aged 18-59, and until July 2021, people 
aged 3-17 were permitted to be vaccinated. Accordingly, Choi et al. [6] 
used age-structured model to simulate and analyze vaccine priority policy. 
Additionally, an age-structured model can be employed in conjunction 
with a contact matrix to measure various contact patterns. The basic 
reproduction number and contact matrix were used by Zhang et al. [7] to 
measure the changes in four places before and after the relaxing strategy. 
Wang et al. [8] compared community-mode and house-mode contact 
patterns with an age-structured SEIHR model in Guangdong province.

China’s vaccination is world-ahead of the curve. As of January 2, 
2022, China had 132479 confirmed cases, which is a small quantity 
compared to the rest of the world. As early as January 15, 2021, China 
began the first batch of vaccinations, and more than 2 billion 847 million 
doses have been administered to date [9]. Furthermore, China’s vaccination 
benefits the entire world. For instance, by the end of 2021, China’s new 
inactivated vaccine had been approved for marketing in the UAE, with an 
efficacy of about 86%.

There is currently no associated research on mathematical modeling 
of COVID-19 transmission in Liaoning, China. In Liaoning province, as of 
February 7, 2022, the infection of COVID-19 is mostly concentrated in 
Shenyang and Dalian, particularly Dalian. Three outbreaks occurred in 
Dalian in mid-2020, late 2020, and late 2021. In the latest outbreak, the 
third outbreak, the first case was confirmed on November 4, 2021, who 
worked in cold storage [10]. Combined with the information disclosed by 
the Health Commissions and the People’s Government of each city, the 
ages of patients without stated age are estimated in combination with 
action track and occupation description, and the daily new cases of each 
age group during the third outbreak are obtained, as shown in Figure 1.
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Figure 1
Daily confirmed cases in Liaoning province 

From Figure 1, we can see that age heterogeneity is significant in the 
transmission process of the epidemic in that the number of new infections 
every day varies according to age group. So we considered using an age-
structured model for the description, which can well reflect the distinct 
infection rate and interactions among different age groups. In addition, in 
order to assess the effectiveness of the vaccination, we established a new 
compartment for vaccinated people in differential equations. So in this 
study, we used an age-structured SVEIHR model to fit the third epidemic 
in Liaoning Province. Using the parameters provided by fitting, numerical 
analysis and basic reproduction numbers were used to analyze the impact 
of different contact patterns and vaccine efficacy on the epidemic. Thus, 
we have obtained a better management measure and the conclusion that 
higher vaccine efficacy results in better mitigation of the epidemic.

The remainder of the paper is structured as follows. Section 2 
establishes the age-structured SEVIHR model and calculates the basic 
reproduction number. Section 3 contains the parameter estimation. Section 
4 evaluates the factor of contact patterns and vaccination and Section 5 
provides the discussion and conclusion.
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2.  Model Formulation

To describe the transmission of COVID-19 in Liaoning, combining 
age heterogeneity and vaccine factors, we extended SEIR model to an age-
structured SVEIHR model. We hypothesized that births and natural 
deaths had no influence on the dynamics because of COVID-19’s rapid 
dissemination and the short time span in this study. The population was 
separated into four age groups in this model. Individuals aged 0-5, 6-19, 
20-59, and 60+ are represented by the classes i = 1,2,3,4, and people in each 
class (N) are divided into Susceptible (S), Exposed (E), Vaccinated (V), 
Infectious (I), Hospitalized (H) and Recovered (R). The epidemiological 
dynamics of the model are depicted in Figure 2.

Figure 2
COVID-19 transmission model flowchart 

If an infectious individual comes into contact with a susceptible or 
vaccinated person, the infection can occur. In each age group, the 
transmission rate owing to effective contact of S with I is given as 

I ( )4
=1 N ( )= ,j
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ji i ij tcl b ∑  where ib  is the infection probability of a person in age 

group i per contact and ijc  represents the average number of contacts 
between individuals in age group i and individuals in age group j. 1 h−  
denoted the vaccine efficacy in preventing infection, while the infection 
probability for a vaccinated person is represented by .h  iw  is the daily 
doses of vaccination. 1/s  is the incubation period. h stands for the 
hospitalization rate among infectious individuals and 1/g  is the recovery 
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The equation ( ) = 0,i t′N  specifically, the overall number of people in 

each age-group remains constant. So the feasible region 
6= {( , , , , , ) ( = 1, 2, 3, 4) : 0 , , , , , }i i i i i i i i i i i i iS V E I H R R i S V E I H R NW +∈ ≤ ≤  

is positive invariant.
The basic reproduction number 0R  represents the average number of 

new infections induced directly by an infected individual in a population 
of all susceptible people. Using next-generation matrix [11] we can obtain 
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 where 4I  is the identity matrix and 4 4O ×  is the 4x4 zero 

matrix. Thus

0 1
1= ( ) (2)hR Fr

and 1( )Fr  means the spectral radius of matrix 1.F

Theorem 2.1: For system (1), there is a disease-free equilibrium 

0 1 4= (0, ,0,0,0,0, ,0, ,0,0,0,0),E N N  
which is asymptotically stable if 0 < 1R  and 1F  is irreducible. 

Proof: By substituting the point 0E  into the equations (1), it can be obtained 
that the results at the right end of each equation are 0. That is, 0E  is the 
equilibrium point of the system.

Using the Perron-Frobenius theorem [12], there exists a positive left 
eigenvector 1 2 3 4= ( , , , )w w w w w  of 1 ,F  which satisfies the equation 

1 1= ( ).F Fw r  Define the Lyapunov function 
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4
=1( ) = ( ( ) ( )).k k k kL t E t I tw +∑  

Differentiating along the solutions of system (1) yields.
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where 1 2 3 4= ( , , , ) .TI I I II  When 0 < 1,R  we have d ( )
d 0L t

t ≤  and d ( )
d = 0L t

t  if and 
only if = 0,I  so the largest compact invariant set { ( ) = 0}L t′  is the singleton 

0{ }.E  Using the LaSalle invariant principle [13], the disease equilibrium 
point 0E  is globally asymptotically stable. 

Infectious diseases will be managed if 0R  is kept below one, according 
to Theorem 2.1. As a result, from a different perspective, the aim to 
implementing various strategies is to minimize 0 .R

Taking the parameters obtained in Section 3 as an example, the effects 
of various parameters of the model on the basic reproduction number are 
analyzed by using partial rank correlation coefficients (PRCCs) [14]. As 
shown in Figure 3, reducing the infection rate, improving the vaccine 
efficacy and increasing the proportion of vaccinated people can well 
reduce the basic reproduction number. Among them, the most significant 
variables for the basic reproduction number are vaccine efficacy and the 
infection rate of the 6-19 and 20-59 age groups, which are the key factors 
in the control of epidemics.

Figure 3
Sensitivity analysis of the basic reproduction number 
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3.  Parameters Estimation

3.1 Data Source

The Health Commission of Liaoning Province [15] provided the 
majority of the data on COVID-19 infected people in Liaoning from 
November 3 to November 29, 2021. The data collection comprises the total 
number of discovered infected cases, newly discovered infected cases, and 
recovered cases and the specific data of each age group is obtained the 
Health Commission of each city. Further, The statistics fitted in this 
research are those that have been published or can be extrapolated. The 
population data were obtained from the seventh census bulletin and the 
annual birth rate of Liaoning Province [16].

Value of vaccination efficacy, incubation period and recovery rate are 
received from different sources, which are displayed in Table 1. Besides, as 
shown in Figure 4, the contact pattern is described by the contact matrix 
[17], which is divided into four modes: community, home, workplace and 
school.

Figure 4
Contact matrix under diverse contact patterns [17] 
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3.2 Parameters Estimation

According to the study in [6], the vaccine efficacy is around 0.88. We 
obtained that average incubation is 5 days from paper [18]. Furthermore, 
as shown in the article [19], the average treatment time is 10 days.

During the third outbreak, there are no newly infected children aged 
0 to 5. As a result, we solely utilized data from the other three age groups 
to simulate and estimate their infection probability. We derived parameter 
values and 95% confidence intervals (95% CI) using the Markov Chain 
Monte Carlo (MCMC) method with the Metropolis-Hasting algorithm 
[20], which are presented in Table 1.

Table 1
Description and values of parameters 

 Parameter Description Value 95%CI Source

bi Infection 
probability of 
age group i

0.1438, 
0.2371, 
0.20151

[0.1399, 0.1477], [0.2370, 
0.2455], [0.1987, 0.2043]

Estimated

wi Effective 
vaccination rate 
of age group i

0.024, 
0.008, 
0.006

[0.023, 0.025], [0.007, 
0.009], [0.005, 0.007]

Estimated

1 – h Vaccine efficacy 0.88 - [6]

1/s Incubation 
period

5 - [18]

h Hospitalization 
rate

0.340 [0.334, 0.346] Estimated

1/g Recovery period 10 - [19]

1 � All values involving subscript i in the table correspond to age group: 6-19, 20-59, 60+ 
respectively from left to right, namely i = 2,3,4 

It can be noticed that the infection rate and vaccination rate of the 
20–59 age group are relatively high, owing to the age group’s large 
population. In comparison to the per capita infection rate, it is observed 
that the infection probability of COVID-19 in people over 60 is the highest.

Using the fitted parameter data, we can do a specific analysis of 
different variables and carry out numerical simulations in Section 4.
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3.3 Fitting Results

Figure 5 illustrates the estimated cumulative infected cases and 
COVID-19 real data in different age groups. The simulations are relatively 
compatible with the reported cases, which verifies the validity of our 
model to some extent. The error is primarily due to the fact that this 
outbreak is concentrated in closed environments such as cold storage and 
schools, so the contact matrix of the community model cannot completely 
describe the contact relationship, and there is uncertainty about the age of 
the data. Furthermore, as seen in Figure 5, the later time fitting effect quite 
outperforms the earlier fitting effect. It might be due to a lag in data 
statistics during the early stages of the outbreak, which created a diversion 
from the true situation. So the error is considered to be within acceptable 
limits.

Figure 5
Fitting results of cumulative number of infected cases in Liaoning with its 

actual data of different age groups 
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4.  Effects of contact patterns and vaccine efficacy

Figure 4 shows the specific values of various contact patterns. The 
combination of the school pattern and work pattern can be regarded as the 
community pattern under the control (controlled community pattern), 
and the home pattern is regarded as the self-quarantined pattern.

When the infection rate remains constant, it can be observed in Figure 
6 that in the case of self-isolation, the peak number of new infections and 
the cumulative number decreases somewhat compared to the initial social 
contact pattern. Furthermore, the peak number and total number of 
infections in the controlled social contact pattern are significantly lower 
than the other two patterns.

Figure 6
Simulation results for the number of newly confirmed cases with different 

contact patterns 

h  denotes the infection probability for a vaccinated person. Thus if a 
vaccine is more efficient in preventing COVID-19, the vaccinated individual 
is less likely to become infected. Figure 7 reflects the influence of different 
vaccine efficacy. It shows that when = 0,h  that is, when the vaccinated 
individual is no different from the recovered person, the disease can be 
perfectly managed. When the infection rate among vaccinated persons is 
twice as high as it was previously, the peak and cumulative number of 
infected people will skyrocket. When the infection rate reaches three 
times, the number of daily infections increases constantly, and the epidemic 
becomes difficult to control.
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Figure 7
Simulation results for the number of newly confirmed cases with different 

vaccine efficacy 

The influence of contact patterns and vaccines can also be shown by 
the basic reproduction number 0R  above. 0R  is a function of S and V, 
which change with time, so 0R  at their initial time is taken for comparison. 
The results are shown in Table 2 and Table 3.

Table 2
R0 in initial time under different contact patterns 

Contact 
Patterns

Community 
Pattern

Controlled 
Community Pattern

Self-Quarantined 
Pattern 

R0  0.2730  0.1683 0.0492 

Table 3
R0 in initial time under different vaccine efficacy 

h  0  0.06  0.12  0.18  0.24  0.3
 R0  0.2141  0.2436  0.2730  0.3025  0.3320  0.3615

It can be seen that the size of the basic reproduction number is 
completely consistent with the above numerical analysis of vaccine 
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efficacy. For the contact pattern, it shows that the self-quarantined pattern 
is more suitable for consideration in the early stages of the epidemic, and 
the community pattern under control is more suitable for the long-term 
plan.

5.  Conclusion and Discussion

In this paper, we constructed an age-structured SEIHR model with 
vaccination to reflect the epidemic in Liaoning province, particularly the 
third outbreak. We gave the expression of the basic reproduction number 
and proved that when 0 < 1,R  the infectious disease will disappear and 
tend to be stable. Moreover, We have used PRCCs for sensitivity analysis 
and provide the relationship between the parameters and the basic 
reproduction number. We used MCMC algorithm and obtained the 
important parameters in the epidemic, we found that the per capita 
prevalence rate of people over the age of 60 is relatively high, and further 
applied these parameters in numerical analysis. We have proved the 
effectiveness of self-quarantine pattern and management policy in 
epidemic prevention and control. In detail, self-isolation is more suitable 
for the early stage of epidemic management, and the resumption of work 
based on management policy is more suitable for the middle and late 
stages. We also proved the effectiveness of the vaccine. More specifically, 
the better the effect of the vaccine, the better the effect of epidemic 
prevention and control.

The importance of age heterogeneity should be emphasized, not only 
in the infection possibilities of different ages but also in the contact pattern. 
For instance, this epidemic in Liaoning mainly occurred in cold storage 
and schools, which are typical places with age representation. Besides, 
various age groups have distinct vaccination requirements and 
acceptability, which also have to be taken into consideration for policies.

From the perspective of specific policies, the best method 
recommended and proved in this paper is to quarantine for control at the 
beginning of the epidemic, and then return to work under the management 
of the government when the epidemic is gradually stable. This can 
effectively slow down the epidemic and continue the urban economy and 
the needs of the people.

Besides, it is very important to promote more effective vaccines. It can 
be seen from the study that if the vaccine effect has not reached a certain 
benefit, the disease will be difficult to control. Since S V+  is basically 
equal to the fixed value N, from the expression of the basic regeneration 
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number, strengthening vaccination can effectively reduce the basic 
regeneration number and control the epidemic situation, which also 
verifies the importance of the vaccine barrier.

There are still many limitations to this paper. For example, when 
designing the model, we set the infection rate as a linear relationship, but 
in fact, the infection rate changes with the number of infected people and 
vaccinated people. Besides, there is no epidemic in this outbreak at the age 
of 0-5, and we have not fit into this age group. Many of our parameters and 
contact matrix are cited in the literature, which is still distant from reality 
to some extent. Moreover, the parameters such as vaccine efficiency and 
incubation period were not stratified by age. More data is needed to 
further prove it. We will leave this to the follow-up work.
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