Journal of Statistics & Management Systems
ISSN 0972-0510 (Print), ISSN 2169-0014 (Online)

Vol. 27 (2024), No. 6, pp. 1221-1241

DOI : 10.47974/JSMS-1271

Stochastic modeling of spreading an infection with standard incidence
rate

Mahmood Parsamanesh *
Department of Mathematics
National University of Skills (NUS)
Tehran

Iran

Marwan Abukhaled

Department of Mathematics and Statistics
American University of Sharjah

Sharjah

United Arab Emirates

Abstract

This paper studies and models the random spread of an infection in a population.
It extends the traditional deterministic modeling approach by incorporating discrete-
time stochastic modeling using Markov chains. The probability of extinction and disease
persistence is then investigated using the branching chain method, with a focus on a quantity
in the non-random model, which is called the basic reproductive number. Moreover,
the random model is transformed into a system of stochastic differential equations by
approximating the probability distribution function using the forward Kolmogorov
equation. An equivalent stochastic differential system is also introduced and examined for
the stochastic model. Finally, numerical simulations of the stochastic models are conducted
to evaluate the theoretical findings presented in the paper.
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1. Introduction

Infectious diseases have always been a challenge for human societies,
causing significant mortality even in developed countries. It is crucial to
study the factors contributing to their spread and explore control strategies,
as new infections can emerge or previous ones can resurface and peak.
Epidemiccompartmental models with theaid of computerimplementations
are tools to study an infection in the population. These models, known as
epidemic models, can be continuous or discrete [18, 27], using either
differential equations or difference equations [28, 32], respectively, to
describe the dynamics of infectious diseases in a population. In addition,
the infection propagation in epidemic models may be in the form of
standard, bi-linear, or a non-linear incidence rate [6, 17, 19, 33].

In epidemic modeling, according to the progress of the disease, the
population is partitioned into some smaller population groups such as
susceptible, recovered, removed, exposed, infected, quarantined
individuals, etc. [1, 5, 30, 31]. The movements and transitions between
these sub-populations, as well as demographic changes like birth, death,
and migration are related to each other by mathematical equations. This
creates a dynamic system that captures the behavior of that population
during an epidemic [7, 9, 23]. One well-known epidemic model is the
susceptible-infectious-susceptible  (SIS) model, where infectious
individuals can become susceptible after period of infection. This model
has been extensively studied and as a framework to examine the impact of
interventions like treatment, quarantine, or vaccination on the population
under investigation [8, 12, 14, 16, 29, 36]. Vaccination, in particular, is a
practical, highly effective, and affordable method, and its impact has been
explored in various works by incorporating it into the SIS model. Some
studies have formulated the model by considering some ordinary
differential equations as a dynamical system [27, 35] while others have
presented it as a set of difference equations [25, 26].

To capture the inherent randomness in the spread of infections,
stochastic models offer a more realistic description of the phenomenon, as
it has been used by many authors to describe real world phenomena. For
instance, in [4] the severity of a global risk has been interpreted by
formulating a stochastic model in which some random variables have
been incorporated. In many stochastic SIS models, randomness is
introduced by inserting a noise term into each of the ordinary differential
equations or perturbing the model parameters. [10, 21, 37]. The diffusion
coefficient in these models typically involves a diagonal matrix with non-
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zero elements. However, other works have focused on discrete stochastic
models formulated as Markov chain processes [11, 13, 22]. These models
are obtained by stochastic extension of the deterministic modeling
approach of a dynamical system. Allen and Burgin [3] analyzed and
compared the dynamics of discrete stochastic and deterministic SIS
models with constant and variable populations. The authors showed that
when the extinction time of the disease is long and R, >1, there is a quasi-
stationary distribution with a mean equal to the endemic steady state of
the non-stochastic (deterministic) model. In [2], Allen explored two well-
known epidemic models: SIS and SIR (Susceptible-Infectious-Removed)
models with a constant population size. The stochastic extensions of these
models were presented using Markov chains and stochastic differential
equations (SDEs). The SDE model for the SIS model consisted of a single
differential equation with one Wiener process, while the stochastic model
for the SIR model involved a system of two stochastic differential equations
with two independent Wiener processes. A study by Lismawati [20]
introduced a stochastic model for a SIS model with two pathogens in two
patches. The model was investigated using Markov chain processes, and
the transition probabilities for the infection and dispersal processes were
determined. Another paper [34] extended a deterministic SIV (Susceptible-
Infectious-Vaccinated) epidemic model by incorporating noise terms in
the equations and considering a saturated function for treatment. The
near-optimal control for the stochastic SIV epidemic model using
Markovian switching was studied, along with the sufficient and necessary
conditions for near-optimality. The estimation of the error boundary of
near-optimality was also provided.

In this study, we examine a population affected by an infectious
disease and investigate the effect of the vaccination program within the
context of an SIS epidemic model using the standard incidence rate. Our
initial focus is on analyzing the extinction and persistence of the infection
through a discrete stochastic model represented by a Markov chain
process. Subsequently, we develop and discuss two stochastic differential
systems for the model. The structure of this paper is as follows; The next
section describes the deterministic model and its formulation and then
gives some information about the model such as the equilibria and the
basic reproductive ratio. Section 3 introduces the Markov chain model and
establishes the conditions for extinction. In Section 4, we derive three
stochastic models formulated as stochastic differential equations (SDEs).
Following that, in the subsequent section, we examine and discuss the
stochastic models through various examples, utilizing simulations,
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diagrams, and histograms. Lastly, we conclude the paper in the final
section by summarizing the obtained results and drawing conclusions.

2. Description of the deterministic model

Consider a population at a specific time t consisting of N individuals.
Based on the disease status, the pepople can be divided into the three
categories as follows: susceptible individuals, infected individuals, and
vaccinated individuals. Each person in the population belongs to one of
these classes and S, I, and V respectively denote the size of (number of
individuals in) each sub-population at time t. The demographic changes
include natural death with the rate ¢, infection-induced death with the
rate o, and recruitment with entering 4 individuals per unit of time. A
proportion v of newcomers are vaccinated as well as susceptible
individuals, those are vaccinated with the rate @. The vaccine is assumed
to be temporary, and a vaccinated individual loses its immunity at a rate
of §, although the vaccine is perfect and vaccinated individuals do not get
infected. The infection captures only susceptible individuals with standard
incidence rate % where B is contact rate, while individual recover from
infection with rate n and return to the susceptible category. The described
population can be modeled according to system (1) by a set of ordinary
differential equations. This model is referred to as SIVS model, which
indeed stands for an epidemic model that consists of the Susceptible,
Infected, and Vaccinated compartments.

S=(1—v)/1—%—((p+w)5+nl+6v,
[=P_(p+n+o)l, (1)
V =vA+0S—(@p+d)V.

This model has been examined in previous studies [24, 27], where it
was demonstrated that if we consider positive values for A and ¢, the
region A = {[S,I,V]eR:S5IV=20S+I1+V< %} serves as a positively
invariant set for the system (1). When the initial values of the system lie
within A, the solution of (1) remains within A for all times, since
lim sup N(t) < %. The basic reproduction number of (1) was provided as

t—o0
Blp(1-v)+6)
07 (p+n+o)(p+dte)’ @)

and it was proved that the system always has the infection-free equilibrium
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0 _r1a0 70 7707 _ | AMo(1-v)+6) Mov+o)
E _[S II /V ]_ (p((0+5+(l)) ’O’(p((o+6+w) 7 (3)

which is globally stable when R <1. When R, >1, the infection-free
equilibrium is unstable, and there exists a unique infected equilibrium.
Furthermore, under some conditions, this infected equilibrium is globally
stable:

E=[S,I V]

(p+ov+d)
_| Me+n+o) (4 o(Ry-1) AMRy-1) VA | v(p+w+5)
a [(1 j’(pR+0‘(R—1)’(p+6 1 , (4)

Bo oR+0(R-1) i oR+0(R-1)
in which

_ Blgp+6)
T (p+n+0)(p+6+w) ®)

3. The Markov chain model

Consider that all demographic changes and interactions between
compartments of the model occur probabilistically, despite the certain
transitions in the deterministic model (1). As a result, a stochastic model

Table 1

All events in model (1) during the time interval 7 and their probabilities.

event notation p‘;ﬁ‘;}j;on probability
recruitment by=(1-v)A | AZ" =(1,0,0) p, = bgh
deathin S di=¢5 |AZ®=(-1,0,0)| p,=dsh
infection Mg, = % AZ® =(-1,1,0) | py=mgyh
vaccinating susceptible members mg, =S | AZ® =(1,0,-1) | p,=mgh
treatment mgy=nl | AZ® =(1,-1,0) | ps=mh
vaccine immunity lost m, =06V | AZ® =(1,0,-1) | p,=m,h
deathin I d=(p+0) | AZ7=(0,-1,0) | p,=dh
death in V d, =9V | AZ®=(0,0,-1) | ps=d,h
vaccinating new members b, =vA AZ® =(0,0,1) py=b,h
no change AZ" =(0,0,0) | P, =1~ kil Py
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arises. In this section, we examine the impact of randomness on the
aforementioned model.

Let Z=(5,1,V) denotes the number of susceptible, infected, and
vaccinated individuals at time ¢, respectively, same as we considered in the
deterministic SIVS model. Also, suppose the vector AZ = (AS,Al,AV)
shows the changes in the size of each sub-populations during time
increment /i . From the system of ODEs (1) for deterministic SIVS model,
we extract all possible changes. We list all such events in the unit of time
h together with their probabilities according to Table 1.

The process {S(t),1(t),V(t)} can be considered as a three-dimensional
stochastic process in which the state at time ¢ is determined by the vector
Z=(5,1,V) and the non-null transition probabilities between time ¢ to
time f+# can be obtained from Table 1:

[ (h) = Probability{Z(t + h) = Z + AZ" | Z} = pn=1,..,9,

p, ,(h)="Probability{Z(t + h)=Z| Z} = p,;. ©)

In this section, we utilize the branching method to determine the
probabilities of extinction and persistence for Markov chain {S(t), I(t), V(t)}.
This method involves considering the dynamics of I near the infection-free
equilibrium of the deterministic model and assuming the process I(t) to
be independent. At the infection-free equilibrium E° of the deterministic
model, we have: S°= l;‘é’;f;j;‘:) and N° =%. We also notice that R, =

BloA—v)+é) _  ps°
(p+n+0)(p+5+) N(g+n+o) "

Therefore by letting S(t)=S°, V(t)=V’, the offspring probabilities

of branching chain {I(t)} is as follows (see Figure 1):

H
ol
ps
N Gl
EG[
Figure 1

Process I(t) with its possible transitions.
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1
fO) ==
ﬁ0+((p+n+0') Ro+l
ps
0
f@)= o=ty 7)

F"‘(‘P"””I‘FO’)

f(k)=0,forkeZ" and k #0,2.

Thus the probability generation function of the offspring distribution
can be found as

o(u) = if(n)u"

= O+ f@u* = o + o,
for ue[0,1]. We obtain:

m=g'(1)= 2%,

and thus, m<1 if and only if R <1 and m>1 if and only if R >1.
Therefore, the process {I(t)} is absorbed to zero with probability 1 if and
only if R, <1, and with probability p if and only if R,>1, in which p is
the smallest value in (0,1] such that ¢(p)=p. By solving the equation
Ru* — (1+R,u+1 =0, we find that p= % Thus, The above discussions
lead to the following conclusion:

Theorem 3.1: The discrete-time markov chain presentation of the stochastic SIVS
epidemic model with transition probabities in Table 1,

(I) the necessary and sufficient condition for the extinction of infection with a
probability equal to one is that R, <1.

(IT) assuming 1(0) as the initial number of infected individuals, the probability
of infection extinction is obtained by

10
ltl_l;il Probability{I(t) =0} = [a] ,
if and only if R, >1.
4. The stochastic differential equation model

In this section, we will present the Markov chain model from the
previous section as a system of stochastic differential equations. Let we
show the state probability of the process {S(t),I(t), V(t)} at time t as



1228 M. PARSAMANESH AND M. ABUKHALED

P(t;Z)=P(t;z,,z,,z,) = Probability{S(t) =z, I(t) = z,, V(t) = z, }.

Therefore, by considering all possible changes in the model according
to Table 1, the state probability at ¢+ 7 can be obtained as

P(t+1;Z)=P(t;Z)+ h3C,, (8)

where

C, =Pt Z-AZV) b (t;Z-AZV)=P(t;z, -1,2,,2,)b(t;2, - 1,2,,2,),
C,=P(t;Z-AZ®)d (t;Z-AZ®)=P(t;z, +1,2,,2,)d,(t;z, +1,2,,2,),
C,=Pt;Z-AZ°)my,(;Z-AZD)=P(t;z, +1,2z, - 1,z,)m, (t;z, +1,2, - 1,z,),
C,=P(t;Z-AZ")Ymg, (;Z-AZ)=P(t;z, +1,2,,2, - )mg, (t;z, +1,2,,2, - 1),
C,=P(t;Z-AZ")Ym(;Z-AZ®)=P(t;z, - 1,2, +1,z,)m (t;z, - 1,2z, +1,2,),
C,=P(t;Z-AZYm, (t;Z- AZ®)=P(t;z, - 1,z,,z, + D)m, (t;z, - 1,2,,2, +1),
C,=P(t;Z-AZ7)d, (;Z-AZ?)=P(t;z,,z,+1,2,)d,(t; 2,2z, +1,2,),
C,=P(t;Z-AZ®)d,(t;Z-AZ®)=P(t;z,,2,,z, +1)d, (t;2,,2,,2, +1),
C,=P(t;Z-AZP) b, (t;Z-AZ®)=P(t;z,,2,,2, - 1)b,(t;2,,2,,2, — 1),

C,y = P(5:Z) (-b, —d, —m,, —my, —m —m,, —d —d, b, )(t;Z).

By approximating these terms via their Taylor expansion about the
point (z,,z,,z,), up to the second derivative, we find

C =[1-2+2 |py(;2)
! oz 2022 ST

-2 2 2
Co=[1+2-24+ 4+ T O Ipm(t;2),
0z 07y 2827 2075 O0%0%
4 2 22 2
Co=(1+2-24+ 4 O Ipm(t2),
0z 0z3 2077 2025 021073
2 2 22
- Pm(t;2), )
0,0, *  *F &P
C={1-"4+"H4+"+ "~ Pm, (t;Z
6 0z 0Oz, 282% 262% 021023 VS( ’ )/

C = 1+6+9dev(t,~2),

2
0z3 2023

_ 0,8 )
Cy=|1-+—"=|Pb,(t;Z).
262%
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By substituting (9) into (8), we obtain
P(t+h;Z)=P(tZ) + {—%{P(bs —d —mg, —mg, +mg+m,)}

—i{P(m —d)} - {P(m My —dy +by,)}
+%;;712{P(b +dg +mg +mg, +m + )

+y oy POmy g+ d))+ % P, s+, +b,)

% azfa {P(=2mg, —2m,;)}+ % 82,02, {P(=2mg, —2m,q))
Ao, @)

where all calculations are at (t;Z).
On the other hand, the expected value of random vector AZ is
obtained as

0 - bs —ds—mgy—mgy +myg+yg
E[AZ ]= zpn(AZ ) = mgy—myg—dy /]
n=0

mgy —mys—dy +by
(1—v)l—@—(<p+w)5+nl+5v
= PL_(p+n+o)l h (11)
vﬂ,+a)S—((p+5)V
=Mh.

Moreover, the covariance matrix is given by

9
E[AZ"AZ]= yp, (AZ") Z™
n=0

_bs +dg+mgp+mgy +Myg+mys  —mgp =g —Mgy —Myg
= —Mgy—Mg Mgy +1g+d; 0 n
L —Mgy —Myg 0 Mmgy +Myg +dV +hv
(1—v)l+@+(<p+w)s+nl+6V —%—nl -wS-0V (12)
= —%—nl %+((p+‘n+0’)[ 0 h
-wS-6V 0 WS+(Q+8)V+vA
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It is worth noting that E[AZ']E[AZ] is of order #* and can be
considered negligible. Consequently, the equation (10) is stated in the
following form:

oP(t;Z)  P(t+1;,2)-P(1;Z)
ot h

3 5 133 2
= _ZE{P(t;Z)M,}+§§I§m{1}(t;z)zﬂ}/ (13)

where (t;Z2)=(t;z,,2,,2,).
Now, let’s assume that the matrix £ can be expressed as X =®®",

where @ is an arbitrary matrix. By expanding X, wehave X = Z@rud);
= Y® &, . Substituting this expression into equation (13), we obtain the

modified form as follows:

OP(t;Z)
ot

~

3 P 1 3 3
_Zg{P(t}Z)M,}"‘EZ

r=1""1 r=11=

62
s (PE2)50,0,) (14)

This relation indicates that P(t; Z) approximately satisfies the Fokker-
Planck equation, also known as forward Kolmogorov equation. Moreover,
it can be demonstrated the probability distribution function P(t;Z) which
exactly satisfies the Fokker-Planck equation (14), and the distribution of
solutions of system of SDEs

dZ(t)=M(t; Z)dt + D(t; Z)dW(t), (15)

with initial size of compartments as Z(0), are identical. Here, W(t) is a
vector of three independent Wiener processes and matrices M(t;Z) and
®(t;Z) can be obtained from (11) and (12), respectively. Consequently, the
probability distribution of Markov chain {S(¢),I(t),V(t)} is approximately
identical with distribution of solutions of SDE (15). Thus, in practical
terms, our objective is to identify a matrix ® such that £=®®" :

Case 1: Consider a 3x9 matrix Y in which k-th column is replaced
by multiplication of AZ" and the square root of multiple of 7 in p,
presented in Table 1:

Ja=v)a —Jos 7\]%? ~os Jni Jsv 0 0 0

Y=| o 0 \/% 0 I 0 —Jro)l 0 0| (16)
0 0 0 Nos 0 —Jov 0 —Jov v
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We observe that =YY", indicating that the matrix Y can be
employed in place of the matrix @ within the stochastic differential
equation (SDE) (15).

Case 2: The covariance matrix X is a positive definite symmetric matrix,
and thus its unique Cholesky decomposition is of the form £ =LL", where

L is a lower-triangular matrix [15]. Consequently, the matrix @ in (15)
could be replaced by a the lower-triangular matrix L, whose components

are:
L,=yZ,,
L=, [ =]z, - (17)
21 ’ 2 2 3
VEn 11
_ Za _ DS - DRI
L31—\/_, Ly=- 2 7/ L= 233—22 52
Iy NEHZ0n 21125 1222~ 271

5. Simulations

Example 5.1: We consider the following values for parameters in model
(1 A=60, v=03, pB=07, ¢=0.05, ©0=025 o0=01 n=02,
6=0.08. With these values, we calculate R =0.61<1, indicating that
and the disease disappears in the deterministic model at the infection-free
equilibrium E° = (363.16, 0, 836.84). Supposing S(0)=500, I(0)=300,
and V(0)=50 for initial population size in each category, the solution of
system (1) using Euler scheme with a step size of 7=0.001 is shown in
Figure 2.

By choosing the contact rate as f=0.5 we have R =0.43 <1. For this
value for B and initial values for individuals close to the equilibrium,
specifically as S(0)=360, 1(0)=10, and V(0)=830, the solution of the
deterministic model is represented by the dashed lines in Figure 2. It can
be observed that for various values for 8 and intial number of individuals,
the solutions tend to converge towards the infection-free equilibrium E°.

To obtain solutions for the stochastic counterparts of deterministic
model (1) with the given parameter values and starting values for sub-
populations similat to this example, we perform 10,000 independent
trials of stochastic methods using a step size of %#=0.01. Then the
approximate solution is given by the mean of these solutions.

To simulate the stochastic models described by SDE (15), we consider
two cases: one with the matrix Y and the other with the matrix L as the
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S(t) I(t) V(t)
500 : 350 - 900 ;
800+
450 { 30 1
P 700t
© 250 1
=]
S 400 1 600t
=
'g 200 1 500
% 350
5 150 { 400y
o
£ 300 300 .
> 4
3 100
200 .
250 50 |
100 .
200 ' ok 0 .
50 100 0 50 100 0 50 100
Time
Figure 2

Solution of system (1) was derived as (361.87,0,832.81) with parameters values
in Example 5.1 using Euler scheme with 7=0.001 and initial values 5(0) =500,
1(0)=300, and V(0)=50 by the time T =100.. Here, R, <1 and the number
of infectious individuals vanishes. Dashed lines show the solution for f=0.5
and 5(0)=360, I(0)=10, and V(0)=830.

MC SDE (1) SDE (2)
900 ——————— 90— 900
—_— | —C s

800 nunnn | | 800! wanun | b 1 800! swnnn| L— -

70—~ 00— — -V
0 » 700¢ 1 700
© / [} /
S 600 / 3
= =
2 500 2

=
S 400 / o
Q [
Qo o)
g 300 l/’_ 2
3 >
Z 200 z
)
100 %
0 [P 0 [P 0 Maninnmmnmmnmn =
0 50 100 0 50 100 0 50 100
Time Time
Figure 3

Solutions of stochastic SIVS models with parameters values same as in
Example 5.1 over 10,000 independent trials with 7#=0.01 and starting values
5(0)=500, I(0)=300, and V(0)=50. From left to right: SDE model using ma-

trix Y in (16), and SDE model using matrix L in (17).
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diffusion matrix. In Case 1, where the matrix Y is used as the matrix @,
a nine-dimensional wiener process with mean zero and variance # is
needed in each step. In contrast, in Case 2, where the matrix L is employed,
a three-dimensional wiener process need to be generated at each step.

We utilize the Euler-Maruyama scheme to solve the SDEs for each
trial. The averages solutions are labeled as SDE (1) and SDE (2) in the
figures representing Case 1 and Case 2, respectively.

Table 2

Mean value (first column) and standard deviation (second column) for
solutions of two stochastic models SDE (1) and SDE (2) for values considered
for paremeters in Example 5.1 at time T = 100.

stochastic model
SDE (1) SDE (2)
Variable m. s. d. m. s. d.
S(T) 361.85 18.89 361.44 19
I(T) 0 0 0 0
V(T) 832.92 29.24 832.43 29.19
SDE(1) SDE(2)

[
650 700 750 800 850 900 950 650

Figure 4

Histograms of S and V at time T = 100 for 10,000 independent simulations for
stochastic models SDE (1) and SDE (2).
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For two stochastic models, SDE (1) and SDE (2), the mean value and
the standard deviation of the solutions are displayed in Table 2. Also,
Figure 3 presents the solutions of stochastic models for parameter values
in Example 5.1. By examining these values along with the histograms
illustrating the probability distribution of variables S and V attime T =100
for all 10,000 trajectories in Figure 4, it becomes evident that the solutions
of these two stochastic models share the same distribution. Therefore, we
can conclude that the two stochastic models, SDE (1) and SDE (2), are
equivalent.

Now, by setting the contact rate in Example 5.1 to f=0.5, and
utilizing initial values for individuals close to E° such as S(0)= 360,
1(0)=10, and V(0)=830, we compare the solutions of the SDE models
with those obtained by Monte Carlo simulations.

For simulating the Markov chain model, we employ the transition
probabilities (6). In each trial, starting with the initial number of
individuals, we assess the occurrence of all possible events in Table 1
during time intervals 7%. An event is considered to occur if the generated
uniform random variable is less than its corresponding probability. This
procedure is repeated until the end time is reached, yielding the solution
for a single trial. The average of all simulated trials is then regarded as the
solution of the stochastic model (6), which is denoted as MC (solution for
Markov Chain model) in the figures (see Figure 3).

In our calculations for each stochastic model, We utilize a total of 5000
independent paths. A path is considered to end, indicating the occurrence
of extinction, when the number of infected individuals drops below one.
The mean number of the number of individuals at the end of all paths is
then taken as the solution of the stochastic model, while the mean of exit
times provide insight into the duration of epidemic. Furthermore, we

Table 3

Mean value (first column) and standard deviation (second column) for
stochastic models with =0.5 and other parameter valuse as in Example 5.1,
starting from S(0)=360, I1(0)=10, and V(0)=_830.

stochastic model

MC SDE (1) SDE (2)
Variable m. s.d. m. s.d. m. s. d.
S(T) 362.95 17.85 363.02 18.62 363.13 18.52
I(T) 0 0 0 0 0 0
V(T) 833.09 24.00 833.09 23.79 832.67 23.57
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adjust the time interval # by halving it as long as the durations of
epidemics in two last computations are sufficiently close.

Table 3 shows the mean value and standard deviation of simulations
for the stochastic models, demonstrating a significant agreement between
the calculations. It is worth noting that with the given parameter values,
namely R =0.43 <1, the calculations indicate that the number of infected
individuals vanishes in %100 of the paths, thus confirming Part (1) of
Theorem 3.1.

Example 5.2: Let’'s modify the parameter values v, f, and @ of model
(1) in Example 5.1 to 0.125, 0.8, and 0.1, respectively. Consequently,
we obtain R;=1.23>1, indicating that the disease persists in the
deterministic model at the endemic equilibrium E = (369.36, 147.02,
362.53). Similar to Example 5.1, we present the results of simulations of
Example 5.2 as follows. Figure 5 depicts the solutions of deterministic
model with starting values for sub-populations as S(0)=500, I(0)=300,
and V(0)=50. The solutions of stochastic models SDE (1) and SDE (2),
along with the histograms of the solutions (at the final time T =100) are
shown in Figures 6 and 7, respectively. Moreover, the mean and standard
deviation of solutions are given in Table 4. These results verify that two
stochastic differential models are equivalent.

S(t) I(t) V(t)

500 350 400
© 350
T 450 1 300
k= 300
=
B 400 1 250 250
.
(o]
5 350 { 200 200
£
E 150
Z 300 1 150
100
250 : 100 : 50 :
0 50 100 0 50 100 "0 50 100
Time
Figure 5

Solution of system (1) with parameters values in Example 5.2 was obtained as
(394.96, 146.98, 360.80) by using Euler scheme with 7=0.01 and starting size
for sub-populations S(0)=500, I(0)=300, and V(0)=50 until the final time
T =100. Here, R, >1 and the number of infectious individuals remains at a

positive level.
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Figure 4

Mean value (first column) and standard deviation (second column) for
solutions of two stochastic models SDE (1) and SDE (2) at time T = 100 and for
values of parameters as in Example 5.2.

stochastic model
SDE (1) SDE (2)
Variable m. s. d. m. s.d.
S(T) 401.48 31.50 401.12 32.00
I(T) 143.03 24.71 142.94 24.85
V(T) 365.81 26.57 365.17 26.81
SDE(1) SDE(2)
500 . 500 .
450
400
©»
©
3 350
=
2 300}
S
5 250f )
o)
£ 200 ¢ % g 200t ; - E
=z N 1' "\
150 Timimieioim 150} N e e
1 1
{ ']
100} g 100 E
50 . 50 .
0 50 100 0 50 100
Time Time
Figure 6

Solutions of stochastic SIVS models with parameters values same as in
Example 5.2 over 10,000 independent trials with 7#=0.01 and initial values
5(0)=500, I(0)=300, and V(0)=>50. From left to right: SDE model using
matrix Y in (16), and SDE model using matrix L in (17).

Now, by setting the initial values for the number of individuals close
to the endemic equilibrium of the deterministic model as S(0) =396,
1(0)=147, and V(0) =363, we simulate three stochastic models up to time
T=50 using 1000 independent paths. The mean value and standard
deviation of the solutions, presented in Table 5, demonstrate that the
stochastic models yield very similar results.
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Figure 7
Histograms of S, I, and V at time T =100 for 10,000 independent simulations
in stochastic differential models.

Table 5

Mean value (first column) and standard deviation (second column) for
stochastic models at time T = 50 and parameter values in Example 5.2.

stochastic model
MC SDE (1) SDE (2)
Variable m. s.d. m. s.d. m. s. d.
S(T) 401.33 31.33 401.72 30.87 402.30 31.62
I(T) 143.53 24.99 142.91 24.88 142.59 24.97
V(T) 366.17 26.61 367.46 26.84 366.73 25.92

6. Summary and conclusions

We conducted a study on an SIS epidemic model that incorporates a
vaccination program. This model accounts for the spread of infection in a
population of varying size, following the standard incidence rate. Our
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approach involved examining the stochastic aspects of the model through
the introduction of a Markov chain as a stochastic process. We explored
the extinction and persistence of this stochastic model by relating it to the
basic reproduction number of the deterministic model. It was established
that when the reproduction number is less than or equal to unity, extinction
occurs with a probability of one. However, when the reproduction number
exceeds unity, there is a positive probability of extinction. Furthermore,
we expressed the stochastic model using a system of stochastic differential
equations. We found that the probability distribution function of the
Markov chain model closely approximates the distribution of solutions
from the stochastic differential equation model. To ensure equivalence
between the two systems, we introduced two diffusion matrices for the
stochastic differential system. To validate our findings, we conducted
simulations of the deterministic model and the stochastic models in
various numerical examples. The deterministic model was solved using
the Euler method, while the Markov chain model was solved using the
Monte Carlo approach. Solutions for the stochastic differential models
were obtained using the Euler-Maruyama method. Through these
simulations and the corresponding histograms of the solutions, we
confirmed that the two stochastic differential models are numerically
equivalent, supporting our theoretical proof of equivalence.

References

[1] M. Abukhaled, S. Khuri, and F. Rabah. Solution of a nonlinear frac-
tional COVID-19 model. International Journal of Numerical Methods for
Heat & Fluid Flow, 32(12):3657-3670 (2022).

[2] L.]J. Allen. An introduction to stochastic epidemic models. Mathemat-
ical epidemiology, pages 81-130 (2008).

[3] L.J. Allen and A. M. Burgin. Comparison of deterministic and sto-
chastic sis and sir models in discrete time. Mathematical Biosciences,
163(1):1-33 (2000).

[4] P.T. Artikis. Stochastic modeling of global risk severity. Journal of Sta-
tistics and Management Systems, 21(8):1401-1405 (2018).

[5] M. Azeem, M. Farman, M. Abukhaled, K. S. Nisar, and A. AKGUL.

Epidemiological analysis of human liver model with fractional op-
erator. Fractals, page 2340047 (2023).



STOCHASTIC MODELING OF SPREADING AN INFECTION 1239

(6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

I. A. Baba and E. Hincal. Global stability analysis of two-strain epi-
demic model with bilinear and non-monotone incidence rates. The
European Physical Journal Plus, 132(5):1-10 (2017).

N. T. Bailey. The mathematical theory of infectious diseases and its applica-
tions. Charles Griffin. Co. Ltd., London (1975).

M. Bodzioch and M. Choi nski. Simple discrete SIS criss-cross model
of tuberculosis in heterogeneous population of homeless and non-
homeless people. Mathematica Applicanda, 47(1):103-115 (2019).

F. Brauer, C. Castillo-Chavez, and C. Castillo-Chavez. Mathemati-
cal models in population biology and epidemiology, volume 2. Springer
(2012).

B. Cao, M. Shan, Q. Zhang, and W. Wang. A stochastic SIS epidemic
model with vaccination. Physica A: Statistical Mechanics and Its Appli-
cations, 486:127-143 (2017).

F. A. Chalub and M. O. Souza. Discrete and continuous SIS epidemic
models: A unifying approach. Ecological Complexity, 18:83-95 (2014).

M. Gamboa and M. J. Lopez-Herrero. On the number of periodic in-
spections during outbreaks of discrete-time stochastic SIS epidemic
models. Mathematics, 6(8):128 (2018).

A. G’omez-Corral, M. L’opez-Garcia, and M. Rodr“iguez-Bernal.
On time-discretized versions of the stochastic SIS epidemic model:
a comparative analysis. Journal of Mathematical Biology, 82(5):1-27
(2021).

H. Hethcote, M. Zhien, and L. Shengbing. Effects of quarantine in
six endemic models for infectious diseases. Mathematical biosciences,
180(1-2):141-160 (2002).

N. J. Higham. Functions of matrices: theory and computation. SIAM
(2008).

J. Hu, Z. Teng, Z. Li, and B. Wen. The threshold dynamics in a sto-
chastic SIS epidemic model with vaccination and nonlinear incidence

under regime switching. Physica A: Statistical Mechanics and Its Appli-
cations, 529:121555 (2019).

M. A. Khan, Y. Khan, S. Khan, and S. Islam. Global stability and vac-
cination of an SEIVR epidemic model with saturated incidence rate.
International Journal of Biomathematics, page 1650068 (2016).



1240 M. PARSAMANESH AND M. ABUKHALED

[18] T. Khan, Z. Ullah, N. Ali, and G. Zaman. Modeling and control of the
hepatitis B virus spreading using an epidemic model. Chaos, Solitons
& Fractals, 124:1-9 (2019).

[19] A.Lahrouz, L. Omari, D. Kiouach, and A. Belma“ati. Complete glob-
al stability for an SIRS epidemic model with generalized non-linear

incidence and vaccination. Applied Mathematics and Computation,
218(11):6519-6525 (2012).

[20] E. Lismawati, P. Widyaningsih, et al. Discrete time markov chains
(dtmc) susceptible infected susceptible (sis) epidemic model with
two pathogens in two patches. In Journal of Physics: Conference Series,
volume 855, page 012024. IOP Publishing (2017).

[21] Q. Liu and D. Jiang. Stationary distribution of a stochastic SIS epi-
demic model with double diseases and the beddington-deangelis
incidence. Chaos: An Interdisciplinary Journal of Nonlinear Science,
27(8):083126 (2017).

[22] X. Luo, L. Chang, and Z. Jin. Demographics induce extinction of dis-
ease in an SIS model based on conditional markov chain. Journal of
Biological Systems, 25(01):145-171 (2017).

[23] J. D. Murray. MathematicalBiology 1. An Introduction. Springer (2002).

[24] M. Parsamanesh and M. Erfanian. Global dynamics of an epidemic
model with standard incidence rate and vaccination strategy. Chaos,
Solitons & Fractals, 117:192-199 (2018).

[25] M. Parsamanesh and M. Erfanian. Stability and bifurcations in a dis-
crete-time SIVS model with saturated incidence rate. Chaos, Solitons
& Fractals, 150:111178 (2021).

[26] M. Parsamanesh, M. Erfanian, and S. Mehrshad. Stability and bifur-
cations in a discretetime epidemic model with vaccination and vital
dynamics. BMC bioinformatics, 21(1):1-15 (2020).

[27] M. Parsamanesh and R. Farnoosh. On the global stability of the en-
demic state in an epidemic model with vaccination. Mathematical Sci-
ences, 12(4):313-320 (2018).

[28] M. Parsamanesh and S. Mehrshad. Stability of the equilibria in a
discrete-time SIVS epidemic model with standard incidence. Filomat,
33(8):2393-2408 (2019).

[29] M. Safan and F. A. Rihan. Mathematical analysis of an SIS model with

imperfect vaccination and backward bifurcation. Mathematics and
Computers in Simulation, 96:195-206 (2014).



STOCHASTIC MODELING OF SPREADING AN INFECTION 1241

[30] S. Saravanakumar, A. Eswari, L. Rajendran, and M. Abukhaled. A
mathematical model of risk factors in HIV/AIDS transmission dy-
namics: observational study of female sexual network in india. Ap-
plied Mathematics & Information Sciences, 14(6):967-976 (2020).

[31] M. Shoaib, M. Abukhaled, S. Kainat, K. S. Nisar, M. A. Z. Raja, and
G. Zubair. Integrated neuro-evolution-based computing paradigm to
study the COVID-19 transposition and severity in romania and paki-
stan. International Journal of Computational Intelligence Systems, 15(1):80
(2022).

[32] P. Van den Driessche and A.-A. Yakubu. Disease extinction versus
persistence in discretetime epidemic models. Bulletin of mathematical
biology, 81(11):4412-4446 (2019).

[33] C. Vargas-De-Le’on. On the global stability of SIS, SIR and SIRS
epidemic models with standard incidence. Chaos, Solitons & Fractals,
44(12):1106-1110 (2011).

[34] Z. Wang, Q. Zhang, and X. Li. Markovian switching for near-opti-
mal control of a stochastic siv epidemic model. Math. Biosci. Eng,
16(3):1348-1375 (2019).

[35] S. Zhang and R. Xu. Global stability of an SIS epidemic model with
age of vaccination. Differential Equations and Dynamical Systems, pages
1-22 (2018).

[36] X. Zhang and X. Liu. Backward bifurcation and global dynamics of

an SIS epidemic model with general incidence rate and treatment.
Nonlinear Analysis: Real World Applications, 10(2):565-575 (2009).

[37] X.-B. Zhang and R.-]. Liu. The dynamics and application of a stochas-
tic delayed SIS epidemic model with vaccination. Stochastic Analysis
and and Applications, pages 1-24 (2021).

Received September, 2023



