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Abstract
A new generalization of the exponentiated half-logistic-G distribution is developed to 

produce a new family of distributions referred to as the Marshall-Olkin-exponentiated half 
logistic-G distribution. The new family of distributions is an infinite linear combination of 
the exponentiated-G family of distributions. We considered some special cases of the new 
distribution and we conclude that the distribution can handle heavy tailed data and non-
monotonic hazard rate functions. A simulation study was conducted to assess the consistency 
of the maximum likelihood estimates. Real data examples are provided to demonstrate the 
usefulness of the proposed model in comparison with other competing models.

Subject Classification:  62E99, 60E05, 62E15.

Keywords: Marshall-Olkin-G distribution, Exponentiated half-logistic distribution, Maximum like-
lihood estimation.

1.  Introduction

There is an increasing demand for generalized distributions in 
lifetime data analysis. Marshall and Olkin [24] added an extra parameter 
to a family of distributions in order to improve flexibility and goodness-of-
fit. Gupta et al. [16] developed the exponentiated-G (Exp-G) distribution 
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based on the Lehmann-type alternatives [22] by adding one parameter to 
the baseline cumulative distribution function (cdf). Gupta and Kundu [17] 
also developed a generalized-exponential (GE), also known as the 
exponentiated-exponential distribution. The GE distribution is an 
extension of the exponential distribution. These generalized distributions 
received much attention from applied and theoretical statisticians. Of 
interest was the flexibility enjoyed in data fitting as the models fit data 
that has monotonic or non-monotonic hazard rates. In addition, Eugene et 
al. [15], introduced a method of generalizing classical distributions by 
adding two shape parameters. Jones [19] also developed the beta-G 
distribution. Some well known generators include the Kumaraswamy-G 
by Cordeiro et al. [11], gamma-G (type I and type II) by ([29], [27]), 
Transformed-Transformer by Alzaatreh et al.[3], Weibull-G by Bourguignon 
et al. [5], Type I half-logistic-G by Cordeiro et al. [12], Garhy-G by Elgarhy 
et al. [14], Topp-Leone-G by Al-Shomrani et al. [1], beta-odd Lindley-G, 
Kumaraswamy-odd Lindley-G and Topp-Leone Marshall-Olkin-G by [9], 
[10] and [8], respectively, to mention a few. 

Makubate et al. [23] developed the Marshall-Olkin-Half-logistic-G 
distribution with cumulative distribution function (cdf) and probability 
density function (pdf) given by 
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respectively, for b, > 0,d  = 1d d−  and x  is a vector of parameters from 
the baseline distribution function G(.). 

The new proposed distribution is versatile and flexible, since it can be 
applied to data sets of varying skewness and kurtosis. Also, the new 
proposed model applies to data sets with monotonic or non-monotonic 
hazard rate functions. Furthermore, the proposed distribution is a linear 
combination of the exponentiated-G (Exp-G) densities, which makes the 
derivation of other important statistical properties easier.

The rest of the paper is organized as follows: We present the new 
proposed model and statistical properties in Section 2. Estimation of 
model parameters are given in Section 3. Some special cases are presented 
in Section 4. Section 5, contain results from Monte Carlo simulation study. 
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Real data examples are presented in Section 6, followed by concluding 
remarks. 

2. The Model and Properties

We introduced an extra shape parameter to the half logistic-G 
distribution in the model proposed by Makubate et al. [23] (see equation 
(1.1)) to come up with the new family of distributions called the Marshall-
Olkin-Exponentiated Half Logistic-G (MO-EHL-G) distribution with cdf 
and pdf respectively given by 
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 for ,a  ,d  > 0,l  = 1 ,d d−  where x  is a 

vector of parameters from the baseline distribution function (.).G  The 
quantiles for the MO-EHL-G family of distributions may be determined 
by solving the non-linear equation
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2.1 Expansion of Density Function

In this section, we derive the statistical properties of the MO-EHL-G 
family of distributions using general results for the Marshall and Olkin’s 
family of distributions by Barreto-Souza et al. [4]. The details are given in 
the web appendix. The MO-EHL-G family of distributions can be expressed 
as an infinite linear combination of the Exponentiated-G (Exp-G) 
distribution with power parameter ( 1)q +  as follows: 
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Furthermore, for > 1,d  
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2.2 Entropy and Order Statistics

In this section, we derive Rényi entropy [28] and distribution of order 
statistics for the MO-EHL-G family of distributions. See appendix for 
details. 

2.2.1 Rényi Entropy
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Furthermore, for > 1,d  the Rényi of the MO-EHL-G family of 
distributions is given by 
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2.2.2. Distribution of Order Statistics

Suppose 1 2, , ..., nX X X  are independent and identically distributed 
(i.i.d) random variables distributed according to equation (2.2), 
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	 and 1( ; )qg x x+  is an Exp-G distribution with power parameter ( 1).q +  

•	 For > 1,d  the pdf of the thi  order statistic is 
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Therefore, the distribution of the thi  order statistics from the MO-
EHL-G family of distributions can be obtained from those of the Exp-G 
distribution since the pdf of the thi  order statistic is an infinite linear 
combination of Exp-G densities.

3.  Maximum Likelihood Estimation

Let ( , , , )iX MO EHL G a d l x− −  with the parameter vector Y = ( ,a
,d ,l ) .Tx  The log-likelihood function = ( )Y   from a random sample of 

size n is given by 
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The elements of the score vector ( )U Y  are given in the appendix 
section.

4.  Some Special Cases

Two special cases are considered in this section by taking baseline 
distribution to be Weibull and log-logistic distributions. 

4.1 � Marshall-Olkin-Exponentiated Half Logistic-Weibull (MO-EHL-W)  
Distribution

Suppose Weibull distribution is the baseline distribution with pdf 
and cdf given by ( ; )g x q = 1xqq − xe

q−  and ( ; )G x q = 1 ,xe
q−−  respectively, 

for > 0,q  then cdf and pdf of the MO-EHL-W distribution are given by 
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Plots of the pdfs and hrfs for the MO-EHL-W distribution are shown 
in Figure 4.1. The pdf depicts reverse-J, left or right-skewed shapes. The 
hrf takes both monotonic and non-monotonic shapes. 

4.2 � Marshall-Olkin-Exponentiated Half Logistic-Log-Logistic (MO-EHL-
LLoG) Distribution

By taking the log-logistic distribution as the baseline distribution 
with pdf and cdf given by ( ; )g x q = 1xqq − 2(1 )xq −+ and ( ; )G x q =

11 (1 ) ,xq −− +  respectively, for > 0,q  we obtain the MO-EHL-LLoG 
distribution with cdf and pdf given by 
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Figure 4.1
Plots of the pdf and hrf for the EHL-MO-W distribution 
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Plots of the pdfs and hrfs for the MO-EHL-LLoG distribution are 
shown in Figure 4.2. The pdf can take various shapes that include almost 
symmetric, reverse-J, left or right-skewed. The hrf exhibit increasing, 
reverse-J and uni-modal shapes. 

5.  Simulation Study

In this section, we conducted a simulation study to assess the 
performance of the maximum likelihood estimates of the MO-EHL-LLoG 
distribution. We considered N=1000 times for samples n = 50, 100, 200, 
400, 800 and 1000. Simulation results are shown in Table 5.1. We estimate 
the mean, average bias and root mean square error (RMSE). The bias and 
RMSE for the estimated parameter, say, ˆ ,D  are given by: 

=1

2

=1

ˆ( )1ˆ ˆ ˆ( ) = ( ), and ( ) = ,
N

i
N i

i
iN N

Bias RMSE
D D

D D D D
−∑

−∑

respectively. We fixed the parameter = 1l  in the following sets of initial 
parameter values (I: = 0.5,a = 1.0,d = 1.5),q  (II: = 1.0,a = 1.1,d = 0.5),q  
(III: = 1.0,a = 0.5,d = 1.50q  and (IV: = 1.5,a = 0.5,d = 0.5).q  Our model 
produces consistent results as evidence from the simulation study results. 
As the sample size increase, the mean approximate the true parameter 
value, the bias and RMSE decay as well for large n. 

Figure 4.2
Plots of the pdf and hrf for the EHL-MO-LLoG distribution 
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Table 5.1
Monte Carlo Simulation Results for MO-EHL-LLoG Distribution: Mean, 

RMSE and Average Bias 

I : = 0.5, = 1.0, = 1.5a d q II : = 1.0, = 1.1, = 0.5a d q
n Mean RMSE Bias Mean RMSE Bias
50 0.5801 0.2805 0.0801 1.1460 0.5254 0.1460
100 0.5452 0.1944 0.0452 1.1240 0.4261 0.1240

a 200 0.5218 0.1236 0.0218 1.0987 0.3194 0.0987
400 0.5182 0.0844 0.0182 1.0922 0.2056 0.0922
800 0.5085 0.0603 0.0085 1.0805 0.1575 0.0805
1000 0.5084 0.0513 0.0084 1.0752 0.1264 0.0752
50 1.1168 0.8224 0.1168 1.3533 1.2286 0.2533
100 1.0520 0.5207 0.0520 1.1671 0.7242 0.0671

d 200 1.0341 0.3588 0.0341 1.0906 0.4844 -0.0094
400 0.9936 0.2400 -0.0065 1.0231 0.3342 -0.0769
800 0.9969 0.1774 -0.0031 1.0012 0.2545 -0.0988
1000 0.9918 0.1518 -0.0082 0.9986 0.2088 -0.1014
50 1.5148 0.2856 0.0148 0.5076 0.0971 0.0076
100 1.5120 0.2076 0.0120 0.4993 0.0716 -0.0007

q 200 1.5056 0.1525 0.0056 0.4948 0.0545 -0.0052
400 1.4965 0.1065 -0.0035 0.4918 0.0384 -0.0082
800 1.4984 0.0759 -0.0016 0.4914 0.0275 -0.0086
1000 1.4995 0.0668 -0.0005 0.4942 0.0228 -0.0058

III : = 1.0, = 0.5, = 1.5a d q IV : = 1.5, = 0.5, = 0.5a d q
50 1.1326 0.5814 0.1326 1.5989 0.7433 0.0989
100 1.0820 0.4376 0.0820 1.5662 0.5862 0.0662

a 200 1.0444 0.3053 0.0444 1.5513 0.4446 0.0513
400 1.0288 0.2042 0.0288 1.5530 0.2961 0.0530
800 1.0081 0.1312 0.0081 1.5269 0.2154 0.0269
1000 1.0067 0.1110 0.0067 1.5233 0.1789 0.0233
50 0.6473 0.6147 0.1473 0.7517 0.7701 0.2517
100 0.5665 0.3528 0.0665 0.6392 0.4818 0.1392

d 200 0.5410 0.2491 0.0410 0.5714 0.3171 0.0714
400 0.5127 0.1653 0.0127 0.5156 0.2028 0.0156
800 0.5102 0.1197 0.0102 0.5085 0.1503 0.0085
1000 0.5069 0.1030 0.0069 0.5043 0.1296 0.0043
50 1.5306 0.3721 0.0306 0.5187 0.1255 0.0187
100 1.5154 0.2674 0.0154 0.5115 0.0946 0.0115

q 200 1.5055 0.2025 0.0055 0.5032 0.0718 0.0032
400 1.4972 0.1390 -0.0028 0.4976 0.0503 -0.0024
800 1.5022 0.0986 0.0022 0.4987 0.0366 -0.0013
1000 1.5020 0.0862 0.0020 0.4994 0.0319 -0.0006
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6.  Applications

Two real data examples are presented to demonstrate the flexibility 
and usefulness of the MO-EHL-LLoG distribution. The new proposed 
model is compared to other competing models. Model performance was 
assessed using the goodness-of-fit statistics, namely, -2loglikelihood (-2 
log L), Akaike Information Criterion (AIC), Consistent Akaike Information 
Criterion (AICC), Bayesian Information Criterion (BIC), Cramer-von-
Mises *( )W  and Andersen-Darling *( )A  as described by Chen and 
Balakrishnan [7]. The model with the smaller values of these statistics is 
regarded as the best model.

Data analysis results are shown in Tables 6.1 and 6.2. The maximum 
likelihood estimation method was used to estimate the moedl parameters 
and the technique was used by Rahardja et al. [26]. Graphical representations 
are also used (see Chambers et al. [6] for details), to demonstrate how our 
model fit the selected data sets (see Figures 6.1 and 6.2 for details). 

We compared the MO-EHL-LLoG distribution to the following 
models: Kumaraswamy odd Lindley-Log logistic (KOL-LLoG) by Chipepa 
et al. [10], beta generalized Lindley (BGL) by Oluyede and Yang [25], 
Kumaraswamy-Weibull (KW) by Cordeiro et al. [13], odd exponentiated 
half logistic-Burr XII (OEHLBXII) by Aldahlan et al. [2], beta odd Lindley-
uniform by Chipepa et al. [9], the Topp-Leone-Weibull-Lomax (TLWLx) 
distributions by Jamal et al. [18], and the exponential Lindley odd log-
logistic Weibull (ELOLLW) by Korkmaz et al. [20].

6.1 Kevlar 49/Epoxy Strands Failure at 90% Data

The first data set consist of 101 observations representing the stress-
rupture life of kevlar 49/epoxy strands which are subjected to constant 
sustained pressure at the 90% stress level until all had failed. The data set 
was also analyzed by Chipepa et al. [8]. 

Based on the values of the goodness-of-fit statistics * ,A  * ,W  K-S (and 
the p-value of the K-S statistic) as shown in Table 6.1, we conclude that the 
MO-EHL-LLoG model performs better than the other models considered 
on kevlar data set. Figure 6.1 shows the fitted densities and probability 
plots for the MO-EHL-LLoGP model and other competing models. We 
observe the flexibility enjoyed in data fitting from the MO-EHL-LLoG 
model compared to the other models considered using kevlar data set. 
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Figure 6.1
Fitted pdfs and probability plots for kevlar data set 

6.2 Cancer Patients

The data set represents remission times of a random sample of 128 
bladder cancer patients. The data set was analyzed by Lee and Wang [21]. 

Figure 6.2
Fitted pdfs and probability plots for run off data set 

Furthermore, based on the values of the goodness-of-fit statistics * ,A  
* ,W  K-S (and the p-value of the K-S statistic) as shown in Table 6.2, we 

conclude that the MO-EHL-LLoGP model performs better than the other 
models on cancer patients data set. Figure 6.2 shows the fitted densities 
and probability plots for the fitted models. The second example affirms 
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that the MO-EHL-LLoG model performs better than the models considered 
in this paper. 

7.  Concluding Remarks

We developed a new family of distributions, by combining the 
Marshall-Olkin-G and the exponentiated half logistic-G distributions. The 
new distribution can handle heavy tailed data and also have monotonic as 
well as non-monotonic hazard rate shapes. The proposed distribution can 
be expressed as a linear combination of the Exp-G distribution. We applied 
the new distribution to two real data sets and our model performs better 
than several other competing equal parameter models as shown in Tables 
6.1 and 6.2. 
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Appendix

The following URL contains the appendix material:
https://drive.google.com/file/d/1RGO_lwxR13Vj-nwrt3F2_

ifUPporODCV/view?usp=sharing 
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