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Abstract

We sstudied a delay differential equations model for the population dynamics of diabetes
during pregnancy. We considered four variables, namely women who are non-diabetic,
women who are diabetic, women with gestational diabetes, and women with gestational
diabetes and diabetes-related complications. We investigated the stability analysis of the
equilibrium point by deriving of the transcendental characteristic equation. The numerical
diagrams are visualized to verify the theoretical results. We further investigated the
sensitivity analysis with respect to the equilibrium point. The normalized forward sensitivity
indices suggested the critical and sensitive model inputs that capable of being handled to
tackle the problems of diabetes during pregnancy.
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1. Introduction

Diabetes among expectant mothers is common these days. Cases of
diabetes during pregnancy have shown an increase over the years [1, 2].
Diabetes during pregnancy can be categorized into two types. The first
one is due to pre-existing type 1 diabetes, which the type 1 diabetes
develops before pregnancy. The second one is due to pre-existing type 2
diabetes and is called gestational diabetes mellitus [3, 4]. Gestational
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diabetes is one of the serious pregnancy complications. Gestational
diabetes arises from factors such as obesity, maternal age, and family
history [5]. Nevertheless, gestational diabetes is increasingly acknowledged
as a possibility for preventative steps of type 2 diabetes and other diseases
throughout a person’s life. Gestational diabetes might have contributed
for up to 30% of cases of type 2 diabetes [6].

Diabetes mellitus during pregnancy is a significant international
health concern that contributes to many unpleasant outcomes. Then, Mat
Daud et al. [7] developed and analyzed a mathematical model of the
population dynamics of diabetes during pregnancy. Mat Daud et al. [7]
considered four time-dependent variables, namely the women who are
non-diabetic, women who are diabetic, women with gestational diabetes,
and women with gestational diabetes and diabetes-related complications.
Besides, the study of time delay has sparked significant fascination in
ecosystems, where time delay can be used to designate the time required
for young predators to mature [8] and the time delay in producing
offspring [9]. In addition, many studies on diabetes population dynamics
or time delays can be found in [10, 11, 12].

We organize this manuscript into the following sections. Section 2
discusses the model formulation of the population dynamics of gestational
diabetes with time delay. In Section 3, we specify a critical delay 7, >0 of
the time delay 7 as a way that the equilibrium point P° is locally
asymptotically stable for 7€[0,7,) and unstable for 7>7,. A Hopf
bifurcation occurs at P° when 7=7,. We also discuss a method to
determine the sensitive model inputs to change the equilibrium point P’
in Section 4. Lastly, we present the discussion and conclusion in Sections 5
and 6, respectively.

2. The mathematical model

In 2020, Mat Daud et al. [7] established a four-state population model
to monitor the number of pregnant women with diabetes. The childbearing
age is usually from 15 to 44 years old [13, 14]. The population of women in
the childbearing age group is divided into four states: V(t), N(t), K(t),
and G(t) (see Table 1 for the definition). The governing equations are as
follows:
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Table 1
The variables in model (2.1).

Variable Definition
V(t) The figure of women who are non-diabetic at time t.
N(t) The figure of women who are diabetic at time .
K(t) The figure of women with gestational diabetes at time .
G(t) The figure of women with gestational diabetes and diabetes-
related complications at time t.

‘W“ =¥ —(u+0+E+a)V(t)+nK(t)+ pG(t), V(0) =V, >0, (2.1a)
dl;’f” @ —(e+Kk+Q+WN(t)+ V() + xK(H)+yG(t), N(O)=N, >0, (2.1b)
BO — av () + QN -(n+ 1 + 0 +v+5)K(H), K(0) =K, >0, (2.1¢)
dG(*) = wK(t)—(p+7+0+B)G(), GO0) =G, > 0. (2.1d)

Cdr

The definition of all parameters in model (2.1) is given in Table 2. Mat
Daud et al. [7] investigated model (2.1) for the non-negativity of the
solution, local stability, and sensitivity analysis of the long-term solution.

In the present paper, we extend model (2.1) by considering a time
delay in the development of diabetes from the point of non-diabetes. The
progression of diabetes is slow and should include time delays [10]. A
non-diabetic person may pass through an extensive pre-diabetes phase
before becoming a full-blown diabetic [15, 16]. Then, the new model with

time delay is as follows:

WO~ — (u+a+ V() -0V (t—7)+nK(t)+ pG(H), (2.2a)
B B @ —(e+x+Q+ N +0V(E-T)e "9 + xK(B) +YG(H), (2.2b)
dK(t =aV({t)+QN({H) -(n+ y +o+v+8)K(), (2.2¢)
ﬂ = oK(t)-(p+7+0+B)G(t), (2.2d)

dt

where 7 is the slow progression from non-diabetic to diabetic and the
term e ***" is the proportion of oV (t-7) individuals who are still alive
from time ¢ to t+7. Figure 1 shows the compartmental layout of model
(2.2). Furthermore, we consider the initial conditions for model (2.2) as

follows:
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Table 2
The definition of parameters in model (2.1).

Parameter Definition

N The entry rate of women who are non-diabetic into the
childbearing age group.

u The fatality rate due to causes other than diabetes.

& The removal rate of women without diabetes from the
childbearing age group.

o The rate of developing diabetes.

€ The removal rate of women with diabetes from the childbearing
age group.

K The diabetes-related death rate among women with diabetes.

o The entry rate of women with diabetes into the childbearing age
group.

¥ The recovery rate of diabetes-related complications but remain to

be diabetics in the non-pregnant state.

B The diabetes-related death rate among women with gestational
diabetes and diabetes-related complications.

0 The death rate due to causes other than diabetes-related
complications among women with gestational diabetes and
diabetes-related complications.

(0] The rate of women with gestational diabetes developing diabetes-
related complications.

X The rate of women with gestational diabetes who continue being
diabetic in the non-pregnant state.

Q The rate of women with diabetes getting pregnant.

v The death rate of women with gestational diabetes due to causes
other than diabetes.

Fy The diabetes-related death rate among women with gestational
diabetes.

o The rate of women who are non-diabetic getting pregnant with

gestational diabetes.

n The rate of women with gestational diabetes becoming non-
diabetic after puerperium.

p The recovery rate of diabetes-related complications and becoming
non-diabetic in the non-pregnant state.
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Figure 1

Compartmental diagram of diabetes during pregnancy.

V(6,)=¢(6,)>0,6, €[-7,0], N(0)=N, >0,K(0)=K, >0,G(0)=G, >0,
(2.3)

where ¢(6,) is a continuous function on 6, €[-7,0]. By the fundamental
theory of delay differential equations [17], we can easily show that the
delayed model (2.2) with the initial conditions (2.3) has a unique solution.

2.1 Non-negativity and boundedness of the solution

Since the model monitors a human population, it is important to
show that every variable is non-negative for time t>0. If it is not, we
identify the condition for which the solution will remain non-negative
over time. In addition, resources are finite, so it is important to prove the
boundedness of the solution.

Proposition 1: If condition:

(H1) W +nK(t,)+pG(t,) > oV (t, —1) at the boundary V(t,)=0 for any
time ¢, is satisfied, the solution of model (2.2) remains non-negative and
bounded for t>0. Furthermore, the set:

£

Q= {(V(t),N(t), K(t),G(t) e R | V() + N(t)+ K(t) + G(t) < \PHU} ,

where €=min{(6+f),(v+9),(e+u+x),(L+&)}, is a positively-invariant
set with respect to model (2.2).

Proof: For the non-negativity problem, we first investigate equation (2.2a).
Equation (2.2a) can be written as
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%Hméjm)wt): ¥ — oV (t—1)+nK(E)+ pG(t). (2.4)
Multiplying equation (2.4) with e*****" yields
% (V(1)e" =) = (¥ + nK(t) + pG(t) — oV (t — 7))e ", (2.5)

By changing the independent variable of equation (2.5) from t to &
and integrating it from £=0 to £€=t, we obtain

V(t) = V(0)e Werot 4 o ursret jo’(\y +nK(e)+ pG(e)— oV (e —1))e" " de.
(2.6)
Note that the integral term in equation (2.6) can become negative. If

the solution of equation (2.2a) touches the boundary V(t,)=0 at any time
t,, equation (2.2a) becomes

Then, if W +nK(t,)+ pG(t,) <oV (t, —7), then the solution of equation
(2.2a) enters the negative region (see Figure 2). To avoid obtaining a
negative solution of equation (2.2a), condition (H1) needs to be satisfied.
This condition (H1) suggests that V(f) remains non-negative for ¢ > 0.

Next, we investigate equation (2.2b). We claim that N(t) remains
positive for t>0. On the contrary, we assume there is a first time >0
such that the solution of equation (2.2b) touches zero where N(f)=0 and
(K(t),G(t)) > (0,0). Then, equation (2.2b) becomes

diif) =@ +0oV(i-1)e " + xK(f)+yG(t) > 0.

Figure 2

dv(t)
< 0.

The slope of



MODEL FOR THE POPULATION DYNAMICS OF DIABETES 1123

Hence, N(t)<0 for te(f—g,f) where £>0 is sufficiently small. This
contradicts our initial claim where N(t)>0 for te[0,f). Consequently,
N(t) remains non-negative for t >0.

Similarly, the non-negativity of variables K(t) and G(t) canbe proved
in the same way as the proof of variable N(t).

For the boundedness problem, we denote the total population T(t) =
V() + N(t) + K(t) + G(¢t). It follows that

% =Y +@-(0+PB)G(t) - (v+O)K(t)—(e+u+K)N(t) - (u+EV(H)
—oV(t—1)(1—e 97, (2.7)
By condition (H1) and the non-negativity of every variable, equation

(2.7) becomes

DO <y +@-21(h).

Then, we can obtain

T(H< 22 [T(O)— *g“je-éﬂ

£

We have T(t)<*;® for T(0)< ;2. This indicates the upper bound of

€

the total population size is *;”. Condition (H1) is required to be true so

that the set Q becomes a positively-invariant set for model (2.2).
The set Q is considered as our feasible region and the equilibrium
point is within this region whenever it exists.

3. Stability analysis of the equilibrium point

The equilibrium point of model (2.2), P'=(V',N,K',G’), is the
long-term solution in which it occurs when all rates of changes are zero.
For a large time ¢, we have

Vt)=V(t-1)=V',Nt)=N",K(t)=K',G(t)=G". (3.1)

By substituting (3.1) into the right-hand-side equations of model (2.2)
and letting them equal to zero, we obtain:

Y-a,V +nK +pG =0, (3.2a)
@-a,N +oV'e "9+ yK' +yG =0, (3.2b)
aV' +QN -a,K =0, (3.20)

oK —a,G =0, (3.2d)
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where

a,=u+o+é+o, a,=e+Kk+Q+,
a,=N+x+0+v+0, a,=p+y+0+p,
By solving system (3.2) simultaneously, we obtain a unique point
P =(V',N",K',G") such that:

a3a4 (as¥+nQa, o0+ pwQ)
15+0Qa3,(Nay +po)(1—e~#7)1a, (5asa, +oya, +owy)

.4 . .
N =a;'[a,0,0 +(a,a,0¢" """ +a, ya +ywa)V'],
« _aV +QN’
K=o
« oK'
G = o

7

where

a,[(p+0+B)o+(n+v+0)a,]+(yo+a,x)(e+u+xK),
aJaa,(u+&)+aa,(v+06)+aw(®+ )],
(e+u+x)(pw+na, +yw+a,x)+a,[(0+B)o+(v+05)a,].

a5
g
a,

Since e 9" €(0,1], the equilibrium point P =(V',N’,K’,G")
remains positive for the positive range of parameter values.
3.1 Local stability

To investigate the behavior of the solution near the equilibrium point
P’, we introduce

V() =V +u,(t), N(O =N +1,(t), KO =K +u,(t), G(t) =G +u,(t),

where u(t) =[u, (), u,(t),u,(t),u,(H)]' is a matrix of time-dependent
functions that are relatively close to point P". The linearized system of

model (2.2) at P’ is in the form of % = Ju(t) + J u(t-7), where

~(u+é+a)y 0 p o 000

— 0 —a X Y _|oe ™ 9 0 0
Jo= o Q -a; 0 o= 0 000
0 0 (0] —ay 0 0 00

The corresponding characteristic equation is derived by computing
det[AI, — J, —e¢*J.]1 =0, where 1 represents the eigenvalues and I,
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denotes a 4-dimension identity matrix. Then, the characteristic equation is
given by

M4z A +2, 27 vz A+ z, +e M [OA +2,47 +(z, +2,)A +(z, +2,)]=0, (3.3)

where

z,=u+E+o+a,+a, +a,
z,=(a,+a,)a, +(e+u+x)a, +QM+w+v+05)
+(u+8E)(a, +a, +a,)+ofa, + y+o+v+0o+a,),
z, =(e+u+x)aa, +QM+v+0o)a, +Qa(p+6+f)
+(u+E(a, +a,)a, +(e+u+x)a, +QM+w+v+96)]
+ofa(y +0+P)+(a, + x+v+0)a, +(e+u+x)y+a,(w+v+9)],
z, =(U+)[(e+u+Kx)aa, +Qa,(n+v+8)+Qu(p+60+p)]
+ofyxa, +w(y +0+ B)l(e+u+x)+aaa,(v+0)+oQw(d+p),
z, =0(a, +a, +a,),
z, =0l(a, +a,)a, +(e+u+K)a, +Qw+v+9)],
z, =o[(e+p+K)aa, +Qv+06)a, + Qw6+ p)],
z, =0Qn(1—¢ 9),
z, = 0Q(1a, + wp)(1—e ).

Notice that z, > 0 (c=1,2,...,9) for the positive range of parameter
values.
3.1.1 No time delay

Assume that 7=0. In this case, equation (3.3) becomes

A+ (0 +2)A +(z, +2)A" +(z, +2,)A +(z, +2,)=0. (3.4)

Notice that (0 +z,)>0, (z,+z,)>0, (z,+2,)>0, and (z,+z,)>0.
According to Corollary 4.1 in [18], all roots of equation (3.3) are negative
or have negative real parts. Thus, we have the following theorem.

Theorem 1: In the absence of delay, the equilibrium point P° is locally
asymptotically stable.

3.1.2 The critical delay

For the case of 7 >0, we need to show that the roots of equation (3.3)
are not permitted to intersect the imaginary axis; that is, the characteristic
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equation cannot have pure imaginary roots [19, 20]. Now, suppose that for
some 7 >0, there exists anumber { >0 such that A =i{ (i=+-1) is one of
the roots of equation (3.3). By substituting A =i{ into equation (3.3) and
separating the real and imaginary parts, we obtain
$t =20+ 2z, =(2.0 —(z, +2,))cos {T+(04° — (2, +z,){)sinlT,  (3.5a)
2,0° = 2,0 =(2,6* (2, +2,))sin {7 — (04> — (2, +z,){) cos L. (3.5b)

After we square and add the equations in (3.5), we obtain:

ol +olt+o. 0+, =0, (3.6)

where

2 2
0 =z —2z,-0",

¢, =2z, +2z, —2z,z, -z +20(z, + 2,),
¢, =25 -22,2,+2z,(z, +2,) (2, +2,)°,
0, =(z,+z,+2))(z, -2, — Z,).
Let @ ={*. Therefore, equation (3.6) can be written as

Q'+ @ +9,0 +,0+¢, =0. (3.7)

Suppose that
H2) (¢,,9,,9,,9,)>(0,0,0,0).

This condition (H2) implies that all roots of equation (3.7) are negative
or have negative real parts (based on Corollary 4.1 in [18]). This is a
contradiction because {*=® <0. Hence, the characteristic equation (3.3)
cannot have A =i{ as one of the roots. The equilibrium point P" is locally
asymptotically stable for all 7>0.

Now, we assume that:

(H3) Equation (3.7) has at least one positive root.

WLOG, we consider that equation (3.7) has four positive roots given
by ® , ®,, ®,, and ®,. Then, equation (3.6) have four positive roots

given by gl =\/gl/ Cz =\/¢TZ/ C3 =\/53/ and €4 2@' For every (:k
(k=1,2,3,4), the corresponding critical delay is given by

(h_ 1 —1{<i>} 2n
TV = i+ =0,1,2,...
COos o gk s ] IR RRRY

where
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D=(( -2,0 +2)(z80 — (2, +2)— (2,87 — 2,08 —(z, +2))E7,
= (O-éf - (Zﬁ + Zg )Ck )2 + (Z5§k2 - (Z7 + Zg ))2

Let 7,= mm {T 0)} be the first critical delay at which equation (3.3)

has a pair of Complex conjugate roots and A ==+i{, are denoted as the
corresponding roots. Then, the equilibrium point P° is locally
asymptotically stable for 7 €[0,7,).

In order to confirm the existence of Hopf bifurcation at 7=1, [21],
the following transversality condition must be satisfied:

Slgn{m{tﬂ(r ]'z(r )=it, }> N

By differentiating equation (3.3) with respect to 7, we obtain

A

[%} =(e"(4A° +32,A" +2z,A +2,) + 304" + 2z, A +(z, +z,)
— oA’ _TZS;LZ — (2, +2)A - 1(z, +2,)) (3.8)
x(OA + 2, A% +(z, +2,) A" +(z, +2)4

—2e "o On(u+8)~e o Qna, + op)(u+ )
By substituting A(7,)=i{, into equation (3.8), we obtain

B

(3.9)
Aey)=ig,

where

f,=(t,2, —30)53 + (2, + 2, — T,2, —T,2,) — (32,5. — z,) cos {7, + (457 —2z,)
¢,sing 7.,

f, =71,08) +(2z, -7,z —T,2,)5, — (455 —22,)¢, cos & v, — (32,80 —z,)sind, T,

fo =083 (2, +2)¢ —¢ 000, +wp)(u +£),

fi=-283 +(z +2,)6, ~ G o+ ).

The real part of equation (3.9) is given by

ATt
mH

_ fifsithfs
2 2 °
A‘<TO )=i§0 f3 +f4

Suppose that
(HY) £, +f,f,>0.
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>0.
A1y)=ig,

This condition (H4) implies that

-1
sign {9% [%} . } =sign {‘.R [%}

The following theorem is established.

Theorem 2: For model (2.2),

(i) if condition (H2) is satisfied, then the equilibrium point P" is locally
asymptotically stable for all 7> 0.

(i) if conditions (H3) and (H4) are satisfied, then the equilibrium point P is
locally asymptotically stable for T €[0,7,) and becomes unstable for T > 7,.
Furthermore, a Hopf bifurcation occurs at © =1, and a family of periodic
orbits bifurcates from P".

3.2 Validation of the theoretical results

Numerical simulations are conducted to confirm the theoretical
findings. For numerical examples, we consider four different sets of model
inputs given in Table 3.

Table 3
Four sets of model inputs for the simulations of model (2.2).
Model input (i) Set 1 (ii) Set 2 (iii) Set 3 (iv) Set 4

¥ 10 10 10 10
H 0.101 0.101 0.101 0.101
4 0.102 0.102 0.102 0.102
c 0.1 0.1 0.5 0.5
3 0.104 0.104 0.104 0.104
K 0.105 0.105 0.105 0.105
o 1 1 1 1

14 0.107 0.107 0.107 0.107
B 0.108 0.108 0.108 0.108
0 0.109 0.109 0.109 0.109
@ 0.11 0.11 0.11 0.11
X 0.112 0.112 0.112 0.112
Q 0.113 0.113 0.113 0.113
v 0.114 0.114 0.114 0.114
1) 0.115 0.115 0.115 0.115
o 0.116 0.116 0.116 0.116

Contd...
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n 0.117 0.117 0.117 0.117
p 0.118 0.118 0.118 0.118
¢ 5 5 5 5
N, 1 1 1 1
K, 1 1 1 1
G, 1 1 1 1
T 0 1 1 5.8379

For the modelinputs givenin Table 3(i), the corresponding equilibrium
point is P’ =(26.5334, 11.1389, 7.6348, 1.9001). According to Theorem 1,
the equilibrium point P” is locally asymptotically stable (see Figure 3).

For the model inputs given in Table 3(ii), the corresponding
equilibrium point is P =(26.4391, 9.8799, 7.3651, 1.8329). Moreover, the
corresponding coefficients of equation (3.7) are ¢, =0.8411, ¢, =0.2344,
¢,=0.0242, and ¢, = 7.2483x107". Then, condition (H2) is satisfied.
According to Theorem 2(i), the equilibrium point P* is locally
asymptotically stable (see Figure 4).

For the model inputs given in Table 3(iii), the corresponding
equilibrium point is P =(13.3079, 17.2177, 6.1432, 1.5288). Moreover,
the corresponding roots of equation (3.7) are ®, =-0.3737, @, =-0.2847,
®, =0.1455, and @, =-0.0882. Then, condition (H3) is satisfied and the
critical delay 7,=5.9083. According to Theorem 2(ii), the equilibrium
point P is locally asymptotically stable because 7=1<7, (see Figure 5).

30 : . ‘ . . 30
25 / / 257/ i
V(t) V(t)
@ 20 N() ® 20 N(t)
g K(t) g K@)
25 G 2 151 G|
el e}
£ ; £
10/ 0} -
50 5 ’
o o
0 50 100 150 200 250 300 0 50 100 150 200 250 300
time (year) time (year)
Figure 3 Figure 4

Simulation of model (2.2) with the Simulation of model (2.2) with the
model inputs in Table 3(i). model inputs in Table 3(ii).
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Simulation of model (2.2) with the Simulation of model (2.2) with the
model inputs in Table 3(iii). model inputs in Table 3(iv).

For the model inputs given in Table 3(iv), the corresponding
equilibrium point is P’ =(12.9854, 8.4785, 4.3387, 1.0798). Moreover, the
corresponding roots of equation (3.7) are ® =0.1462, &, =-0.3643,
®, =-0.2794, and ®, =-0.1036. Conditions (H3) and (H4) are satisfied,
where the critical delay 7, =5.8379 and f,f, + f,f, = 0.008 >0. According
to Theorem 2(ii), a Hopf bifurcation occurs and a limit cycle arises from
the equilibrium point P* (see Figure 6).

4. Sensitivity analysis of the equilibrium point

In this section, the normalized forward sensitivity indices (NFSIs) of
the equilibrium point with respect to every model input are calculated.
The set of model outputs is given by

x={V',N',K',G}.
The set of model inputs is given by
y={¥,u,§,0,¢x,@,,B,0,0,%,2v,0,0,n,p,6,N;, K ,G,, 7}

Mathematically, the NFSI of an arbitrary model output x  with
respect to an arbitrary model input v is given by

X, _ Yn ax,,,
Y=gl (4.1)

where m=1,2,3,4, and n=1,...,23. Equation (4.1) is one at a time method
because the other model inputs remain unchanged. It is explained as the
approximate percentage change in the model output x, when the model
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input y,  increases by 1%. We approximate the partial derivative in
equation (4.1) using the centered difference approximation as follows:

axfm ~ Xm (]/n +A]/n )_xm (]/n _Ayn)
WYy 24y, !

where x, (v, +Ay,) is the figure of the model output x, when the model
input vy, increases by Ay, and x (y,—Ay,) is the figure of the model
output x, when the model input y  decreases by Ay . By default,
Ay =0.001xy [22].

5. Discussion

Here, we consider model (2.2) with the model inputs from Table 4.
For the model inputs given in Table 4, the corresponding equilibrium
point is P" = (1.0906x107, 9.1242x10°, 1.1362x10*, 651.0135). Moreover,
the corresponding coefficients of equation (3.7) are ¢, =2.004, ¢, =1.0052,
¢, =9.28x10"*, and ¢, =2.126x107. Then, condition (H2) is satisfied.
According to Theorem 2(i), the equilibrium point P* is locally
asymptotically stable (see Figure 7). As shown in Figure 7, the number of
all subpopulations reaches their equilibrium solutions at a long-term
prediction.

By performing the sensitivity analysis, we will determine which
model inputs are the important and sensitive model inputs to change the
equilibrium point P". Following equation (4.1) and using the model
inputs in Table 4, we present in Table 5 the NFSIs of the equilibrium point
P with respect to every model input.

Based on the definition of every model input, we exclude the effect of
the following model inputs. We exclude the removal- or death-related
parameters (u,&,e,k,,0,v,8) because it is unrealistic to alter them. We
also exclude the changes in the initial conditions (¢,N_,K ,G,) because
they do not affect the equilibrium point P". We exclude the model inputs
Y, Q, and «a because it is unrealistic to restrict the demographic
expansion in order to control diabetes or diabetes-related complications.
Without the birth of new individuals, we would face extinction. For the
other model inputs, we sort them based on their magnitude of sensitiveness
and their sign in Table 6. The magnitudes and signs of NFSIs for Y; were
not given since V' represents the equilibrium point of women who are
non-diabetic.
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Figure 7

Simulation of model (2.2) with the model inputs in Table 4.

Table 4

Estimated values for the model inputs.

Model input

Value

Source

b

255281

[7]

7.752x10™*

(7]

0.0218

(7]

1.5831x107°

(7]

9.9175x10°°

[7]

2.7484x107*

[7]

4679

(7]

0.1228

[7]

7.485x107

(7]

0.0195

[7]

0.0573

(7]

0.1167

[7]

0.0108

[7]

0.0202

(7]

Q< |DIR|S || IR|A|A | > | Q|un| =

1.0292x10°°

[7]

Contd...
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o 1.3833x10* [7]
n 0.8048 [7]
P 0.8503 [71
() 6000000 Assumed
N, 900000 [7]
K, 10000 [7]
G, 600 [7]
T 10 [16]
Table 5

The NFSIs of the equilibrium point P* with respect to every model input
using the model inputs in Table .

Model input (y,) YZ Ty; Yf Yj
v 0.9918 0.7428 0.7759 0.7759
H —-0.0343 —-0.0692 —-0.0646 —-0.0646
& -0.9291 —-0.8570 —-0.8666 —-0.8666
o} —-0.0428 0.7073 0.6074 0.6074
£ —-0.0159 —0.4959 —-0.4320 -0.4320
K —4.4017x107* -0.0137 -0.0120 -0.0120
[0) 0.0082 0.2572 0.2241 0.2241
Y -1.341x10™ 0.0035 0.0030 -0.1198
B -1.6358x107° | —4.2877x107° -3.9346x107 | —0.0075
0 -4.2617x107° -1.117x10™* -1.025%x10™* -0.0196
« -1.8404x107 1.3425x10™ —-0.0547 0.9453
X —-0.0023 0.0581 —-0.0615 —-0.0615
Q 0.0176 -0.4516 0.4777 0.4777
v -7.7701x10™ —-0.0020 -0.0211 —-0.0211
é -3.9589x10° | —1.0049x10™* —-0.0011 —-0.0011
o -5.0701x10* 0.0092 0.1411 0.1411
n 0.0031 —0.0562 -0.8616 -0.8616
P 1.9308x10™* —-0.0033 -0.0029 -0.8531
) 0 0 0 0
N, 0 0 0 0
K, 0 0 0 0
G, 0 0 0 0
T —-0.0055 -0.1710 —-0.1490 -0.1490
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Table 6

Magnitude and sign of the NFSIs of N', K', and G’ using the
model inputs in Table 4.

(A) NFSIs of N’ (B) NFSIs of K’ (C) NFSIs of G

Y, |T;V"‘ | | sign v, IY’;‘:' | | sign v, |r;’”' | | sign
(o} 0.7073 + n 0.8616 - w 0.9453 +
[0) 0.2572 + (o 0.6074 + n 0.8616

T 0.1710 - () 0.2241 + P 0.8531 -
X 0.0581 + T 0.1490 - o 0.6074 +
n 0.0562 - X 0.0615 - () 0.2241 +
Y 0.0035 + (2] 0.0547 - T 0.1490 -
P 0.0033 - Y 0.003 + Y 0.1198 -
w 0.0001 + P 0.0029 - X 0.0615 -

From Table 6(A), the most sensitive model input that increases the
equilibrium solution of women who are diabetics (N') is the rate of
developing diabetes (o). From Table 6(B), the most sensitive model input
that decreases the equilibrium solution of women with gestational diabetes
(K") is the rate of women with gestational diabetes becoming non-diabetic
after puerperium (17). From Table 6(C), the most sensitive model input
that increases the equilibrium solution of women with gestational diabetes
and complications (G') is the rate of women with gestational diabetes
developing diabetes-related complications ().

One of the ways to simultaneously decrease ¢ and increase 7 is
through prevention and education. Primary intervention should be
targeted at women early in their childbearing age to ward off diabetes
during pregnancy. Before making any arrangements to conceive, women
at risk of gestational diabetes should receive information about the
management plans and risks of pregnancy. To avoid the complications
associated with diabetes during pregnancy, screening of women with
gestational diabetes should continue. Controlling the model input @
requires treatment of the diabetes-related complications during pregnancy
to avoid mortality and ensure their glycemic levels return to normal after
the pregnancy. Considering the sensitive model inputs and other essential
elements like money spent, logistics, labor force, time, accessibility, and
other factors, the rankings of model inputs may help policymakers decide
on the best intervention measures.
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6. Conclusion

In this work, we considered a delay differential equation (DDE)
system for the population dynamics of gestational diabetes. We have
investigated the condition that should be satisfied for the non-negativity
of the solution for all time. Regarding the parameter 7 being considered
as the bifurcation parameter, we studied the occurrence of periodic orbits.
We proved that when certain conditions are satisfied, the equilibrium
point P* may be locally asymptotically stable for 7>0, a Hopf bifurcation
occurs at a critical delay 7 =17, (a family of periodic orbits bifurcates from
P"), orbecomes unstable for 7 > 7,. The theoretical findings are confirmed
through numerical simulations. It is noticeable that for the same model
without time delay, Mat Daud et al. [7] showed that an oscillatory solution
does not occur. The sensitivity analysis results also showed that the
gestational diabetes results might depend on multiple crucial aspects
represented by the sensitive model inputs. Simplifying the visualization of
the relationship between disease outcomes and various factors could aid
policymakers in making informed decisions. This model will offer a useful
tool for community welfare management and surveillance, such as
estimating the efficacy of intervention programs and anticipating future
incidence and burden of gestational diabetes.
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