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Abstract

Regression is the study of how the distribution of response varies as the values of
its predictors change. Regression models are employed in almost every area of science and
engineering and are essential tools for analyzing data. Sometimes obtained data may be
in the form of fuzzy uncertainty along with the associated probabilities. As such, it may
be interesting and required to develop the corresponding regression models to figure out
the process. Accordingly, in this work, the perception of fuzzy random variables (FRV)
and associated expectations are discussed in the regression models. Linear and quadratic
fuzzy random regression models have been investigated based on fuzzy random data to
approximate the fuzzy coefficients. Trapezoidal fuzzy numbers have been considered to
express both fuzzy input and fuzzy output variables. Finally, some problems have also been
solved to illustrate the application of the current approach.
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Keywords: Trapezoidal fuzzy number, Fuzzy random variable, Expectation value, Fuzzy random
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1. Introduction

One of the most widely used modeling and prediction techniques is
regression analysis (RA). In fuzzy regression analysis (FRA), fuzzy
numbers are used to serve as the elements of the model. Random errors
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are thought to be the cause of differences between examined and
approximated values in traditional regression models. In these situations,
statistical approaches are frequently used. However, in practice, there is a
lot of limited theory and inaccurate knowledge; frequently, data can't
always be reported accurately, and the elemental model can’t always be
precisely specified. In such instances, Zadeh [1] introduced the concept of
fuzzy numbers and related arithmetic processes for the first time in 1965.
Also, fuzziness is advantageous in practical systems where human
estimation is influential.

The fuzzy set theory led to the development of two primary techniques
for fuzzy regression. The first method is possibilistic regression, and
another technique is the fuzzy least squares regression. Zadeh [2] was the
first to introduce the concept of possibility. Nahmias [3] and Sugeno [4] also
have done extensive research on the possibility space. With this approach, to
handle fuzzy data, the first fuzzy linear regression model (FLRM) was
proposed by Asai et al. They investigated FLR with fuzzy coefficients and
input variables as crisp, whose objective is to reduce the model’s fuzziness
and convert the optimization task of estimation to a linear programming
problem (LPP). Tanaka and Watada [6], Tanaka and Hayashi [7] proposed
possibilistic regression analysis built on the idea of possibility measure in
place of fuzziness. They addressed some features of possibilistic linear
systems and constructed a model that may be implemented as an interval
analysis model. Bisserier et al. [8] introduced an improved technique to
FLR with trapezoidal fuzzy intervals. Chan et al. [9] researched fuzzy
regression based on genetic programming. “Fuzzy Logistic Regression” is
suggested and discussed by Pourahmad et al. [10] to model fuzzy binary
observations. Aliev et al. [11] integrated FRA into genetic algorithms.
Wang [12] suggested a new approximate Bayesian computation-based
FLR approach. Their method uses a Bayesian posterior distribution to
obtain independent samples of unknown model coefficients using the
likelihood-free inference procedure.

The fuzzy least square method (FLSM) was invented by Diamond
[13] in 1988 for estimating fuzzy parameters. Its objective is to reduce the
average squared error between the investigated and estimated output. In
terms of prediction, FLSM exceeds Tanaka’s model, but Tanaka’s model
outperforms FLSM in terms of computational efficiency. Many researchers
have revised and applied this approach. Celmins [14] extended the least-
squares method to accommodate triangular fuzzy number values in both
the dependent and independent variables. Papadopoulos [15] uses a
multiple FLR-based model to integrate rainfall, streamflow, and potential
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evapotranspiration to groundwater. Khammar and Akbari [16] proposed
a robust FRM using the least-squares method.

In 1938, Watada [17] suggested a heuristics-based FRM that should
apply heuristic approaches to solve production between fuzzy numbers
and to solve FRM for fuzzy input and fuzzy output data. Model switching
FRM was developed by Yabuuchi and Watada [18] and Yabuuchi [19] to
assess mixed data acquired from various systems. Fuzzy logic theory may
also play a vital role in constructing an FRM [6]. Few researchers have also
looked at fuzzy input-output data using nonlinear membership functions,
which can lead to different programming problems. For instance, Tanaka
and Lee [20] explore interval regression analysis using quadratic
programming rather than linear programming. Kwakernaak [21] proposed
the idea of a FRV. It’s a function that maps from a probability space to a set
of fuzzy integers based on particular measurability criteria. In the area of
FRYV, various researchers have published different works. In this regard,
Kruse and Meyer [22], Liu and Liu [23], and Puri et al. [24] have modified
and expanded this concept for various uses. Hesamian and Akbari [25]
suggested a new multiple regression model with non-fuzzy regression
coefficients and fuzzy intercepts. They also introduced a novel procedure
using FRV and LR-fuzzy to estimate the model’s components. Yoon and
Grzegorzewski [26] considered a least squares estimator with a fuzzy-
input and fuzzy-output linear regression model (LRM). A dual neural
network technique based on confidence intervals has been presented by
Hang Yu [27] for fuzzy random regression problems. Appadoo et al [28]
stated the correct form of Mellin transformations M (t), mean, p.(7)
and, variance as these are incorrect in Rezvani [29]. Further, they stated
that the probability density function of any generalized exponential
trapezoidal fuzzy number T =(p,q,7,s), " does not depend on the weight
function .

In one way, statistical data could comprise both fuzzy and stochastic
data at the same time. As such, in a given environment, the lifespan of a
particular animal might be expressed as: “around 2 years” with a
probability of 0.5, “around 3 years” with a probability of 0.4, “around 5
years” with a probability of 0.6, and “around 1 year” with a probability of
0.3, where “around 2 years”, “around 3 years”, “around 5 years” and
“around 1 year” are all linguistic values that may be defined by fuzzy
numbers or variables. In this situation, the animals’ lifespans are
distributed as follows.
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It can't be represented by just one random variable. As a result, to
assess such two-fold problematic data, we must integrate the two and
design a new technique.

This work deals with the fuzzy random regression model (FRRM),
which is built on FRV and its expectations. As a result of the aforesaid
explanation, the present work is a generalization of [30], where they have
formulated a LRM using TENs as fuzzy random input-output data. In this
paper, linear as well as quadratic regression models are developed for the
trapezoidal fuzzy random data with trapezoidal fuzzy numbers as
parameters.

The rest of this paper is structured as follows. Section 2 considers
some background information on fuzzy numbers followed by a brief
introduction about fuzzy regression and related studies in Section 1.
Section 3 delves into fuzzy variables, FRV, and expectations of FRV. The
regression model built on FRV was explored in Section 4. In Section 5, the
proposed fuzzy random regression analysis approach is explained with
an example. Finally, in Section 6, there are some closing observations.

2. Basic Preliminaries

Some basic concepts and notations related to fuzzy set theory are
presented in this section that will be used in subsequent discussions.

2.1 Definition [31] Fuzzy number

A fuzzy set A is said to be a fuzzy number, which satisfies the
conditions of convexity and normality defined on real line R, such that
{n;(x): R—[01],Vx e R}.

Here p;(x) is called as membership function, which is piecewise
continuous.

2.2 Definition [32] Trapezoidal fuzzy number (TrEN)

A TrEN A can be interpreted as (a,ﬁ,y,n)w, which has the
membership function y;(x) (Figure 1) as follows:
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Figure 1

Membership function of TrFN

3. Fuzzy Variables

In 1965, Zadeh [2] introduced the possibility theory as a method for
studying ambiguous situations. Uncertainty possibility theory has become
the fundamental structure for studying possibilistics. Kaufmann [33]
coined the phrase “fuzzy variable”, which has since been adopted by
others. Nahmias [3] and Wang [34], respectively, extended the idea of a
fuzzy variable to sample space and pattern space. First of all, let us discuss
the basics of fuzzy variables.

Probability space is related to crisp variables, whereas possibility
space is associated with fuzzy variables. Liu and Liu [35] proposed a
different version of credibility theory with a weighted mean based on the
principles of possibility and necessity measure to investigate the behavior
of fuzzy occurrence.

3.1 Possibility Space [23], [36]

A possibility space can be interpreted as the 3-tuple, i.e. (©, P(©),
Pos), where
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The sample space is © = (01, 62,..., 6,),
The power set of © is P (©)

* The possibility measure defined on © is Pos.

3.2 Necessity Measure of a set [23], [36]

If B is a set on a possibility space (©, P(©), Pos), the necessity measure
Nec{B} of B is defined as the impossibility of the B, described by Zadeh,
1978.

Nec{B} = 1- Pos{B} for any fuzzy event B.

3.3 Credibility Measure in a fuzzy environment [23], [36]

In the fuzzy context, Liu and Liu [23] defined credibility as the
average of the possibility and necessity measure.

Cr{B} =  [Pos{B}+Nec(B}] for any fuzzy event B.

3.4 Possibility, Necessity, and Credibility of a TrFN [23], [36]

Let A be a TrFN defined on a possibility space (©, P(©), Pos). Then
#;(x) be its membership function, where p. and x are real numbers. For a

Trapezoidal fuzzy variable, the explicit form of the membership function
is provided by Zadeh. (1965).

0, x<o
X—o
o’ a<x<p
Hi(x)=11, Bsx<y D
o= <
=y’ Yy<xs=nm
0, x>n

Then, the possibility, necessity, and credibility of this fuzzy occurance
are characterized in following manner:

The explicit expression for the possibility of a TrEN is given by:

0 a, <o
Pos{A<a}= SupxSuoyA(x) 20_;0! a<a < 2)

1 a, 2
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e The explicit expression for the necessity of a TrFN is given by:

Nec{A <a,}=1-Pos {A>a)}=1-Sup,_, ;(x)

0 B<a,<y

={ MM y<g < 3
o TSAET (3)
1 a,zn

* The credibility of a TrFN can be obtained as the mean of its possibility
and necessity.

Cr{zzlSao}:%[Pos{ASaOHNeC{ASao}]

0 a, <o

fo=¢t a<a <
-

1
=5 1 B<a, <y (4)

Mo~ <

1+ p Y<a,<n

1 a,=n

3.5 Expectation of Fuzzy variable [35]:

The expectation of a fuzzy variable A can be interpreted as:

E[A]= [ CriAza}da-[ CriA<a)da (5)
with one of the two integrals is finite
where Cr{AZaO}:l—Cr{ASaO}
1 a, <o
1 1[“5%;‘] a<a,<
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By using (6), we can obtain the expectation value of A to be

E[A]= =51 7)

3.6 Fuzzy Random Variables (FRV)

Kwakernaak [21] proposed the concept of a FRV. It is a function that
maps from a probability space to a set of fuzzy integers based on particular
measurability criteria. Mathematically, for a probability space (Q2,2,P) F,
is an assortment of fuzzy variables designated on a possibility space (©,
P(©), Pos). A FRV can be defined as a function Y :Q — F such that for any
Borel subset B of R, Pos Y(@) € B is a measurable function of @.

Assuming Y as a FRV defined on Q, foreach @ €Q, Y (@) is a fuzzy
variable and E[Y(@)] is the expectation of Y(@) which has been
established as a measurable function of @ [23]. Based on this concept, the
expected value of the FRV Y’ can be treated as the expectation of the
random variable E[Y(@)] [23].

3.7 Definition [23]

If Y be a FRV defined on probability space (2,2, P). A definition of
the expectation of Y would be as follows:

E[Y]=[[[*CH{Y(@) = a)da - [, Cr{Y(@ < a)}da] P(dD). (8)

Example 1 [30]: Let W be a random variable defined on probability space
(Q,2,P). Let us define for each @ € Q,

Y(@)=(W(@)+k,W(@)-k,, W@)+k,, W@)+k,)

TrFV *

Here Y is a trapezoidal FRV.

4. FRV regression model

Fuzzy arithmetic procedures have been examined in [3],[4] based on
possibility. Sanchez [37] in 1984 explored the solution of fuzzy equations.
According to Tanaka and Watada [6], Sanchez’s fuzzy equations can be
considered as possibilistic equations. The linear regression analysis has
been done using a probabilistic approach in [5], [38]. In this research, we
focus on the features of probabilistic linear and quadratic models and
develop corresponding FRMs.
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Table 1
Fuzzy Random Input and Output Data
SL. no. Input data Output data
1 X, Y,
2 X, Y,
J X, Y,
n )_{Vl Yn

Table 1 represents the data to be dealt with in this investigation. X,
and 171 for i=1,2,3,..,n are the FRV which represents the input and
output data respectively, which may be defined as;

>

_ _ k
Yi - tzl{(ylfryzfrysfry;)Trfnrpit}r Xi = t:UI{(xlf’xzf’x3t’x4t)T'ﬁl’qif}'

It may be noted that all data are given as fuzzy numbers with their
probability, where (y, 15,5, %), s and (x}, x5, %5, x,),, s are trapezoidal
fuzzy variables that are obtained with probabilities p; and g; respectively,
for i=1,2,3,..,n, and t=1,2,3,...,k.

Let us consider the fuzzy linear and quadratic models using
symmetric coefficients P, Q and R as follows:

Y =PX, +Q, )

and,
Y =PX*+QX, +R, for i=1,2,3,..,n (10)
Where Y, shows the estimation and P =[F’,¢,@f’]m is the

symmetric trapezoidal fuzzy coefficient when trapezoidal fuzzy random
data X; are given for i=1,2,3,...,n as shown in table 1. (Q, R can also be
defined similarly as P).
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k

Knowing the fuzzy random output as Y, =U{(y,", v,’, v,', Y Vs
t=1

p/}, the following relation should hold for linear as well as quadratic
cases:

Y =1_3_,+QPDRY,, (11)

i i i

and,
Y, =PX}+0X, +R2Y, fori=1,2,3,..,n (12)

Where > isa fuzzy inclusion relation (FIR). It can be expressed in a
diffetent ways, including chance-based inclusion, expected value-based
inclusion, etc. In this study, we deal with inclusion relations based on the
expected values of FRV.

The task of establishing a fuzzy linear and quadratic regression
modelunder fuzzy arithmetic operations yields the following mathematical
programming problem.

4.1 Fuzzy random data based Linear Regression model

The model may be written as,
minJ(P,Q)=P"-P'+Q" -Q' (13)
PQ
Subject to
P'>P',Q 2Q'

Y, =PX,+QoY,, fori=12,3,..,n

4.2 Fuzzy random data based Quadratic Regression model

In this case, the model may be presented as,

minJ(P,Q,R)=P"-P'+Q"-Q'+R"-R’
POR
Subject to
P'>P, Q0 >Q", R 2R

oy T (14)
Y, =PX; +QXL.+R£YI. fori=1,2,3,..,n

The above formulations are defined using only the FRV.
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Table 2
Expectation of fuzzy random input and output data
SL no. Input data Output data
i E[X ] E[X’] E[Y]
1 E[X,] E[X]] E[Y]
2 E[X,] E[X}] EIY,]
j EIX)] E[X?] E[Y)]
n E[X,] E[X]] ElY,]

Further, if the expectation of these data is taken, then we may have
alternative models for both linear and quadratic cases, which may be
called expected fuzzy random data regression models.

In this respect, the expectations of these data are shown in Table 2.

4.3 LRM for Expected fuzzy random data

Considering the expectation E[)_(,.] and E[l_/,.] (Table 2) of a FRV, the
following FLRM may be obtained:

n;%n](l_’) =p' -PpP +Q’ —Q’

Subject to
PP, Q 2Q'

s 15
Y, =PEIX ]+ QoE[Y ] for i=1,2,3,..,n (15)

Where > represents the FIR at level h.
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4.4 Quadratic regression model for Expected fuzzy random data

Similarly following fuzzy Quadratic regression model may be written:
min J(P,Q,R)=P"-P'+Q"-Q'+R'-R
P,Q,R

Subject to
P >P',Q >2Q", R >R

ey = (16)
Y, = PE[X]1+QEIX 1+ RoEY], for i=1,2,3,..,n

Where o represents the FIR at level h.
h

There is a challenge in solving mathematical programming (13) and
(14) for FRM, since the product of two fuzzy quantities may not necessarily
equal a fuzzy number. This problem leads to a heuristics algorithm, as
discussed in Watada et al. [39]. The mathematical programming (15) and
(16) are FRM, and these may be challenging to solve. However, if those are
simple lpp, then they can easily be solved by the traditional procedure.

5. Fuzzy Regression Model (FRM) for Expected Fuzzy Random Data

In this section, the FRM based on the expectation of FRV using the
TrEN (table 2) is discussed. Based on (8), we consider the FIR at level h=0,
which is the expected values of fuzzy random data.

5.1 Linear Fuzzy Regression Model (LFRM)
minJ(P)=P'-P'+Q"-Q'
P.Q

Subject to
I3r > l_jl’ Qr > Ql
E[Y]<P(E[X])+Q 17
[_'] Ij (E[}_(II)JFQ_Q " for i=1,2,3,..,n 17
E[Y,]>P'(E[X,])+Q',

Model (17) is a simple LPP that may be easily solved to obtain
solutions.

Results and discussions

Let us assume the following fuzzy input and output random data:
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X, =((1,2,3,4),,,03,2,3,4,5),,,07), Y, =((10,12,14,16),,,0.2;(12,14,16,18), . ,0.8),
X, =((2,3,4,5),,,05(3,4,5,6),,,05), Y, =((10,14,16,20), ,,0.4;(16,18,20,22), . ,0.6),
X, =((4,6,8,10),,,05;(6,8,10,12),,05), Y,=((16,17,18,19), ,0.8;(18,20,22,24), ,0.2),

X, =((6,8,10,12),,04;(8,10,12,14), ,06), Y, =((20,22,24,26), , ,0.4;(24,26,28,30), . ,0.6),

X, =((8,10,12,14),, /03;(10,12,14,16), . ,0.7), Y, =((24,26,28,30), 11r0.5,(26,28,30,32),, . ,0.5),
X, =((12,13,14,15),,,,0.5,(13,14,15,16),,,,0.5), Y, =((28,30,32,34),,,,0.4;(30,32,34,36),,,,,0.6),
X, =((10,12,14,16),,,,0.25;(12,14,16,18),,.,0.75), Y, =((30,32,36,38),,,,,0.2;(32,36,38,40),,,,0.8),
X, =((13,14,15,16),,,,0.3;(14,15,16,17),,. ,0.7), Y, =((32,36,38,42),,,,,0.4;(354,36,38,40),,.,,0.6),
X, =((12,14,16,18),,,,0.5;(14,16,18,20),,. ,0.5), ¥, =((34,36,40,44),,,0.2;(36,40,42,46) . ,0.8),
X, =((14,16,18,20),,,,0.25;(16,18,20,22),, . ,0.75), Y,, =((36,38,40,42), . ,0.5;(38,40,42,44), . ,0.5),

The LFRM of expected fuzzy random data for the considered problem

Y =PE[X,]+Q (18)

Here our main target is to find the coefficients of the expectation of
the fuzzy variable, such that it satisfies the FIR,

Y :PE[}_(I.]+Q]3E[Y[].

Case 1: Intercept as zero in (18)
In this case
if Q=0, then equation (18) becomes Y, = PE[X].
The expected value of the fuzzy input-output data can be evaluated
by using (8) as:
E[X,]=32,E[X,]=4,..,E[X,,]=185
and E[Y,]=14.6,E[Y,]=174,..., E[Y,)] =40

Based on (17), we can write the LFRM as:
min j(P)=P" - P'
P

Subject to
P'<p
3.2P' <14.6<3.2P",
4P' <17.4<4P",
8P' <18.2<8P’,
10.2P' <25.4<10.2F",
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12.4P' <28 <12.4PF",
14.5P' <32.2<14.5P",
14P' <36 <14P',
15.2P' <37 <15.2F,
16P' <40.5<16P",
18.5P' <40<18.5P".

Thebest possible solution may be found by solving the aforementioned
LPP, which are as follows: P' =2.16 and P’ =4.56.

Now the following LFRM of fuzzy random data can be obtained
using the aforementioned optimal solution:

Y =PEX .

(19)

Applying the expected values of input fuzzy random data in (19), we

may have the following output:

Y, =[6.91,14.59],Y, =[8.64,18.24],Y, =[17.28,36.48],..., Y,, =[39.96,84.36]

Now, one may easily check that the FIR (15) is satisfied for (19).
Also, from Figure 2, one may conclude that the FIR holds for the

obtained optimal solutions.

Case 2:If Q, #0 in (18) thatis Y, = PE[X,]+Q.
This can be solved by formulating the LFRM as follows:

mﬁinj(l_?) =P -P'+Q" -Q'
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Subject to
P'<pr,

Q'<Q,
32P'+Q'<14.6<32P +Q,
4P'+Q'<17.4<4P" +Q’,
8P'+Q'<18.2<8P" +Q,
10.2P' +Q' <25.4<10.2P" +Q’,

12.4P'+Q' <28<124P" +Q",
14.5P' + Q' <32.2<145P" +Q’,
14P' +Q' <36 <14P" +Q’,
15.2P' +Q' <37 <152P" +Q",
16P' +Q' <40.5<16P" +Q’,
18.5P' +Q' <40<18.5P" +Q'.

The optimal solution can be obtained by solving the above LPP as
P'=1.0625, P' =1.9250 and Q'=9.7=0Q".

We can get the following result utilizing the above mentioned optimal
solution and the expected values of input fuzzy random data in equation
(19):

Y, =[13.1,15.86],Y, =[13.95,17.4],Y, =[18.2,25.1],..., Y, =[29.35,45.31]

It's now easy to check whether the FIR (15) holds for (18).
Also, one may conclude from Figure 3, that the FIR holds for the

observed optimal solutions.
50
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5.2 Quadratic Fuzzy Regression Model (QFRM)

%) _l

r,n@r,lf(p) P -P'+Q -Q'+R" -
Subject to
P'>P', Q" >Q", R >R
E[Y,]<P'E[X1+QE[X,]+R’,
E[Y]= P'E[X’1+Q'E[X,]+R', for i=1,2,3,.,n  (20)

Model (20) is a LPP that can be solved to obtain the solution.
From the given fuzzy random input data that has been taken in

LFRM, we can easily find the square of the given TrFN [40].
Then by using (8), we may have
E[X?]=11.35,E[X}]=19.35,E[X;]=71,..., E[X},]=349.
For the given problem, the FRM of expected fuzzy random data is
Y, = PE[X’]+QE[X,]+R.
Let us find the coefficients of the expectation of a fuzzy variable, such
that it satisfies the FIR,
Y, = PE[X’]+QE[X,]+ R E[Y]].
Now from (20), the QFRM can be formulated in following manner:

m—lr—l](P/Q/R):pr _l_jl +Qr —QI +Rr —Rl
P,Q,R

Subject to

7

1 QI
A IA
Q1

4

r
7

R' <R,
11.35P' +3.2Q' +R' <14.6 <11.35P" +3.2Q" +R’,
19.35P' +4Q' +R' <17.4<19.35P" +4Q" +R’,
71P' +80Q' +R' <18.2<71P" +8Q" + R,

119P' +10.2Q' +R' <254 <119P" +10.2Q" + R,
160.6P' +12.4Q"' +R' <28 <160.6P" +12.4Q" + R,
217P' +14.5Q" + R' <32.2<217P" +14.5Q" +R’,
197.75P' +14Q' + R' <36 <197.75P" +14Q" +R’,
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232.75P' +15.2Q" + R' <37 <232.75P" +15.2Q" + R,
263P' +16Q' + R' <40.5<263P" +16Q" +R’,
349P' +18.5Q' + R <40 <349P" +18.5Q" +R".

On solving the above LPP, we may have the optimal solution as

P'=-0.1624, P" =-0.0460, Q' =2.8596 =Q", R' =6.8525=R".

In this case, we may get the following QFRM of fuzzy random data by
using the above optimal solution;

Y, =PE[X’]+QE[X,]+R (21)
Based on the expected values of (21), we have the following output:

Y, =[14.133,15.454], Y, =[15.149,17.401], Y, =[18.198,26.449], ...,
Y,, =[3.043,43.701].

It is simple to verify that the FIR (16) is satisfied for (21).

Also, from Figure 4, one may conclude that the fuzzy inclusion
relation holds for the obtained optimal solutions.

The above approximating fuzzy coefficients method is based on
possibilistic regression analysis. However, the discussed method is
associated with the formulation of LFRM and QFRM. By using these
formulations, we have calculated the models” parameters. Further, with
the help of these aforesaid explanations, the FIR for both linear as well as
quadratic cases are satisfied. From Figure 2, one may observe that the
expectation of the given output fuzzy variable is lying in between the
estimated output i.e., the expectation of lower estimated output and the
expectation of upper estimated output. Similarly, from Figure 3 and Figure

100 1

- 90 A
2 80 -
8 70 A Expected value of upper
%5 60 estimated output
.g 50 1 —@i—Expected value given output
B 40 4
S 30 4
< 20 -4 N— =¢==Expected value of lower
10 estimated output
o]

1 2 3 4 5 6 7 8 9 10
No. of Input data

Figure 4
Plot of E[Yi] Vs, 171
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4, one may also observe that the expectation of the given output fuzzy
variable is satisfying the FIR.

6. Conclusion

In this paper, linear and quadratic regression models for fuzzy
random data have been developed using fuzzy variables and their
expected values. We have successfully estimated the model coefficients in
such a way that they have satisfied the given fuzzy inclusion relation (FIR).
The discussed models based on linear and quadratic regression models
have also been verified with respect to fuzzy random data, which satisfy
the inclusion relation.
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