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Abstract
The Secant Topp-Leone (STL) generator, which is developed by combining the TL 

and secant distribution families, is discussed in this paper. We address various statistical 
characteristics of this new family. We also present five special distributions within this family 
and demonstrate their flexibility. These distributions’ parameters are estimated using the 
maximum likelihood estimation (MLE) technique, and Monte Carlo simulations are used 
to assess the estimation technique’s accuracy. The choice of estimation method used in the 
study was validated by results from the Monte Carlo experiment’s biases, RMSEs, average 
width, and coverage probability. Using two real datasets, the Secant Topp-Leone Burr III 
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(STLBIII) distribution performs better than other well-known distributions. Additionally, the 
natural logarithm of secant Topp-Leone Burr XII (LSTLBXII) location-scale regression line 
equation is developed. On a given dataset, the developed model outperformed three other 
existing models.

Subject Classification:  (2010) 60E05, 62F10, 62E15.

Keywords: Location-scale, Moments, MLE, Secant-generated family, Topp-Leone-generated family, 
Real datasets.

1.  Introduction

Numerous disciplines, including biology, finance, engineering, 
insurance, quality control, and the social sciences, heavily rely on statistical 
distributions. Every distribution has specific characteristics of its own, 
including its form, range of possible values, central tendency and 
variability measures. The data being used and the research question being 
answered determine the kind of distribution that is used in a study. The 
modification of classical distributions to enhance their adaptability in 
modeling diverse datasets has garnered increasing attention. As a result, 
families of distributions have been created to enhance these distributions’ 
functionality. Recently, there has been a lot of interest in trigonometric 
families of distributions due to their desirable properties. One such 
property is that they can improve distributions without increasing the 
number of parameters in the modified distribution that results, which 
solves the over-parameterization issue. From the secant function, the 
Secant-Generated family of distributions (Sec-G) [1] was created. When 
the cosine function approaches small values, the secant function can 
approach large values as well. Consequently, well-known distributions’ 
shapes and tail weights are altered by the Sec-Generated family [1]. By 
extending the well-known Topp-Leone family of distributions, this study 
aims to capitalize on the favorable characteristics of the family [2]. The 
(STL) Family of distributions is the name given to the resulting generator. 
Creating a new family of distributions to enhance the properties and 
adaptability of special distributions is our motivation. Developing 
specialized distributions that can model heavy-tailed datasets is a further 
motivation. Furthermore, simulation experiments will be conducted to 
confirm the study’s parameter estimation methodology [3]. Section 2 of 
this paper presents the derivation of the STL family. In Section 3, the Sec-G 
family’s mixture representation is presented, and its mathematical 
properties are examined. Presenting the parameter estimates for the new 
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family is the main objective of Section 4. A discussion of special distributions 
derived from the Sec-Generated family is given in Section 5. Section 6 
deals with the Monte Carlo simulation-based validation of the parameter 
estimation method. The usefulness of the special distributions in actual 
situations is illustrated in Section 7. A novel location-scale regression 
model is presented in Section 8. The last section contains the study’s 
conclusion.

2.  STL Family of distributions

The TL family [2] and Sec-Generated [1] families of distributions are 
combined to create the STL family of distributions, which is proposed 
respectively.

3
( ) 1 and ( ) ( ) (1 ( )) , , 0Sec G x H x G x G x xa ap a

  
     

− = − ∈ >

The (CDF) and survival functions of the STL-Generated family of 
distributions are obtained respectively as follows:

2
3
(1 ( ( ) )) 1,   , (1)( ) secF G x xx ap 

 
 

− − ∈= 

And
2

3
(1 ( ( ) )) ,   , (2)( ) 2 sec G x xS x ap 

 
 

− ∈= − 

a is the shape determining parameter, and ( ) 1 ( )G x G x= −  represents 
the survival function of the baseline distribution.

Equations (3) and (4) denote the PDF (Probability Density Function) 
and failure (hazard) rate function STL family of distributions respectively 
as 
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3.  Mixture representation of STL-Generated family

Here, we use a mixture representation to derive the STL-Generated 
family’s distribution function. The mixture representation helps us to 
come out with the new family’s statistical properties. 

Lemma 1: The mixture representation of the STL-G family is 

0 0 0
( ) 2 ( ) ( ) , (5)i

ijk
k j i

f x w g x G xa
∞ ∞

= =

∞

=
= ∑ ∑ ∑

2
23

( 1) (2 ) 2 1 2 1
(2 )!wher .e

kk j i
k

ijk

E k k j
k j i

w
p

a
 + +
 
 

−    − +
      
   

=

Proof: Recall from the expansion of the Sec-Generated family is ( )3
( )sec G xp

= 2

0

( 1)
(2 )!

k
k

k

E
k

∞

=

−∑ ( )23
( ) ,

k
G xp

2kE  is known as the Euler number. 

By expanding the CDF of the STL-Generated family using (1), we 
arrive at the following expression.

2
2 22

0
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The distribution function, PDF at this stage is given by 
2

2 2 2 13

0
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Suppose 20 (1 ( )) 1,G x< − <  then 2 2 1( )(1 (1 ( )) ) kG x G x a−− −  in the PDF in 
equation can be expressed, using the binomial expansion twice as.
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Consequently, the PDF of the STL-G family’s mixture representation 
is

2
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makes the proof complete.
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Equation (5) enables us to express the density of the Exponentiated-
Generated (Exp-G) distribution in terms of the (PDF) of the STL-Generated 
family as follows:

*
1

0 0 0
( ) 2 ( ) , (7)ijk i

k j i
f x w xa

∞ ∞ ∞

+
= = =

= ∑ ∑ ∑ 

where *
( 1)

ijkw
ijk iw +=  and 1( ) ( 1) ( ) ( )i

i x i g x G x+ = +  represent the density with 
power parameter (Exp-G).

4.  Statistical Properties

The primary goal here is to evaluate and examine a few STL-Generated 
distributions’ statistical properties.

4.1 Quantile Function (QF)

In this subsection, we derive the STL-Generated family’s quantile 
function for simulation and derivations of other quantile based properties 
of the family.

Proposition 1: The STL-G random variable’s quantile function can be 
obtained by

( )
1

1 31 1 arcsec( 1) , [0,1], (8)ux G u ua

p
−
 
 = − − + ∈
 
 

1( )G− ⋅  indicates the baseline distribution’s QF.

Proof: The inverse of G in (1) gives the QF.

4.2 Moments and Moment Generating Functions

4.2.1 Ordinary Moments (OM)

Proposition 2: The OM for STL-Generated family rm′  is given by

1 0 0
2 ( ) ( ) , 1, 2, 3,... (9)r i

r ijk
k j i

w x g x G x dx rm a
∞ ∞ ∞

= = =
′ = =∑ ∑ ∑ ∫



Proof: The thr  OM of a distribution is defined as ( ) .r
r x f x dxm′ = ∫

Substituting (5) for ( )f x  in rm′  makes the proof complete.
In terms of the quantile function, the rth ordinary moment from 

equation (9), can also be written as
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1

0 0 0 0
2 ( ) , 1, 2, 3,... (10)r i

r ijk G
k j i

w Q u u du rm a
∞ ∞ ∞

= = =
′ = =∑ ∑ ∑ ∫

If ( ).u G x=

4.2.2 Incomplete Moments (IM)

Proposition 3: If ( )r tj  represents the STL-Generated family’s thr  
incomplete moment, then

0 0 0
( ) 2 ( ) ( ) , 1, 2, 3,... (11)

t
r i

r ijk
k j i

t w x g x G x dx rj a
∞ ∞ ∞

= = = −∞
= =∑ ∑ ∑ ∫

Proof: The thr  (IM) for the STL-Generated family is ( ) ( ).
t

r
r t x dF xj

−∞
= ∫

 Replacing with (5) makes the proof complete.
Here is another approach to express the incomplete moment of the 

STL-Generated family using the concept of a quantile function.:
( )

0 0 0 0
( ) 2 ( ) , 1, 2, 3,... (12)

G t
r i

r ijk G
k j i

t w Q u u du rj a
∞ ∞ ∞

= = =
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4.2.3 Moment generating function (MGF)

Proposition 4: The MGF, ( )XM t  of the STL-Generated family is represented 
as follows:

0 1 0 0 !
( ) 2 ( ) ( ) , 1, 2, 3,... (13)

r
r iijk

X
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w t
r

M t x g x G x dx ra
∞ ∞ ∞ ∞
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

Proof: ( )XM t = [ ]tXE e = txe∫


( )dF x  by definition. using txe =
0 !

r r

r

t x
r

∞

=
∑ [] and 

( )XM t =
0 !

r

r

t
r

∞

=
∑ .rm′  The proof is completed by substituting the right hand 

side of for rm′  here.
If ( ) ,G x u= ( )

X
M t  then,

1
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r
r iijk

x G
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w t
r

M t Q u u du ra
∞ ∞ ∞ ∞

= = = =
= =∑ ∑ ∑ ∑ ∫

when ( )XM t  is expressed with regard to quantile function. 
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4.3 Mean residual life (MRL)

Proposition 5. The STL-Generated family’s (MRL) can be computed using 
the following formula: 	

0 0 0

1
1 ( )( ) 2 ( ) ( ) . (15)

t
i

ijk
k j iF tm t w xg x G x dx tm a
∞ ∞ ∞

= = = −∞−
 = − −∑ ∑ ∑ ∫  

Proof: By definition, the MRL is 1
1 ( )( ) ( ) .

t

F tm t xf x dx tm
−∞−

 = − −∫  
 The proof 

is completed by substituting into the given expression for ( ).m t

5.  Parameter Estimation

The STL-Generated family’s unknown parameters were estimated in 
this section using MLE method. Using equation (2) and parameters a  and 

,x  and given a random sample of size , the following is an expression for 
the log-likelihood function:

( ){ }
( ){ }

1 1
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1 1
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2
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3

3

log log( ) log ( ; ) log(1 ( ; ))
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i i
i i
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i i
i i

n

i
i
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G x G x

G x x

a

a

p

p
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a x x

a x x

x

= =

= =

=

 
 
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= + + + −∑ ∑

+ − − − + − −∑ ∑

+ − − ∈∑





Equation (16) presents the log-likelihood function, which is 
maximized to derive the parameter estimates obtained from the MLE 
method. These parameters can be obtained using statistical software, R. 
For the purpose of this work, the statistical program R was employed.

6.  Five distinct distributions of the STL-Generated family

In this section, the STL-Generated family of distributions is extended 
to five existing distributions.

6.1  STL- Chen

We introduce the STL-Chen (STLCh) distribution. We also look into 
how its hazard and density functions behave. Assuming the Chen 
distribution [4] as the baseline distribution, its CDF as well as PDF are as 
follows: (1 )( ) 1

xeG x e
l

b −= −  and ( )g x = 1xllb − ( (1 ) ) ,
xe xe
l lb − +  0,x > 0,l > 0b >  

respectively.
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The STL-Chen (STLCh) distribution’s CDF, PDF, and hazard rate 
(HR) function are

2 (1 )
3( ) sec (1 ) 1, 0, 0, 0, 0, (17)

xeF x e x
l

b ap l b a− = − − > > > >  

1 2 (1 ) 2 (1 ) 1 2 (1 )

2 (1 )

2
3 3

2

( ) (1 ) sec (1 )

tan (1 ) , 0, (18)

x x x

x

e x e e

e

f x x e e e e

e x

l l ll

l

l b b a b a

b a

pbla p

p

− − − − −

−

 = − −  
 − >  

and
2 1 2 (1 ) 2 (1 ) 1 2 (1 ) 2 (1 )

3

2

3 3

2

(1 ) sec (1 ) tan (1 )
( ) , 0,

2 sec (1 )

x x x xe x e e e

x

x e e e e e
h x x

e

l l l ll

b

pbla l b b a b a b a

l a

p p

p

− − − − − −

−

   − − −      = >
 − −  

respectively.
The plots of the STLCh (PDF) and (HRF) are shown in Figure 1. 

Various shapes, including symmetric, decreasing, left- and left-skewed, 
are displayed in the PDF plot according to the selected parameter values. 
The HRF plot, on the other hand, displays clear patterns, such as bathtub-
shaped, increasing, and decreasing failure rates.

Given below is the STLCh distribution’s quantile function:

( )
1

1
1 3log 1 log 1 arcsec( 1) ,0 1. (20)ux u u

l

a

p
b −

    
    = − − + ≤ ≤            

Figure 1
A selection of the density and hazard function curves for the  

STLCh distribution
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6.2 STL Weibull Distribution

The STL-Weibull (STLW) distribution is developed using the Weibull 
distribution as a baseline, which was first presented by [5]. The CDF and 
PDF of the Weibull distribution are defined as follows: ( ) 1 xG x e

bl−= −  and 
( )g x = 1xblb − ,xe

bl− 0,x > 0,l > 0.b >
The STLW distribution’s CDF and PDF are given respectively as 

2
3( ) sec (1 ) 1, 0, 0, 0, 0 (21)xF x e x

bl ap l b a− = − − > > > >  

and

21 2 1 2

2

2
3 3

3
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b
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p
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−
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 
  

= −

− >

The failure rate of the STLW distribution is 
2

2

1 2 1 2 22
3 3 3

3

(1 ) tan
( ) , 0.
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sec (1 ) (1 )x

x

x x xe
h x x

e

x e e eb

b

b b bl

l a

b l a l a l apalb p p

p

−

−

− − − − −   −       = >
 − −  

− −

	

The density and hazard rate plots of the STLW distribution for a range 
of parameter values is shown in Figure 2. Whereas the hazard rate plots 
show bathtub, upside-down bathtub, and decreasing failure rates, the 
density plot displays decreasing and right-skewed shapes.

The QF of the STLW distribution is given as 

Figure 2
Density and HR plots of the STLW distribution
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( )
1

1
1 3log 1 arcsec( 1) ,0 1. (24)ux u u

b

a

p
l −

  
  = − − + ≤ ≤      

6.3 STL Burr III 

The CDF of the Burr III distribution [6], ( )G x = (1 )x b l− −+  and 0 ,x >
0b >  is the baseline distribution of the developed STL-Burr III (STLB) 

distribution. Consequently, the CDF, PDF and the HR functions of the 
STLBIII distribution are given respectively as 

2
3( ) sec (1 (1 [1 ] ) ) 1, 0, 0, 0, 0, (25)F x x xb l ap l b a− − = − − + − > > > >  
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b l a b l a
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p p

− − − − − − − − − −

− − − −
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   × − − + − − + >      

and
2 1 1 2 1

3

2 2

2

3 3

3

[1 ] (1 [1 ] )(1 (1 [1 ] ) )

sec (1 (1 [1 ] ) ) tan (1 (1 [1 ] ) )
( ) , 0.

2 sec (1 (1 [1 ] ) )

(27)

x x x x

x x
h x x

x

pabl b b l b l b l a

b l a b l a

b l a

p p
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− − − −

− −

+ − + − − +

   × − − + − − +      = >
 − − − +  

Figure 3 displays the density plot of the STLB distribution, which 
demonstrates forms of reversed-J and right-skew. The HRF plot of the 

Figure 3
Plots of the density function and HRF of STLB distribution
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STLB distribution also in Figure 3 illustrates shapes of a decreasing and 
upside-down bathtub.

The QF ux  for the Secant Topp-Leone Burr III Distribution is given by 
1

1
1

31 1 ( arcsec( 1)) 1 ,0 1. (28)ux u u

b
l

a
p

−
− 

  
 = − − + − ≤ ≤    
 

6.4 STI- Lomax Distribution

The Lomax distribution [17] served as the foundation for the 
development of the STL-Lomax (STLLx) distribution. The Lomax 

distribution’s CDF and PDF are, respectively, ( )G x = 1 1 x b

l

−
 
 
 

− +  and ( )g x

=
( 1)

1 ,x b
b
l l

− +
 +  

0, 0, 0.x l b> > >

The CDF of the STLLx distribution is derived when we substitute the 
CDF of the Lomax distribution for the CDF of the STL-Generated family. 
The resulting CDF of the STLLx distribution function is presented as 

( ) 2

3( ) sec 1 1 1. (29)xF x
abp

l

−   = − + − 
   

The PDF of the STLLx distribution is also given as 		
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With the failure rate function, 	
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Figure 4 depicts the density plot of the STLLx distribution, showcasing 
shapes characterized by decreasing and right-skew tendencies. 
Additionally, Figure 4 also presents the failure rate plot of the STLLx 
revealing patterns, the upside-down bathtub shapes and failure rate 
functions decreasing.

The QF ux  for the STLLx distribution is given by

( )
1

1
31 arcsec( 1) 1 ,0 1. (32)ux u u

b
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4.6.3. STL BXII Distribution

Using the BXII distribution [6], the STLBXII is obtained. The CDF and 
PDF are respectively, given as 
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0,c > 0b >  as the baseline distribution.
The CDF and PDF of the STLBXII distribution are respectively,
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and

Figure 4
Plots of density and hazard rate functions of STLLx distribution
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Figure 5 demonstrates the density plot of the STLBXIII distribution, 

with different parameter values and figure 6 presents the hazard rate plot 
of the STLBXIII distribution

The QF of the STLBXII distribution is given by 
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Figure 5
Plots of the density function of STLBXII distribution
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7.  Simulation

To assess the efficacy of MLE technique in parameter estimation for 
different sample sizes, we performed Monte Carlo simulations with the 
STLCh distribution in this section. , and sample sizes were generated for 
the chosen parameters. : 1.4,aI = 2.5,b = 3.8l =  and : 0.4,aII = 1.5,b =

1.8,l =  and repeated the simulation 3000 times for each sample. We 
evaluated coverage probability (CP), average width (AW), root mean 
square error (RMSE), and average bias (AB) at a 95% confidence level in 
order to assess how well the parameter estimators performed. The results 
of this evaluation are presented in Table 1. Note that as the sample size 
increased, AB and root mean square error RMSE decreased towards zero 
in all cases. Additionally, the AW became narrower. These results imply 
that there is a greater chance of obtaining unbiasedness and consistency of 
MLE estimators with larger sample sizes. Therefore, the maximum 
likelihood technique is deemed to be an effective parameter estimator for 
the STLCh distribution.

Table 1
Simulation results for STLCh 

Parameter n I II
    AB RMSE CP AW AB RMSE CP AW

α

25 1.606 2.753 0.999 18.797 0.535 1.611 0.931 5.935
75 0.802 1.697 0.999 7.632 0.093 0.413 0.911 1.258
100 0.714 1.528 0.999 6.289 0.061 0.290 0.917 0.956
150 0.463 1.086 0.999 4.260 0.032 0.188 0.921 0.690
200 0.358 0.893 0.999 3.370 0.018 0.152 0.918 0.566

Figure 6
Plot of HF of STLBXII distribution

Contd...
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β

25 0.146 0.498 0.991 2.747 0.464 0.848 0.985 3.673
75 0.019 0.275 0.982 1.424 0.139 0.354 0.986 1.193
100 0.035 0.234 0.983 1.242 0.119 0.295 0.977 0.967
150 0.006 0.197 0.979 1.002 0.063 0.201 0.977 0.695
200 0.001 0.174 0.973 0.865 0.046 0.165 0.978 0.581

λ

25 -0.409 0.867 0.967 8.511 0.536 1.333 0.913 7.679
75 -0.315 0.710 0.949 4.950 0.224 0.826 0.935 3.244
100 -0.290 0.665 0.947 4.306 0.189 0.725 0.946 2.699
150 -0.228 0.572 0.951 3.550 0.121 0.541 0.956 2.007
200 -0.196 0.513 0.954 3.083 0.102 0.471 0.956 1.690

8.  Application

In this section, we compared the developed models to existing 
distributions in order to conduct a practical application analysis. We used 
a variety of accuracy measures, such as the log-likelihood (LL), along with 
information criteria measures, like the Hannan-Quinn information 
criterion, the Bayesian information criterion (BIC), corrected Akaike 
information criterion, and Akaike information criterion (AIC), to evaluate 
the performance of our models. In addition, we compared the models 
using goodness-of-fit (GF) measures like the Cramér-von Mises (CM), 
Kolmogorov-Smirnov (KS) and Anderson-Darling (AD) tests. The best 
model was determined by taking into account the highest log-likelihood 
value, the smallest values of these measures. We used the R statistical 
software and the “mle2” subroutine from the “bbmle” package for 
parameter estimation and log-likelihood function optimization [7].

The developed secant Topp-Leone Burr III (STLB) distribution was 
compared to well-known distributions such as Chen (CHEN) [4], Gumbel 
(GUM) [8], Exponentiated Inverse Flexible Weibull Extension (EINFW) 
[9], Nakagami (NAK) [10], Generalized Inverse Weibull (GINW) [11], 
Cauchy (Ca) [12], and Inverted Exponential (IE) [13] distributions.

8.1 First Application

The survival times of 172 patients waiting for heart transplants at 
Stanford University serve as the dataset used in this application. It is 
contained in [15] and [14] of R’s survival package. The least and highest 
times of survival, according to the dataset, were 1 and 1800 days, 
respectively. 201.30 was the average survival duration, with a standard 
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deviation of 358.07. The skewness value of 2.53 suggested a right-skewed 
distribution, and the kurtosis value of 16.10 suggested a heavy-tailed 
distribution. Table 2 displays parameter estimations for the given dataset 
across various models, along with their corresponding SEs (in parenthesis). 
Table 3 indicates that the STLB distribution gives the best performance. 

Table 2
Parameter estimates and standard errors of models for heart data

 Model α β λ
STLB 0.151(0.140) 0.572(0.061) 20.221(18.199)
CHEN 0.076(0.011) 0.195(0.006)
GUM 77.27(12.454) 159.808(11.415)
EINFW 1.988(0.191) 0.004(0.001) 1.054(0.098)
NAK 9418(1.65e-08) 0.04843(3.78e-03)
GINW 2.907(0.124) 0.586(0.032) 3.195(0.193)
Ca 33.279(3.936) 31.792(3.617)
IE 12.494(0.953)    

Table 3
Various statistical measures of competing models for heart data

Model LL AIC CAIC BIC HQIC CM AD KS
STLB -1020.710 2047.410 2047.550 2056.850 18.523 0.088 0.683 0.049
CHEN -1048.350 2100.710 2100.780 2107.000 18.576 0.981 5.946 0.145
GUM -1177.960 2359.920 2359.990 2366.220 18.809 3.846 22.001 0.283
EINFW -1069.990 2145.970 2146.110 2155.410 18.617 1.712 8.874 0.202
NAK -1258.170 2520.330 2520.380 2526.630 18.940 23.612 130.770 0.591
GINW -1029.910 2065.820 2065.970 2072.260 18.541 0.315 2.136 0.094
Ca -1107.440 2218.890 2218.990 2225.180 18.686 3.319 26.115 0.248
IE -1090.930 2183.860 2183.880 2187.010 18.656 6.477 39.782 0.302

Figure 7 which displays the fitted CDF plots of the competing 
distributions shows that the developed STLB distributions’ CDF mimics 
the empirical CDF of heart transplant data.
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Figure 7
Graphs of CDF fitted competing distributions for airplane data

8.2 Second Application

The data used for this analysis concerns the failure time of an airplane 
air conditioning system. The dataset is available in [16]. The data analysis 
reveals that the lowest and highest failure times are 1 and 261 respectively. 
The average failure time is 59.6, the standard deviation of 71.88 and the 
skewness value is 1.61, a moderately right-skewed distribution, while the 
kurtosis value is 1.64, suggesting a slightly heavy-tailed distribution. The 
parameter estimates and their SEs (in parentheses) for the different 
competing models are presented in Table 4. Based on the log-likelihood, 
information criteria, and goodness-of-fit measures are shown in Table 5, it 
is evident that the STLB distribution outperforms the other known 
distributions.

Table 4
Estimates of parameter values and SEs of models for the air-conditioning of 

airplane data

α β λ
STLB 0.208(0.396) 0.708(0.157) 17.957(32.597)
CHEN 0.052(0.019) 0.265(0.019)
GUM 31.353(7.681) 40.615(6.569)
EINFW 1.251(0.441) 0.019(0.004) 1.520(0.362)
NAK 9418.000(6.39 ×10-7) 0.295(0.060)
GINW 4.501(341.367) 0.724(0.093) 2.346(128.774)
Ca 17.139(6.329) 17.689(4.761)
IE 11.179(2.041)
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Table 5
Statistical measures of models for the airplane air-conditioning data

Model ℓ  AIC CAIC BIC HQIC CM AD KS
STLB -152.282 310.627 311.487 314.767 13.906 0.069 0.432 0.116
CHEN -154.390 312.780 313.225 315.583 13.933 0.132 0.881 0.151
GUM -161.982 327.964 328.408 330.766 14.028 0.279 1.880 0.241
EINFW -155.014 316.027 316.950 320.231 13.941 0.145 0.927 0.177
NAK -153.731 311.461 311.758 314.964 13.918 0.225 1.189 0.203
GINW -155.114 316.229 317.152 320.432 13.942 0.106 0.786 0.159
Ca -164.792 333.583 334.250 336.386 14.087 0.858 5.382 0.270
IE -159.062 320.124 320.267 321.525 13.992 0.486 2.822 0.233

The CDF plots of the parametric fit of the competing distributions in 
Figure 8 provide visual evidence that the STLB distribution provides a 
good parametric fit to the failure time data of the air-conditioning system 
of an airplane.

Figure 8
Graphs of fitted distributions of competing models for heart data

9.  The Log STLBXII Location-scale equation of regression line 

From the STLBXII distribution, a new location-scale regression line 
equation called log-STLBXII (LSTLBXII) was developed. Applying the 
logarithmic transformation to the response variable, where ln( )Y X=  and 
taking into consideration a location-scale re-parametrization with eml =  
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and 1c s=  yields the LSTLBXII regression model. Taking into consideration 
that the STLBXII distribution’s CDF given, ( )YF y = ( ),P Y y≤  but ln( ).Y X=  
Therefore
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Using the LSTLBXII density, a new location-scale regression model is 
presented, where the regression structure is

, 1,..., , (40)T
i iy z i nb s= + =ix

where, in equation (40), iz  is the random error that follows the density 

and T
ix  is the independent variable vector. The location parameter, 
T

i im b= x is represented by the regression parameters, 1( , ..., ) .T
pb b b=  
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The MLE method was used to estimate the unknown parameters of 
the LSTLBXII regression model. In equation (40), the dependent variable 
is denoted by iy  and is distributed as LSTLBXII.

In this context, the response variable, defined as
 iy = min{ln( ),ix

ln( )}.ic The expressions ln( )ix  and ln( )ic  correspond to the log lifetime 
and log censoring times, respectively. The dataset is divided into two 
groups:. Individuals having log-censoring and log-lifetime are represented 
by F and C, respectively. These definitions allow us to express the log-
likelihood function of the LSTLBXII regression line equation as
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where ( , , , )TBt a b s=  is the parameter vector, ( )/T

i i iz y x b s= −  and is 
the total number of observations that are uncensored. Maximizing the log-
likelihood function in equation (41) yields MLEs. 

This study used a real-life dataset of infection recurrence times in 
patients numbering 76 who had kidney issues using portable dialysis 
equipment to show how the developed LSTLBXII regression model could 
be applied. The dataset was sourced from McGilchrist and Aisbett’s (1991) 
work and was obtained using the R software’s survival package. The 
censoring rate of the dataset was roughly 24%. The study’s response 
variable was the patients’ time of recurrence, which was denoted as ( ).iy  
The explanatory variables included the age of patients 2( ),ix  frailty 
estimate of patients 2( ),ix  and sex of patients 3( ).ix  The log-Lomax-Weibull 
(LLW) regression model, which was proposed by [17], the log-generalized 
inverse-Weibull (LGIW) regression line equation, which was introduced 
by [11], and the log-Topp-Leone Weibull (LTLW) regression line equation, 
which was presented by [18], were the models that were used to compare 
the performance of the LSTLBXII regression line equation. It is necessary 
to fit the regression line equation listed below:

0 1 1 2 2 3 3 , (42)i i i i iy x x x zb b b b s= + + + +

where iy  is distributed as LSTLBXII.
Table 6 provides the parameter estimates and measures of goodness-

of-fit for the competing models, showing that the LSTLBXII model has the 
minimum of AIC, BIC, and CAIC values, indicating that it is the most 
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suitable model. The results also revealed that from the developed LSTLBXII 
regression model, the chance of kidney infection increases with increase 
in age although insignificant at 5% level. An increase in frailty estimate 
also increases the chance of kidney infection (p-value < 0.05). As well, 

Table 6
Goodness-of-fit indicators and regression parameters

Distribution Parameters Estimates SEs  P-values Goodness-of-fit

LSTLBXII

B0 11917.000  3.91×10-2 < 0.0001
AIC=1473.787

B1 8.067 4.59×10-3 0.7540
B2 7197.000 1.35 < 0.0001

BIC=1490.102
B3 17701.000 2.38×10-1 < 0.0001
α  4.058 1.15 < 0.0001
β  4.273 7.11×10-1 < 0.0001 CAIC=1474.644
σ  111240.000 1.28 < 0.0001  

LGIW

B0 1101000.000 1.05 ×10-7 < 0.0001
AIC=1765.533

B1 -23064.000 4.00 ×10-6 < 0.0001
B2 9000.000 1.30 ×10-7 < 0.0001

BIC=1779.518
B3 1.000 7.34 ×10-8 < 0.0001
α 0.973 1.16 ×10-1 < 0.0001

CAIC=1767.682
σ 1100000.000 2.22 ×10-8 < 0.0001

LLW

B0 452110.000 3.15 ×10-9 < 0.0001
AIC=1547.922

B1 1926.900 1.28 ×10-7 < 0.0001
B2 89985.000 2.86 ×10-9 < 0.0001

BIC=1564.237
B3 162220.000 1.27 ×10-7 < 0.0001
α 49.044 6.53 ×10-6 < 0.0001

CAIC=1549.569
β 0.049 6.48 ×10-4 < 0.0001
σ 100010.000  2.13 ×10-8 < 0.0001  

LTLW

B0 97.093 8.81×10-12 < 0.0001
AIC=1495.381

B1 3987.800 4.24×10-8 < 0.0001
B2 -3.1094.000 1.04×10-11 < 0.0001

BIC=1511.696
B3 -4.3341.000 5.43×10-12 < 0.0001
α 142.120 6.22×10-9 < 0.0001

CAIC=1497.028Ɵ  0.002  3.20×10-4 < 0.0001
σ 10052.000  1.68×10-10 < 0.0001
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chance of kidney infection among women patients was higher than that of 
the male patients (p-value < 0.05).

The LSTLBXII regression model’s adequacy was investigated and for 
the kidney infection dataset. This was done by estimating their residuals 
due to Cox-Snell [19] and also their goodness-of-fit measures.

The residual due to Cox and Snell is	
ˆˆ ln ( ), (43)i i ir S y x= −

ˆ( )S ⋅
 
is the estimated survival function in this case. A model fits data 

adequately provided the residuals (Cox-Snell) follow an exponential 
distribution with a unit parameter [19].

The goodness of fit of the LSTLBXIII model to the dataset is illustrated 
in Figure 9, which shows the Cox-Snell residual plot. The plotted points in 
the plot are found to be closer to the diagonal line, indicating a satisfactory 
fit of the model to the dataset. This visual observation is further supported 
by the goodness-of-fit measures and their associated probability-values 
provided in Table 6.

10.  Conclusions

In this research, a completely new generated family of distributions, 
known as the STL-Genreated family, is introduced. The study establishes 
various mathematical properties. The STL family encompasses several 
distinct distributions, each possessing unique characteristics. These 

Figure 9
Cox-Snell plot of residuals of fitted regression equation
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include the following distributions: STL Chen, STLW, secant STLBIII, 
STLL, and STLBXI . These distributions exhibit desirable shapes and 
failure rate plots, making them valuable tools in modeling various 
phenomena and analyzing data.

The MLE technique is used to estimate the parameters, and Monte 
Carlo simulation experiments are performed to validate the adequacy of 
the estimates. The developed models are shown to be applicable using two 
real-lifed datasets from the fields of aviation and health. Using goodness-
of-fit tests, the STLBIII outperforms seven distributions. Additionally, a 
new LSTLBXII regression model is developed from the STLBXII 
distribution, and it outperforms the LGIW, LLW and LTLW regression 
models according to goodness-of-fit tests. The assessment of the suitability 
of the developed models was done by using Cox-Snell residuals. Overall, 
the developed models provide better parametric fits for the given datasets.
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