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Abstract
This paper is devoted to analyze the sensitivity of input parameters (basic reproduction 

number, cure rate, hospitalization rate) on the evolution of the SIHR epidemiological model. 
Lagrange polynomials affords a convenient way for computing Sobol indices. Those indices 
furnish important information on the relative weight of each uncertain input parameters. 
We use the COVID-19 disease as a numerical application to illustrate the study for two 
different basic reproduction numbers 0.  Furthermore, we consider a sinusoidal and 
logistic infection rate and we give the Sobol indices when the entry parameters are assumed 
to follow the uniform law.

Subject Classification:  (2010) 62P10, 62J10, 92D30, 34D23.

Keywords: SIHR model, Lagrange polynomial, Stochastic collocation method, Sobol indices, Simula-
tions, COVID-19.

Journal of Statistics & Management Systems
ISSN  0972-0510 (Print), ISSN  2169-0014 (Online)
Vol. 27 (2024), No. 7, pp. 1277–1299
DOI : 10.47974/JSMS-1019

*	E-mail:	liban_ismail_abdillahi@univ.edu.dj (Corresponding Author)
†	 E-mail:	hacene.djellout@uca.fr
§	 E-mail:	cedric.chauviere@uca.fr

http://www.tarupublications.com
http://dx.doi.org/10.47974/JSMS-1019


1278� L. ISMAIL, H. DJELLOUT AND C. CHAUVIÈRE

1.  Introduction

The most frequent way to model epidemic spread in populations 
consist in classifying people into various population groups. Those models 
are governed by a system of differential equations that follow the 
population over time, dividing them into many groups based on their 
infection status. The Kermack-Mckendric SIR model (susceptible-
infectious-removed) is a very well established model and is widely used 
for various epidemics [15]. To do this, the SIR, SIRS and SEIR models have 
been developed which highlight the crucial role played by the 0  
parameter, describing the average number of new infections due to a sick 
individual [21, 30]. We are interested in the SIHR model obtained from the 
classical SIR epidemic model from which a hospitalized compartment is 
added. The SIHR model appears in several research works [14, 27]. The 
course of a disease depends on several parameters (infection rate, cure 
rate, hospitalization rate, vaccination, etc.). 

It is possible to group the sensitivity analysis methods into three 
classes: screening methods, which consist of a qualitative analysis 
sensitivity of the output variable to the input variables, local analysis 
methods [28], which quantitatively assess the impact of a small variation 
around a given value of the inputs and finally the global sensitivity 
analysis methods [1, 20, 26] which are interested in the variability of the 
output of the model in the whole of its range of variation. Global sensitivity 
analysis studies how the variability of inputs affects that of output, by 
determining how much of the variance of output is due to a given input or 
set of inputs.

Indeed, by studying how the response of the model reacts to variations 
in its input variables, the sensitivity analysis makes it possible to answer a 
number of questions: what are the variables that most contribute to the 
variability of the model response? What are the least influential variables? 
Which variables, or which groups of variables, interact with which others? 
To answer these questions, we use the Sobol indices. The sensitivity 
analysis is used in different mathematical models [1, 20, 32]. A global 
sensitivity analysis based on the chaos polynomial method is illustrated in 
several works [7, 24, 31] and a sensitivity analysis using the Taylor series 
method in [2]. Several articles [7, 14] have studied the sensitivity analysis 
of a nonautonomous system and with random parameters. 

Among the significant number of papers dealing with the COVID-19 
disease, a large proportion of them are dedicated to predict the number of 
infected people. For example, we can quote [25] that use a machine 



GLOBAL SENSITIVITY ANALYSIS IN THE SIHR EPIDEMIOLOGICAL MODEL� 1279

learning model (namely a Support Vector Machine model) to accurately 
predict the spread of the disease. It is also worth noticing that in the 
descriptive analysis performed in [3] on Indians people, the authors show 
that the age of the infected people is not the most significant factor with 
respect to the fatality of the disease.

The objective of this paper is to develop the stochastic collocation 
method based on Lagrange polynomials to study the sensitivity analysis 
in the input parameters of the nonautonomous SIHR epidemiological 
model on the course of the disease with an infection rate depending on 
time. The main assumption is that these parameters are not known and 
they can therefore be modeled under the form of random variables having 
known laws. To compute the Sobol indices, applied to the numerical 
approximation of differential equations, we use the stochastic collocation 
method based on the Lagrange polynomials [6]. In [16], the authors used 
the stochastic collocation method based on Legendre polynomials. The 
solution of the differential equation is represented by means of orthogonal’s 
polynomials. The coefficients of the polynomial basis are functions of time 
and can be calculated by solving a system of deterministic ordinary 
differential equations. 

The paper is organized as follows: in section 2, we present the model 
and study the evolution of the disease with a nonautonomous infection 
rate. In section 3 and 4, we present the main equations of the sensitivity 
analysis together with the stochastic collocation method. In section 5, we 
compute Sobol’ indices to measure the weight of the random input 
variables on the compartments. We simulate Sobol’indices for parameters 
with uniform law for two different nonautonomous infection rate.

2.  The SIHR epidemiological model

In this paper, we consider the following SIHR compartment model:

( )
(1)

( )

,

t
t t t

t
t t t

t
t t

t
t t t

dS
dt

dI
dt
dH
dt

dR
dt

S S I

S I I

I H

I H R

τ µ β

β ν µ γ α

α ν µ λ

γ λ µ

 = − −
 = − + + +


= − + +

 = + −

where St (respectively, It, Ht and Rt) is the proportion of susceptible 
(respectively, infected, hospitalized, recovered) in the population at time t 
and with initial condition 0 > 0,S  0 > 0,I  0 0,H ≥  0 0.R ≥  We consider that 
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the mortality of infected people and hospitalized people is the same. The 
description of parameters is given in Table 1. 

The system (1) is positive that means that the solution remains 
positive for any trajectory initialized at positive conditions.

The basic reproduction number 0  is an epidemiological metric 
used to describe the contagiousness or transmissibility of infectious 
agents. This number is the average number of susceptible an infected 
person will infect at the start of the epidemic. This parameter plays a 
crucial role. Following [5, 11, 29], 0  of the system (1) is given by

0 ( )= .τ
µ ν µ γ α

β
+ + +



When the parameter β  don’t varies over time, the system (1) is said 
to be autonomous and one can check readily that it admits two equilibrium 

points. The disease-free equilibrium 0 = ,0,0,0E τ
µ

 
 
 

 which always exists 

and it is globally asymptotically stable if 0 < 1.  If 0 > 1,  there is an 
endemic equilibrium state * * * * *= ( , , , )E S I H R  which is locally 
asymptotically stable and given by (see [14]):

* *
0 0

* *
0

0

* *
0

0

* *
0

0

1

1
( )( )

( ) 1
( )( )

= ( , , , ) =

= ( , , , ) = 1
(2)

= ( , , , ) = 1

= ( , , , ) = 1 .
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τ
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ατ
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γτ µ ν λ λατ
µ µ ν λ µ ν γ α

α γ λ

α γ λ

α γ λ

α γ λ

×

 
  + + +  

 
  + + + + +  
 + + +
  + + + + +  





−


 −

 −

















Table 1
Parameters and their descriptions. 

Notations Interpretations 
τ  Birth rate of class S
µ  Natural death rate 
ν  Death rate of infection 
β  Transmission infection rate 
γ  Recovery rate of class I 
λ  Recovery rate of class H 
α  Hospitalized rate 
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Taking policy interventions into account, it makes sense to assume 
that the transmission rate varies over time in the SIHR model, in such case 
the system is said nonautonomous. We assume that the parameter β  
varies over time and would decrease with the interventions. For example, 
we assume that ( ,[ , ]),tβ β β− +∈   where 0 < < .β β− + ∞  When the 
system (1) is nonautonomous [17, 23], there is no endemic equilibrium 
state but a nonautonomous equilibrium solution * * * * *= ( , , , )t t t t tE S I H R  which 

is globally asymptotically stable when ( )> .µ ν µ γ α
τ

β − + + +  For =tβ β  is a 

constant, we have * *= .tE E  The corresponding t  was defined as
0

0( )= =t t t
τ

µ ν µ γ α β
β β

+ + +


which varies in the interval 
( ) ( )

; .β τ β τ
µ ν µ γ α µ ν µ γ α

− + 
 

+ + + + + +  

We will be interested in two infection rate. The logistic function (see 
[27]) given by

0
1 exp( ) (3)t kt

ββ
+ −

=

where k is the intensity of beta convergence towards 0 .β  And the sinusoidal 
function (see [4]) given by 

0
21 sin , (4)t T

tπβ β ε
  
  
   

= +

where ε  is the amplitude and T the period.

2.1 Parameter estimation and simulations

The COVID-19 virus is a new virus linked to the same family of 
viruses as Severe Acute Respiratory Syndrome (SARS) and some types of 
common cold [8, 18, 19]. 

This epidemic is deadlier than the 21st century seasonal flu epidemics 
in France. You have to go back to 1957-1958 and 1968-1969 to find epidemics 
of seasonal that claimed more lives in France than COVID-19. As of 19 
November 2020, the reports related to COVID-19 in medico-social 
establishments published daily by the National Public Health Agency 
show a total of 47,127 deaths and 2,086,288 confirmed positive cases by 
polymerase chain reaction (PCR) test. 
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The total population in France is 64821957.  According to the report 
cases about COVID-19 infection at 01th  October 2020,  we can see that: 

0 0 0

0

= 64806884/64821957, = 13970/64821957, = 626/64821957,
= 474/64821957.

S I H
R

We have estimated the main model parameters using the French 
cases of infection going from 01th october to 20th November 2020 as shown 
in Table 2. For the estimation of the parameters, we considered the average 
of each parameter over the number of days.

0  is computed with a population that is totally susceptible to be 
infected. It takes into account three factors: the risk of contracting the virus 
by contact, the number of contacts in a unit of time and the number of 
days during which an infected person stays contagious. For a highly 
contagious virus such as the coronavirus, 0  can reach a value of three or 
more. 0  can also varies according to population density, susceptibility 
and other factors. 

In Figures 1 and 2, we consider the sinusoidal transmission rate (4) 
for two different basic reproduction rate (1)

0 = 3  in Figure 1 and (2)
0 = 0.95  

Table 2
Parameters estimations. 

Parameter value: 01 October 15 November 
 τ   714000/64821954=0.011 
µ   599000/64821954=0.00924 
ν   0,0002 
γ   0.423254705 
λ   0.05732 
α   0.0336454691

Figure 1
Evolution of the system with sinusoidal rate: (1)

0 = 3,  = 0.1.ε  
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in Figure 2. The logistic transmission rate (3) is considered in Figures 3  
and 4.

Figure 2
Evolution of the system with sinusoidal rate: (2)

0 = 0.95,  = 0.1.ε  

Figure 3
Evolution of the system with logistic rate: (1)

0 = 3  and = 1.5.k  

Figure 4
Evolution of the system with logistic rate: (2)

0 = 0.95  and = 1.5.k  

In Figures 1 and 3, we see exactly the same evolution of the system 
with two different transmission rates. We notice that there will be one 
wave after 13 days. In these Figures, we observe that the susceptible 
population is decreasing with time and more people are getting exposed. 
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As the number of infected people is increasing, the disease spreads to a 
large part of the population in a very short period of time. This is confirmed 
by analyzing the infected population dynamics which shows that it grows 
faster in the first twenty days.

In Figures 2 and 4, for (2)
0 = 0.95 < 1,  we note that the population 

increases almost linearly and that the number of infected and hospitalized 
decreases until approaching to zero. We see exactly the same evolution of 
the system with two different transmission rates. We note that with a 
reproduction rate (2)

0  the epidemic will not last over time.
For an (1)

0 = 3  we have a peak of infectivity in the population after 13 
days, see Figures 1 and 3. In contrary, there is not a peak of infectivity in 
the population for an 0 = 0.95  and an epidemic that will not last over 
time, see Figures 2 and 4.

3.  Sensitivity analysis

In this section, we introduce the main mathematical components that 
lead to the decomposition of the variance, from which the Sobol indices 
are derived.

We consider the mathematical model = ( ),Y Y X  where the input 
parameter 1= ( , , )nX XX   consists of n independent random variables 
which satisfy : 

2 2( ) = ( ) < , (5)i i i i iX x p x dx ∞∫

where ip  is the marginal probability density of iX  and   stands for the 
mathematical expectation.

Similarly, Y is assumed to have a finite second order moment.
The article [26] proposed an indicator of the influence of the input 

parameter iX  defined by 
( ( | ))

( )= . (6)i
i

Y X
Y

S  


commonly termed `first order Sobol index’. The iS  indices lie between 0 
and 1, and they take values close to one when the influence of iX  is 
important. = ( ( / ))i iY X    is the conditional variance of Y  with respect 
to iX  and = ( )Y   is the total variance of .Y  Similarly, sensitivity indices 
of higher order can be defined by first introducing the following 
decomposition of the total variance 

1 2 3 1
1 1 2 1 2 31 2=1 1 < 1 < <

( ) = , (7)
n

n

i i i i i i i i
i i i n i i i n

Y
≤ ≤ ≤ ≤

+ + + +∑ ∑ ∑


    



GLOBAL SENSITIVITY ANALYSIS IN THE SIHR EPIDEMIOLOGICAL MODEL� 1285

where 

1 1

1 2 1 2 1 2

1 2 3 1 2 3 1 2 1 3 2 3 1 2 3

1 1 2 1 1
1 2 1 2 1=1 1 < 1 < <

= ( ( / )),

= ( ( / , )) ,

= ( ( / , , )) , (8)

,

= .
n n

n

i i

i i i i i i

i i i i i i i i i i i i i i i

n

i i i i i i i
i i i n i i i n

Y X

Y X X

Y X X X

−
−≤ ≤ ≤ ≤

− −

− − − − − −

− − − −∑ ∑ ∑
 







  

    

        

    

By equations (6) and (7) we can derive the formulas for all Sobol’ 
indices of orders greater than 1 

,

, , , , ,

1
1,...,

{1,..., }

( ( | , ))
( )

( ( | , , ))
( )

( ( | ,..., ))
( )

= ,

= , (9)
....

= .

i j
i j i j

i j k
i j k i j k i j i k j k

n
n U

U n

Y X X
Y

Y X X X
Y

Y X X
Y

S S S

S S S S S S S

S S
⊆

 − −

 − − − − − −



 − ∑


 


 


 


When the model contains n entry random variables, the number of 
Sobol’ indices is (2 1).n −  This number grows exponentially fast as n 
increases. This is why Sobol’ indices can only be computed for problems 
with moderate input sizes.

In order to make the computation efficient, one should avoid to 
estimate the integrals appearing into equations (8). Alternatively, modeling 
the problem under the form of Lagrange polynomials turns out to be a 
worthy option and it is embraced in this work.

4.  The Stochastic collocation method (SCM)

In this section, we describe a method called the stochastic collocation 
method (SCM). We will present briefly this method when Y depends only 
on one random variable X and then apply it to the case of many random 
variables. This method makes it possible to represent a random variable Y 
of unknown distribution as a function of a random variable X of known 
distribution in the form 

=1
= ( ) (10)

n

i i
i

Y y L X∑
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where =1{ ( )}n
i iL x  are Lagrange polynomial basis and =1{ }n

i iy  are real 
numbers. If a relation = ( )Y f X  exists then = ( )i iy f x  and relation (10) 
becomes the projection of f  on the basis of Lagrange polynomials.

Before describing the method, we will recall two concepts that are 
important. These two notions are the interpolation polynomials and the 
quadrature rule.

Let n  denote the linear space of polynomials of degree less or equal 
to n. Let ( 1)n+  distinct points 0 1, , ..., nx x x  and corresponding values 

0 1, , ..., ,ny y y  then there exists a unique polynomial nP∈  such that 
( ) = .i iP x y  Lagrange establishes a representation of such polynomials 

under the form 

=0
( ) = ( ),

n

i i
i

P x y L x∑

where

=0|
( ) = , = 0, ..., . (11)

n j
i i jj j i

x x
x x

L x i n
≠

−

−∏

This equality shows that the quality of the approximation depends 
only on the choice of the points ,ix  for more details see [13].

Designing an optimal set of interpolating points is a hard task that is 
problem-dependent. This is why people choose ix  that are the same as the 
quadrature points. In practice, it is observed that it usually leads to good 
approximation properties. Quadrature rules can be written as a weighted 
sum 

=0
( ) ( ) ( ) (12)

n

I X i i
i

f x p x dx f xω≈ ∑∫

where iω  are the quadrature weight and ix  are the quadrature points and 
Xp  is a positive function that corresponds to a probability density of X. We 

choose ix  and iω  so that the relation (12) is exact when f  is a polynomial 
of degree less than or equal to 2 1,n−  for more details see [9, 10, 12, 22]. 
For more information on the stochastic collocation method see [6] which 
applies the method with random variables and stochastic processes.

We will illustrate the method by computing the Sobol indices for the 
SHIR model (1). We consider the compartment susceptible S. We suppose 
that the input variable 

1 2 3 4:= ( , , , ) := ( , , , )X X X X β α γ λX
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are independent random variables with density function 
4

=1( ) = ( ).
k

k X kp p x∏X x

We have the following decomposition of S in Lagrange polynomials 

, , , =0
( ) = ( ) ( ), (13)

n

t ijkl ijkl
i j k l

S S t∑X L X

* * * * * * * *
* * * *, , , =0

( ) = ( ) ( ), (14)
n

t i j k l i j k l
i j k l

I I t∑X L X

where we used the notation , , , 1 2 3 4( ) := ( ) ( ) ( ) ( ),i j k l i j k lL X L X L X L XL X  and hL  
is given in (11).

Replacing (13) and (14) and in the differential equation (1), we obtain

* * * * * * * *
* * * *

, , , =0 , , , =0

, , , =0, , , =0

( ) ( ) = ( ( ) ( ))
(15)

( ( ) ( )) ( ) ( ).

n nijkl
ijkl ijkl ijkl

i j k l i j k l

n n

ijkl ijkli j k l i j k l i j k li j k l

dS t
dt

S t

I t S t

τ β

µ

−∑ ∑

× −∑ ∑

L X L X

L X L X

For the particular value = ( ,mx′X  ,nx  ,px  ),qx  we obtain 

, , , ( ) = ( ) ( ) ( ) ( ) =i j k l i m j n k p l q im jn kp lqL x L x L x L x δ δ δ δ′ × × ×L X

where imδ  is the Kronecker symbol.

So, the last equation (15) becomes 

= . (16)mnpq
m mnpq mnpq mnpq

dS
S I S

dt
τ β µ− −

Similar equations can be written for the other components of the 
differential equation. 

Furthermore, using (12), it can be shown that 

, , , =0

, , , =0

[ ( )] = ( ) ( ) ( )
(17)

= ( ) .

n

t ijkl ijkl
i j k l

n

ijkl i j k l
i j k l

S S t p d

S t ωω ω ω

∑ ∫

∑

XX L x x x

Taking the square of the decomposition (13), we obtain

* * * * * * * *
* * * *

2

, , , , , , , =0
( ( )) = ( ) ( ) ( ) ( ).

n

t ijkl ijkli j k l i j k l
i j k l i j k l

S S t S t∑X L X L X

In a similar way as before and using (12), we obtain: 
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2 2

, , , =0
[( ( )) ] = ( ( )) . (18)

n

t ijkl i j k l
i j k l

S S t ωω ω ω∑X

The variance of ( )tS X  is given by 
2 2( ( )) = [( ( )) ] [ [ ( )]] .t t tS S S−X X X  

Now, we will calculate the Sobol indices for S. We recall the Sobol 
indice 

1XS  

1

2 2
1 11 [( ( ( )| )) ] [ ( ( ( )| ))]( ( ( )| ))

( ( )) ( ( ))( ) = = . (19)t tt
X t t

S X S XS X
S S

S t −X XX
X X

    
 

We have 

2 3 41 1 2 3 4 2 3 4
, , ,

2 3 4

1
, , ,

( ( )| ) = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

d d d
= ( ) ( ) .

t ijkl i j k l X X X
i j k l

ijkl i j k l
i j k l

S X S t L X L x L x L x p x p x p x

x x x
S t L X ω ω ω

∑ ∫

∑

X

Taking its square, we obtain

* * * * * * * *
* * * *

2
1 1 1

, , , , , , ,
( ( ( )| )) = ( ) ( ) ( ) ( ).t ijkl j k l ii j k l j k l i

i j k l i j k l
S X S t S t L X L Xω ω ω ω ω ω∑X

Then, the mean of the squared term is 

* * * * * * *
* * * *

*
1

* * * * * *
* * *

2
1

, , , , , , ,

1 1 1 1

, , , , , ,

[( ( ( )| )) ] = ( ) ( )

( ) ( ) ( )d

= ( ) ( ) .

t ijkl j k li j k l j k l
i j k l i j k l

i Xi

ijkl i j k lij k l j k l
i j k l j k l

S X S t S t

L x L x p x x

S t S t

ω ω ωω ω ω

ωω ω ωω ω ω

∑

∫

∑

X 

And the term 1( ( ( )| ))tS XX   appearing in (19) is equal to ( ( ))tS X  
which is given by (17).

For the other Sobol indices of order 1, we do exactly the same.
Now, we are going to calculate the Sobol indice of order 2. As for the 

indices of order 1, we will just calculate a single indice of order 2 and the 
other indices are done in exactly the same way. 

We recall the Sobol indice 
1 2, ( ) :X XS t  

1 2 1 2

2 2
1 2 1 2

,
[( ( ( )| , )) ] [ ( ( ( )| , ))]

( ( ))( ) = ( ) ( ). (20)t t
X X X Xt

S X X S X X
S

S t S t S t− − −X X
X

   


Using (12), we have 
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3

4

1 2 1 2 3 4 3
, , ,

4 3 4

1 2
, , ,

( ( )| , ) = ( ) ( ) ( ) ( ) ( ) ( )

( )d d

= ( ) ( ) ( ) .

t ijkl i j k l X
i j k l

X

ijkl i j k l
i j k l

S X X S t L X L X L x L x p x

p x x x

S t L X L X ω ω

∑ ∫

∑

X

Taking the square of the last expression, we obtain: 

* * * * *
* * * *

*

2
1 2 1 2 1

, , , , , , ,

2 * *

( ( ( )| , )) = ( ) ( ) ( ) ( ) ( )

( ) .

t ijkl i ji j k l i
i j k l i j k l

k lj k l

S X X S t S t L X L X L X

L X ω ωω ω

∑X

The expectation of this expression is given by: 

* * * * * * *
1* * * *

* 22

* * * *
* *

2
1 2

1 1 1 1
, , , , , , ,

2 2 2

, , , , ,

[( ( ( )| , )) ]
= ( ) ( ) ( ) ( ) ( )d

( ) ( ) ( )d

= ( ) ( ) .

t

ijkl k l i Xi j k l k l i
i j k l i j k l

j Xj

ijkl k l i jijk l k l
i j k l k l

S X X
S t S t L x L x p x x

L x L x p x x

S t S t

ω ωω ω

ω ωω ω ωω

∑ ∫

∫

∑

X 

And finally the term 1 2( ( ( )| , ))tS X XX   appearing in (20) is equal to 
( ( ))tS X  which is given by (17).

For the Sobol indices of order 1 and 2 for S, I, H and R, we do exactly 
the same.

5.  Numerical application 

In this section, we use the stochastic collocation method to spread the 
uncertainty in epidemiological model (1). We make the hypothesis that 
the parameters 0 , , ,α γ λ  are independent random variables and we 
compute the Sobol indices of order 1 and 2 using the Lagrange polynomial 
with two different infection rate and two different basic reproduction 
number. Finally, we stand out the most influential parameters for each 
compartment.

We consider that the random input variables 1 2 3 4 0( , , , ) = ( , , , )X X X X α γ λ 
1 2 3 4 0( , , , ) = ( , , , )X X X X α γ λ  of the system (1) follow the uniform law [ , ].

i iX Xa b
In Table 3, we give the values of the different parameters with their 

confidence intervals. We have distinguished two different values of 0  
which are noted (1)

0  (before the lockdown) and (2)
0  (after the lockdown).
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Table 3
Specification of the law of the random entry parameters. 

 Random entry parameters  Uniform law on [ , ]
i iX Xa b  

 
(1)
0   [2.85 ; 3.15] 
(2)
0   [0.7 ; 1.2] 
α   [0.030 ; 0.037] 
γ   [0.38 ; 0.46] 
λ   [0.0515 ; 0.0630] 

5.1 Sobol indices of the stationary regime

We recall the endemic stationary point of the system (1) given in (2):

0

* *
0

* *
0

0

* *
0

0

* *
0

0

1

1
( )( )

( ) 1
( )( )

= ( , , , ) =

= ( , , , ) = 1

= ( , , , ) = 1

= ( , , , ) = 1 ,

S S

I I

H H

R R

τ
µ

τ
µ ν γ α

ατ
µ ν λ µ ν γ α

γτ µ ν λ λατ
µ µ ν λ µ ν γ α

α γ λ

α γ λ

α γ λ

α γ λ

×

 
  + + +  

 
  + + + + +  
 + + +
  + + + + +  





−



−

 −

















The analytical calculation of the Sobol indices for the endemic 
equilibrium point are done explicitly.

In Table 4 (resp. Table 5) we give the Sobol indices of the stationary 
endemic state with (1)

0  (resp. (2)
0 )  that we calculated in an analytical 

way.
Table 4

Sobol indices of the stationary regime calculated analytically with (1)
0 .

 Sobol Indices  
* *=X S   * *=X I   * *=X H   * *=X R

 
(1)
0

*X
  

 1  0.069946  0.025106  0.98471 
*Xα  0  0.005864  0.34415  0.0012 
*Xγ   0  0.92393  0.33147  0.010134 
*Xλ   0  0  0.29659  0.0013 
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Table 5
Sobol indices of the stationary regime calculated analytically with (2)

0 .  

 Sobol Indices  
* *=X S   * *=X I   * *=X H   * *=X R

 
(2)
0

*X
  

 1  0.99663  0.99023  0.9999 

We note that after the lockdown, the states * * * *( , , , )S I H R  are almost 
exclusively impacted by the parameter (2)

0 .  And before the lockdown, 
only *S  and *R  are mostly impacted by (2)

0 .

5.2 Sobol indices of the transient regime with (1)
0

The Sobol indices for each parameters depend on time and admit a 
stationary equilibrium that is reached at = 600.fT  We give in Table 6 (resp. 
Table 7) the steady state Sobol indices using the stochastic collocation 
method defined in section (4) and the influences of all variable on each 
compartment with (1)

0  and sinusoidal transmission rate (resp. logistic 
transmission rate).

Table 6
Sobol indices at final time = 600fT  calculated numerically with (1)

0  and 
sinusoidal rate.

 Sobol Indices  
* *=X S   * *=X I   * *=X H   * *=X R

 
(1)
0

*X
  

 0.9970  0.0700  0.0252  0.9882 
*Xα  0.0000  0.0059  0.3407  0.0012 
*Xγ   0.0012  0.9237  0.3347  0.0074 
*Xλ   0.0000  0.0000  0.2967  0.0014 

Table 7
Sobol indices at final time = 600fT  calculated numerically with (1)

0  and 
logistic rate. 

Sobol Indices  
* *=X S   * *=X I   * *=X H   * *=X R

 
(1)
0

*X
  

 0.9999  0.0710  0.0252  0.9846
*Xα  0.0000  0.0058  0.3429  0.0011
*Xγ   0.0000  0.9223  0.3306  0.0129
*Xλ   0.0000  0.0000  0.2985  0.0013
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In Tables 6 and 7, we notice the variable (1)
0  strongly influences the 

compartments of susceptible S and recovered R at 99%,  it influences the 
compartments of infected I at 7%  and hospitalized H at 2%.  The variable 
γ  influences the compartments of infected I  at more than 92%  and 
hospitalized H  people at more than 33%.

Figure 5
Influence of each parameter on compartment S with (1)

0  and sinusoidal rate. 

Figure 6
Influence of each parameters on compartment I with (1)

0  and sinusoidal rate. 

Figure 7
Influence of each parameters on compartment H with (1)

0  and sinusoidal rate. 
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Figure 8
Influence of each parameters on compartment R with (1)

0  and sinusoidal rate. 

Figure 9
Combined influence of two parameters on compartment S with (1)

0  and sinu-
soidal rate. 

Figure 10
Combined influence two parameters on compartment I with (1)

0  and sinusoi-
dal rate. 
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Figure 11
Combined influence of two parameters on compartment H with (1)

0  and 
sinusoidal rate. 

Figure 12
Combined influence of two parameters on compartment R with (1)

0  and sinu-
soidal rate. 

In Figures 5-8, we have presented the evolution over time of Sobol 
indices of each parameter on each compartment for a sinusoidal 
transmission rate.

Figures showing the same results but with a logistic transmission rate 
are not included since the plots are almost identical to the one of Figures 
5-8.

In Figure 6, we can see that the parameters that most influence the 
compartment of the infected are γ  and (1)

0 .
In Figure 7, we observe that the variables α  and λ  only influence the 

compartment of hospitalized H people.
The Sobol indices , , , ,S S I I Rα λ α λ α  and Rλ  that remain close to zero 

over time have not been plotted.
All the compartment simulations for the 2nd order indices are given 

in Figures 9-12. Here again, we only show results with a sinusoidal 
transmission rate since the ones with a logistic transmission rate are very 
similar.
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The Sobol indices of order 2 inform us that the combined effects on 
the compartments remains weak. We notice that there is an interaction 
between (1)

0  and γ  in the four compartments with different intensity. 
This interaction is strong at the beginning of the propagation but suddenly 
disappears and tends towards zero.

5.3 Sobol indices of the transient regime with (2)
0

In Table 8 (resp. Table 9) we compute the Sobol indices of the 
stationary regime ( = 600)fT  with a sinusoidal transmission rate (4) (resp. 
with a logistic transmission rate 3) with (2)

0 .

Table 8
Sobol indices at final time = 600fT  calculated numerically with (2)

0  and 
sinusoidal rate. 

 Sobol Indices  
* *=X S   * *=X I   * *=X H   * *=X R

 
(2)
0

*X
  

 0.9996  0.9944  0.9873  0.9997 

Table 9
Sobol indices at final time = 600fT  calculated numerically with (2)

0  and 
logistic rate. 

 Sobol Indices  
* *=X S   * *=X I   * *=X H   * *=X R

 
(2)
0

*X
  

 0.9999  0.9938  0.9868  0.9999 

In Tables 8 and 9, we notice the variable (2)
0  strongly influences all 

compartments , ,S I H  and R  at 99%.
In Figure 13, we have shown the compartment results for each 

parameter when the transmission rate is sinusoidal. Only (2) (2) (2)
0 0 0

, ,S I H
  

 
and (2)

0
R


 are represented. The others indices of order 1 and the indices of 
order 2 remain close to zero over time. There is no interaction between the 
variables.

Figure 14 shows the compartment results for each parameter when 
the transmission rate is a logistic function. Indices that remain close to 
zero over time have not been represented. It should be noted that before 
the lockdown (1)

0( = 3),  whether the transmission rate is logistic or 
sinusoidal has no effect on Sobol indices. On the other hand, after the 
lockdown (2)

0( = 0.95)  Sobol indices are different when considering a 
sinusoidal or a logistic transmission rate.
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6.  Conclusion

From all models for epidemics, the SIR and SIRS are among the 
simplest. However, the parameters involved cannot be determined exactly 
and it is necessary to introduce randomness. This paper was dedicated to 
conduct a sensitivity analysis on an SIHR epidemiological model with 
random parameters 0( , , , ).α γ λ  To study their impact on the evolution of 
the COVID-19 disease, we considered a nonautonomous infection rate of 
transmission.

Then, we applied the stochastic collocation method using Lagrange 
polynomials to compute the Sobol indices of order 1 and 2. This has 
allowed us to study the sensitivity of these factors which intervene in the 
nonautonomous SIHR epidemiological model. We also have analytically 
calculated the Sobol indices of the stationary state.

The SIHR model was studied for two cases: for 0 = 3  (before 
lockdown) and for 0 = 0,95  (after lockdown). In both cases, the influence 

Figure 13
Influence of (2)

0  on all compartment with sinusoidal rate. 

Figure 14
Influence of (2)

0  on all compartment with logistic rate.
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of the parameters on the compartments reach a steady state. We have 
shown that for 0 = 0.95,  the basic reproduction rate 0  is the only 
parameter that acts on the compartments as well as on the spread of the 
disease. When 0 = 3,  the influence of the parameters ( , , )α γ λ  is 
considerable on the infected and recovered compartments. We have also 
shown that, in both cases, the cumulative impact of the parameters is 
insignificant.
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