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Abstract

In this study, adaptive one-step generalized M-estimators for the regression parameters
of the linear regression model are derived. The proposed estimators are developed assuming
the exponential power family and the t-distribution family. A class of one-step M-estimators
with likelihood score function is obtained then the estimators are adapted to the distribution.
A Monte Carlo simulation study is conducted to investigate the performance of the suggested
estimators. The results show that the proposed adaptive robust estimators are highly efficient
than least squares estimators as well as robust counterparts. The results show also that the
suggested method for estimating the shape parameter through its relation with the kurtosis
coefficient gives efficient estimators.
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1. Introduction

From a long time, statisticians have recognized that optimal procedures
provided by the classical statistical analysis under exact parametric models lose
their optimality for even small deviations from the assumed model. This
stimulated statisticians to develop stable methods against large families of
distributions obtained by adding new shape parameters to the parametric
models. This involves various types ranging from moderate to heavy tailed
distributions. That is, developing robust statistical procedures that are valid for
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large family of distributions and are insensitive to deviations from specific ones
[16].

In the 1960’s, two theoretical approaches of robust procedures were
introduced and robustness measures were basically developed from them. First,
Huber introduced the minimax approach and developed M-estimators by
minimizing the maximum asymptotic variance over a set of contaminated family
of distributions. Then Hampel introduced the influence function (IF) approach
and developed M-estimators that minimize the asymptotic variance at a central
model subject to a bound on the gross errors sensitivity [30].

Measures of robustness were developed based on these two approaches
such as having bounded IF and high breakdown point. For M-estimators, the IF
is proportional to the score function 1. They are robust if Y is bounded and
continuous. All other criteria can be measured relative to the kind and behavior
of Y [18]. Extensions of robust estimation for linear models were then
introduced [2, 25, 29, 7, 32, 35, 19, 26 and 10].

In general, robust estimators are not efficient. However, the possibility to
find asymptotically efficient estimators under a large class of sufficiently
smooth symmetric distributions was first discussed in a general set up by [31].
Estimators of this kind are known in the literature as adaptive estimators.
Enhancing efficiency of robust estimators can be achieved by implementing
different sorts of adaptive techniques [15, 24, 5, 33, 24, 14 and 21].

The aim of this work is to develop highly efficient robust estimators for the
linear regression model. Adaptive M- and generalized M-estimators for the
regression parameters are suggested assuming the extended power distribution
(EPD) family. This distribution family contains both exponential power and the
student t-families of distributions [1 and 22]. To formulate the problem, consider
the ordinary linear regression model given by:

Y, =xi0+E,i=12,..,n, (1.1)
where, Y;'s are n observations of response variables, x; is a g-vector of (q — 1)
explanatory variables with x;; = 1,Vi, @ is a g-vector of unknown regression
parameters. E;'s are independent and identically distributed random variables
having a common unknown distribution function F with mean zero and variance
02[23 and 13]. An M-estimator of the regression parameter @ is the solution of
the minimization problem: ming Y™, p(¥; — x£@) with p(.) a convex function.
Assuming p is a derivable function with derivative 1y, an M-estimator of @
becomes equivalently the solution in @ of the equation Y1, x;¥(Y; — x:0) = 0.
For example the least squares (LS) estimator corresponds to p(t) = t2, while
the least absolute deviations (LAD) estimator corresponds to p(t) = |t| [9].

The IF of an M-estimator is bounded in Y whenever iy is a bounded
function, but necessarily unbounded in x. Outliers in the X-space (leverage
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points problem) may render the value of the IF very large and extremely reduce
all robustness properties. Generalized M-estimators (GM) were then developed
by Mallows in 1975 [16] to overcome such a problem. For the GM estimation,
weight functions are incorporated in the estimating equation to limit the bad
effects of leverages. Mallows suggested a GM-estimate as the solution of the

—xt
minimization problem: ming ».7; w; p (YlTx‘e) The weight functions w; are
related to the Mahalanobis distance in the X-space [3], defined as:

IZ,

o b N7

Wi = min 1' ((xi_mx)tczl(xi_mx)) ’ (12)
where, b is an upper percentile of a chi-squared distribution with (q — 1)
degrees of freedom, m, and C, are the classical multivariate location and scatter

1
—y =1 (g — my) (x; —m,),

and @' = 0. On the other hand, Schweppe (1975) [21] suggested another formula
of GM-estimator to improve the efficiency and the robustness level of the

. . 1
estimates for x; given by: m, = - rixi, C =

vi-xlo
resulted estimator. This is obtained as the solution of: ming Y1, wf p (%),
i

such that high leverage points are down weighted only if the residuals are large.

It has been shown that obtaining exact solutions to the above mentioned
estimating equations is not an easy problem. [4] suggested a good approximation
to Huber M-estimate by performing a one-step Newton-Raphson iteration, using
consistent initial estimate 8q0f 6. One-step GM-estimators were then rapidly
developed using robust initials and robust weights. Different robust weights can
be found based on high breakdown multivariate location and scatter estimates of
the predictors such as the minimum volume ellipsoid (MVE) and the minimum
covariance determinants (MCD) estimators [34]. Moreover, different types of
high breakdown point initial estimates can be also distinguished: the least
median of squares (LMS), the least trimmed of squares (LTS) and LAD
estimator [26]. Although these initials have high breakdown point, they are poor
in terms of efficiency measures under the normal distribution compared with LS
estimator [10].

In general, one-step GM-estimator through Newton-Raphson iteration
using robust initial estimator 8, and robust weight functions w;, v; [32] can be
formulated as:

0=0,+H;'g,, (1.3)
=~ iri 1 iri )
where, §o = Xi; x;wi1) (%) = 521 1 xixiwiv)’ (%)» 1 =y; — %00,

and & is a robust estimate of o.
In this study, assuming the extended power family, a sort of adaptive one-
step M- and GM- estimators of 0 are suggested and investigated. First, a class of
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one-step M- and GM-estimators with likelihood score function is derived. The
kurtosis measure of this distribution family is examined and shown to depend
only on the shape parameter in a decreasing manner. The idea is thus to adapt
the IF to the underlying distribution by estimating the shape parameter using
empirical kurtosis counterpart calculated using the residuals. A Monte Carlo
simulation study is conducted to assess the performance of the estimators. The
study considers different combinations of consistent robust initials, robust
weights of the Mallows and Schweppe types assuming the existence of leverage
points or not. The results show that the suggested estimators are highly more
efficient than their initials as well as LS estimator especially for heavy tailed
distributions. Moreover, the suggested method of estimating the shape parameter
is highly efficient.

Accordingly, this paper is organized as follows: Section 2 presents the
extended power family of distributions. Section 3 is devoted to formulating the
one-step GM-estimators, and deriving the adaptive versions. In Section 4, Monte
Carlo simulation study is described and its main results are given. Two
illustrative examples with real data sets are given in Section 5. Finally, the
conclusions are given in Section 6.

2. Extended power family of distributions
The probability density function (pdf) of the EPD [1] is given by:

_ z 1 oy—u)?
flw @, 4, ¢) = k(c, gz exp [—;c Qx (1 + T)] (2.1
—o < y,u<oo,p>01=20,c>1,
Where,
vi—1
7l ,A>0,
Q/l(v) = UA _
lim =logv, 1 =0.
A—-0

and k(c, A)is the normalizing constant,

The distribution is symmetric about a location parameter L, having a scale
parameter ¢ and two shape parameters A andc. According to the Avalues, the
distributions are distinguished in tail length. Sharper tails correspond to A >
1 while heavier tails correspond to 0 <A< 1. In particular atA =1, the

distribution is exactly the normal distribution with mean p and variance %.

When A = 0, the distribution is the student’s t-distribution with (¢ — 1) degrees
of freedom. Clearly, for A >0, the density function is approximately
proportional to exp(—D|y — u|?*). This means that the distribution is close to
the well-known exponential power (EP) distribution which is very useful in
robustness studies.
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2.1. Moments and kurtosis for the EP distribution

Consider the EP distribution reduced from the family in (2.1). Its pdf is
given by:

24
1 1 - cQ 1 cQ
o= () et 2|
fOlw @, 2,0) <2 7t -0 3 A(C_l)(y )
—o<y<oo -0l u<owpl>0,c>1 2.2)

Clearly, the distribution is symmetric about the location parameter u,
having scale parameters c,¢ and a shape parameter A. For 4 =1, the

distribution is the normal distribution. For A = %, the distribution is the double

exponential (Laplace) distribution with mean p and variance 4(2—;1) . The

distribution converges to the uniform distribution as A—oo.

Due to symmetry of the EP distribution about y, all central moments of
odd orders are exactly zero. As for those of even orders, it can be easily shown
that the 2rt" central moment, r = 1,2,3 ..., is given by:

2r _ [ a1 I
E(Y — p) :[ZAT e ,0,A>0,c> 1. 2.3)

If r = 1, the variance ¢ becomes:

2 _ o (e I(5)
o _m(;) N 0 1> 0,c> 1. (2.4)

()

If r = 2, the fourth central moment becomes:

B -t = 2002 (VP& L as0es1 2
Y -w " r(i)xp. >0,c>1. (2.5
2.
The kurtosis is thus:

1 5

k ="8G ;50 2.6)
3
(F (ﬁ))

Evidently, the kurtosis is only a function of A regardless of all other
parameters of the distribution.

ALY (S

Lemma 2.1: Consider the kurtosis function K(1) = w LA>0.KD)isa
22,

decreasing function of the shape parameter A.
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Proof: [11] proved that, for any real numbers(e, f = 1), the function g(x) =

M is an increasing function in x over the interval (0, ). So, by taking
(r(=5%)

e=1f=5andx = L, the lemma follows immediately.
24

Clearly, for 0.5 < A < 1, the kurtosis function decreases from 6 at 1 = 0.5
(Laplace distribution) to 3 at A = 1 (normal distribution) [Figure (2.1)].
The density (2.2) can be written in a re-parameterized form as:
-1

_ L 1 \/E 1 Y~ H 2
f(ylu,o,/l) = (221 F(ﬁ-l- 1) 7exp—§|\/§(T)| ’
—0o<y<o,—0<u<oogl>0, 2.7

3
Where, B = 2% r(?)

r(z7)

2.2 Moments and kurtosis for the t-distribution
As A = 0, the pdfin (2.1) is reduced to the t- distribution given by:

‘P%F@ ¢ -
2 2
f(ym,(l’:c): c—1 [1+C_1(y—ﬂ)2] ’
n(c—l)F( 5 )
—o<y<oo—0olu<owp>0,.c>1. (2.8)

The distribution is symmetric about the location parameter u and has a

1

scale parameter ¢z with (¢ — 1) degrees of freedom. It is well known that, the
smaller the value of ¢, the heavier the tail of the distribution. Moreover, the
distribution converges to the normal distribution as ¢ = . For ¢ = 2, the t-
distribution becomes the Cauchy distribution.

It can be easily shown that the 2rth central moment, r = 1,2,3, .., of this
distribution is given by:

oy -1 7,.ﬁ(ZTZ-l—1,C—22T—1
EY —p)* = ( p ) e , whenever ¢ > 2r + 1. (2.9)

If r = 1, the variance o becomes:

21 _ 1 2
0 =S [1 + 6_3], whenever ¢ > 3. (2.10)
For any value of ¢ and ¢, the kurtosis is thus:
K(c)=3+ ﬁ,whenever > 5. (2.11)

Clearly, K(c) depends only on the shape parameter ¢ in a decreasing
manner. It decreases from the real number 9 as ¢ = 6 to 3 as ¢ —» oo, which
naturally corresponds to the limiting normal distribution [Figure (2.2)].

Moreover, the density function (2.8) can be re-parameterized in terms of
o?and c as:
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o0 =) (22
o n(c—3)F(C;1) ove—3
—o<y< o -l pu<o,g>0,c>3. (2.12)
10 4
8 4
6 -
-
4 -
2 -
0 T T T 1=
0 0.5 I 15 2
Figure 2.1
K(A) for EP family.
10 3
8 -
6 -
x
4 -
2 -
0 T T T =l
0 5 1‘9 15 20
Figure 2.2

K (c) for t-family.

Thus, the kurtosis function for the EP and the student’s t- family is a one to
one function of the shape parameter A or c. That is, any distribution of them can
be characterized by its kurtosis value. Actually, the kurtosis is a measure of tail
heaviness of distributions rather than peakedness [28]. Its behavior in
characterizing the distribution shape of either of the two families permits to
possibly estimate the distribution shape parameter through kurtosis estimation
using the sample.

3. Adaptive one-step robust M-estimators

In this study, adaptive one-step M- and GM-estimators of the vector 8 in
the regression model given by (1.1) are proposed. A first stage to get such
estimators is to derive their non-adaptive versions. In view of the general
representation (1.3), we derive here a class of estimators that conciliating robust
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consistent initials, good robust estimator 62 of ¢ and robust weights with the
efficiency resulting by applying the likelihood scoring for .

3.1. The Estimators under the EP Family

Assuming the pdf of the EP distribution in Equation (2.7) with u = 0,
0.5 < A <1, and consider the function p(e) = —In f(e|o, A).Then the first and
second derivatives 1 and y of p are given by:

2A-1
Y(e) = AB* |§| sign(e). (3.1

2A-2

Y'(e) = A(21 - 1)B*

e
p 3.2)

Clearly, i is well defined as a relevant score and it is continuous and its
unboundedness for large values of e is compensated by being a likelihood score
[Figures (3.1) and (3.2)]. But 3" diverges to o as e tends to zero. An adjustment
of the residuals is needed here to avoid small values by considering |r*;| =
max( 0.01, |r;]) .

Figure 3.1
Y function for A =0.7,6 =1

0.75 3 w»'(e
0.5/
5 -
e
l: 1 C 1 :I
-10 -5 0 5 10
Figure 3.2

1’ function for A = 0.7,0 =1
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Returning to the functions g, and Hgyin Equation (1.3) and applying such
likelihood functions 1 and 1, the suggested one-step M-estimators of @ is thus:

~ T, xi|Ti*|2}\_15ign(Ti*)

aM = 00 +
2A-2"
@D L, x|

(3.3)
Introducing weights to treat leverage points, the suggested Mallows-type
one-step GM-estimators is:

2A-1
D 5. 4 Zisaxwilri | sign(ry)

2= (34

@A-1) T, xixfwi|rf
and the Scheweppe-type one-step GM-estimators, using v; = i, is thus:
L

21-1
sign(r])
77 - (3.5)

*

N ews |-
Yiz1 XiW; w;

aVM = ao +

*

¥
n T
(2/1—1)Zi=1xlxi w;

The adaptive estimators suggested in this study are obtained by replacing 4
in Equations (3.3) to (3.5) by their estimators 1. The idea is to derive A through
equating K(1) in Equation (2.6) to the sample kurtosis (7 + 3) computed using
the corresponding residuals 7;.

3.2 The estimators under the t-family
Consider the pdf given in Equation (2.12) with u = 0. The functions ¥ and

Y’ have the forms:

(o) ZJ%(“E—%)Z) (3.6)
W' (e) = fl_(L“j)zc > 3. (3.7)

H(E))

Clearly for some value of ¢ > 3,1 is continuous and bounded (it is
redescendent) and 1" is a well behaving function [Figures (3.3) and (3.4)].

2.5 P(e)
1.5

v

-2.5

Figure 3.3
Y function forc = 4,0 =1



886 S. M. EL-GAYAR, A. A. AHMED AND M. A. MAHMOUD

23 ¥
3.2
1.2
e
10 i) i 10
Figure 3.4

1’ function forc = 4,0 =1

Accordingly, putting z; = &\/%’ the suggested one-step M-estimators is

thus given by:

2
1+z;

aVe3xn, xi(i)

0y =0, + — (3.8)
Zy:lxix?((uz;)z)
The suggested of Mallows-type one-step GM-estimators is:
. . gvc-3 Z?leiwi LZ
Owm =0, + L 1(“2 >, (3.9)
Z?“xixiwi((uz;az)
and the Scheweppe-type one-step GM-estimators, using v; = i, is thus:
L
_ etk x( s
By = 0, + el ercy) (3.10)

nooef _1-Cwp? |
‘=1x’x’<(1+<2i/Wi>2)2)

The adaptive estimators suggested in this study are obtained by replacing ¢
in Equations (3.8) to (3.10) by its estimator €. Actually, ¢ is estimated by

equating K (c) in Equation (2.11) to the sample kurtosis (¥ + 3) computed using
the corresponding residuals 7;.

4. Simulation Study
4.1 Data Generation

For the data generation process, the linear model (1.1) is considered
assuming q = 3 with two explanatory variables (X, X3). We followed the
approach of [8] in generating the data in two cases of explanatory variables. For
the non-leverage points case, data are generated from the standard normal
distribution. For leverage points case, we considered two different sources of
leverage points. First, heavy tailed explanatory variables where explanatory
variables are generated from the t-distribution with three degrees of freedom.
Second, gross errors explanatory variables where explanatory variables are
generated from a contaminated normal distribution with approximately 5% of
observations in each of the two tails come from a normal distribution with mean
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zero and variance 100. The BACON algorithm was applied to confirm the
existence of outliers in the X-space [6]. Assuming 8 = (84, 6,,65) = (1,2,3),
and after generating the error term values of the EPD then the response variable
is calculated directly from Equation (1.1).

4.2 Simulation Design

The performance of the estimators is investigated for different
combinations of initials and weights. Four initial estimators, 8, are considered:
LMS (BP=0.5), LTS (trimming proportion 0.25, BP=0.25), LAD (BP=0.5) and
LS (BP=0) estimators. Mallows weights based on Mahalanobis distance are used
with @’ =1 and b = 9.23 for a significance level of 0.01.m, and C,are
estimated using three multivariate location and scatter estimators: MVE
(BP=0.5), MCD (with trimming proportion 0.25, BP=0.25), the classical sample
mean and variance covariance matrix (BP=0). We considered only the following
combinations of weights and initials: the classical sample mean and variance-
covariance matrix with LS as an initial estimator, MVE with LMS and MCD
with both LTS and LAD. The standard deviation o is estimated using a robust
scale estimate 6 (BP=0.5) given by: 6 = d med;(med;(r; —1;)),d =1.1926
[17 and 27].

For the exponential power family, ¢ and ¢ are kept fixed at ¢ = 2,¢ =
0.01 and seven different values of A are selected to reflect different levels of tail
heaviness of the error’s distribution (A = 0.55,0.6,0.65,0.7,0.8,0.9,1). For
the student’s t family, ¢ was also fixed at 0.01 and seven different values of ¢
are selected (¢ = 4,5,6,7,10,15,20). To investigate the effect of sample size
on the behavior of the suggested estimators, we considered four sample
sizes (n = 25,50,100 and 200)

After generating data, steps for each combination are performed in the
following order: first 8 is calculated, then the residuals 7; are obtained and used
to compute & and 7. It has been found that, under the distribution assumption of
this study, it is better to use the adjusted estimate version of the commonly used

.. . . ~ n-1\2 (n-1)3
empirical kurtosis coefficient, ¥ = m—g(—) ~ 3Dy
and 4™ central sample moments, respectively. The value of A or é is then
obtained using their one to one correspondence with ¥. The weights w; are
computed using the X-data, then the components 1) and 1'are obtained to get
finally the value of the proposed estimator. This process is repeated 10,000
times and the bias and mean squared errors are calculated.

my

- with m,, m, the 2™

4.3 Simulation Results

It has to be noted that the bias results of all estimators were calculated and
results show that all estimators are asymptotically unbiased. Tables of the bias
results together with some other tables concerning the efficiency of the
estimators relative to the initials in the leverage points case are omitted to save
the space. For the non leverage case, the proposed estimator §M(50) is compared
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to the LS estimator é(m as well as to its initial estimator 8. In the leverage
points case, the Scheweppe-type estimator ém(@o) is compared to é(m, to its
initial estimator 8, and to the Mallows-type estimator @WM(go).

4.3.1. Case (a): Non-leverage points

In general, for the two distribution families [Table (a.l1) and (a.2) in
Appendix], the efficiency RE; increases with n and tends to have the same value
(100) as the distribution tends to the normal distribution (4 - 1/ ¢ = o). This
means that all the estimators tend to be asymptotically equivalent under the
normal distribution. The values of RE, show that @M(go)outperforms its initial
8, for most of the cases and such performance increases with n and A or c. The
estimator éM(LMs) has the worst performance.The superiority of the other
estimators to the LS estimator is evident.

Under the EP family, the best estimator is @M(LAD)for all values of n
[Figures (4.1)]. It is also almost as efficient as §M(LTS) under the t family [figure
(4.2)], but with higher efficiency relative to LS even for n = 25.

160 B s V{LMS)
120 - ) il MI(LTS)
M(LAD)
80 4
g M(LS)
40 -
0 . . . T > A
05 0.6 0.7 0.8 09 1
Figure 4.1
RE; of GM() ) EP-family, n = 200.
200 ff’ e M(LMS)
i M(LTS)
160 M(LAD)
witemm VI(LS)
120
80 -
40 r . . >
0 5 10 15 20 ¢

Figure 4.2
RE; of Oy, t family , n = 100.
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4.3.2. Case (b): Leverage points

The results show that under the EP family and assuming leverages
generated from heavy tailed distribution, §VM(LAD) is highly superior to LS and
all other estimators as well as to its initials for A approximately equals 0.65 or
less [Tables (b-1) and (b-2)]. If leverages are due to gross errors, ﬁvwm)
becomes slightly better than the competing estimators for A up to 0.8 except for
A = 0.55. The estimators tend to be equivalent to each other and to LS for the
normal distribution [Figures (4.3) and (4.4)].

REs g \/M(LMS)
160 3
il VM(LTS)
120 - VM(LAD)
20 | s VM(LS)
40
0 ' - y y Y
05 06 07 0.8 0.9 1
Figure 4.3
RE; of @VM(_), EP family, heavy tailed, n=200.
RE, e VM(LMS)
160 2 i VM(LTS)

120 VM(LAD)
o e VMI(LS)
80 - f

40 -

0.5 0.6 0.7 0.8 0.9 1

Figure 4.4
RE; of §VM(.), EP family , gross errors, n =200.

As for the performance of the Scheweppe-type estimator aVM(.) relative to
Mallows type §WM(,) , results show better performance of Scheweppe-type
compared to Mallows one. For example, assuming gross errors leverages, the
relative efficiency of §VM(LAD) with respect to EWM(LAD) is (124,123,100) for
n = 200 and A4 = 0.55. Thus regardless of the leverage source, the Scheweppe-
type estimator is recommended using LAD as initial estimator if A is around
0.55 and otherwise with LTS as initial.

For the t-family, Tables (b-3) and (b-4) show that under heavy tailed
explanatory variables, and for n = 50, ¢ < 7, §VM(LAD) is the best [Figure (4.5)].
It is highly efficient than the LS and than its initial. As the sample size increases,



890 S. M. EL-GAYAR, A. A. AHMED AND M. A. MAHMOUD

the performance of aVM(m) is the best. Under gross errors, for large n, §VM(LTS)
is the best estimator for ¢ < 7. It is highly efficient than LS and @WM(LTS). For
example, for ¢ = 5 and n = 200, the relative efficiency of @VM(LTS) with respect
to Bwmars)is (374,332,212).

RE,
150 7
100 g \/M(LMS)
i \VMI(LTS)
VM(LAD)
50 4 it \/MI(LS)
0 . >
0 S 10 15 20

Figure 4.5
RE,; of §VM(,) , t-family, heavy tailed, n = 50.

This means that under the t-family of distributions, the performance of the
suggested estimator is efficient for large n. Scheweppe-type estimator has better
performance than Mallows-type where using LTS as initial is recommended
whatever the source of leverage is.

Finally, in order to assess how estimating A (¢) affects the behavior of the
adaptive estimator, the performance of this last estimator is compared to that of
the non adaptive estimator assuming A (c) is known. Tables (4.1) and (4.2)
display the bias and standard error (SE) of @M(LAD) and the corresponding non
adaptive estimator denoted now 8* M(Lap) (assuming A or ¢ known).

The results in table (4.1) show the similarity of the performance of ’e‘M(LAD)
to that of é*M(LAm at different A (c). This reflects how 4 (¢) is good and has good
effect on the behavior of the adaptive estimator. The results in table (4.2) show
also how good is the effect of p) (¢) on the behavior of ’O\VM(LAD).
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Table 4.1

891

Bias and standard error of By (LAD)s 0*m @apy =50 , the EP-family / the t-family
(non leverage case)

the EP-family

the t-family

Bias Standard error Bias Standard error

A0 aM(LAm g*M(LAD) aM(LAD) a*M (LAD) §M (LAD) ’e\*M(LAD) aM (LAD) a*M(LAD)
0, 0.01 0.02 2.201 2.202 0.01 0.01 1.939 1.939
5 0, 0.01 0.02 1.494 1.495 0.01 0.01 1.355 1.355
0, 0 0 1.621 1.621 0 0 1.456 1.456
0, 0.02 0.029 2.024 2.031 0.02 0.02 2.096 2.096
§ 0, 0.03 0.01 1.378 1.383 0.03 0.03 1.432 1.432
0, 0 0.01 1.484 1.49 0 0 1.587 1.587
0, 0.01 0.01 1.899 1.9 0.01 0.0101 2.121 2.12
E 0 0.03 0 1.273 1.274 0.03 0.03 1.445 1.444
0, 0.01 0 1374 1.375 0.01 0.0099 1.592 1.591
0, 0.03 0.04 1.76 1.771 0.03 0.0299 2.117 2.117

.;- 0, 0.03 0.011 1.181 1.19 0.03 0.0301 1.456 1.457
0, 0.02 0.01 1.322 1.331 0.02 0.0201 1.628 1.628
9, 0.01 0.021 1.585 1.598 0.01 0.0099 2.121 2.12
:3 0 0.03 0.009 1.072 1.081 0.03 0.03 1.474 1.474
0, 0.01 0.02 1.177 1.185 0.01 0.0101 1.629 1.629
9, 0.02 0.021 1.471 1.485 0.02 0.02 2.068 2.068
2 0 0 0.005 0.989 1.001 0 0 1413 1.414
0, 0 0.007 1.097 1.097 0 0 1.595 1.595
0, 0.03 0.007 1.395 1.38 0.03 0.03 2.027 2.027

~ |8, 0.02 0.003 0.941 0.927 0.02 0.02 1.386 1.386
9, 0 0.022 1.057 1.05 0 0 1.559 1.559




892 S. M. EL-GAYAR, A. A. AHMED AND M. A. MAHMOUD

Table 4.2
Bias and standard error of aVM (LAD)> a*VM (LAD)> ’g (LAD) and a(Ls) ’ n=50 s the EP-
family / t-faimly (leverage case (heavy-tailed))

the EP-family The / t-faimly
Bias Standard error Bias Standard error
A B /éVM (LAD) a*VM (LAD) aVM (LAD) a*VM (LAD) aVM (LAD) a*VM (LAD) aVM (LAD) a*VM (LAD)
0, 0 0 0.151 | 0.151 0 0 0.27 027
5 0, 0 0 0.104 | 0.104 0 0 0.178 0.178
8,| ool 0.01 1554 | 1555 0.01 0.01 2.168 2.168
9, 0 0 0.138 | 0.138 0.01 0.01 0.207 0.207
Q|8 0 0 0.097 | 0.098 | 001 001 | 0.141 0.141
9,| 001 0.01 1.403 1.41 0.02 0.02 1.845 1.845
9, 0 0.0001 0.128 | 0.129 0 0 0.192 0.192
'ﬁ 9, 0 0 0.09 0.091 0 0 0.132 0.132
9, 0 0.0002 1345 | 1352 0.01 0.01 1723 1.723
0, 0 0 0.12 0.121 0 0 0.18 0.18
< |8, 0 0 0.082 | 0.082 0 0 0.125 0.125
8,| o001 0.0094 1272 | 1281 0.01 0.01 1.687 1.687
9, 0 0 0.109 0.11 0 0 0.153 0.153
3|0, 0 0 0.075 | 0.076 0.01 0.01 0.108 0.108
9,| o.01 0.0103 1.146 | 1.154 0 0 1514 1.514
9, 0 0 0.098 | 0.099 0 0 0.151 0.151
20, 0 0.0001 0.067 | 0.068 0 0 0.104 0.104
8,| o001 0.0103 1.065 | 1.067 0.01 0.01 1.546 1.546
0, 0 0 0.093 0.093 0 0 0.141 0.141
~ |85 0 0 0.064 | 0.064 0 0 0.096 0.096
8,| o001 0.0095 1012 | 1012 0.02 0 1.513 1.513

5. Illustrative examples

Two real data sets that have been widely used in robust regression studies
are considered. One is under the assumption of the EP family and the other
under the t- family. The suggested estimators are calculated and Bootstrap bias
as well as standard errors are recorded for comparison [12].

5.1 Prostate cancer data

The aim of analyzing this data is to investigate the factors affecting the
incidence of prostate cancer for a sample of 97 observations. This data set was
used by [14] to fit partially adaptive robust estimator for regression models
under the assumption of EP family for the regression error. The variables are:
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Log of prostate specific antigen (Ipsa) (the dependent variable); Log of cancer
volume (Icavol); Log of weight (Iweight); Age; Log of benign prostatic
hyperplasica amount (Ibph); Seminal vesicle invasion (svi); Log of capsular
penetration; Gleason score (gleason); Percent of Gleason scores 4
orS.

According to [14], (Icavol), (Iweight) and (Ibph) are shown among the
significant explanatory variables. Accordingly, we consider a linear model given
by:

lIpsa; = 8, + B,lcavol; + 8;lweight; + 6,lbph; + E;.

Using MCD estimator, all weights w; as given in (1.2) are found equal one
indicating a non leverage setting. Using é(L Ap) > S&Y, as an initial estimate, the
residuals are obtained, from which we find 7 = 0.716.1 is then calculated and
found equal to 0.76. According to formula (4.1), éM(LAD) is calculated and the
estimated regression coefficients are as given in Table (5.1). All other estimates,
é(,) and @M(_), are calculated in a similar way.

Table 5.1
Estimated regression coefficients for prostate cancer data

Estimates | = = —~ — — _ =
Coefficients Ouams) | Oums) |Omars)| Ours) |Omuany | Owany | Omas) | Ows)
0, 0.661 0.5 0.633 | 0.645 0.633 | 0.602 | 0.631 | 0.658
Bias 0.028 0.098 0.012 0.046 0.006 | 0.013 | 0.008 | 0.033

(Variance) | (2.99) | (9.144) | (2.636) | (5.272) | (2.561) |(2.919) |(2.489) | (2.689)

05 0.679 | 0.074 | 0.621 | 0.259 | 0.585 | 0.599 | 0.591 | 0.581
Bias 0.011 | 0.022 | 0.049 | 0.063 | 0.008 | 0.015 | 0.017 | 0.027
(Variance) | (4.414) | (13.809) | (3.942) | (8.278) | (3.905) |(4.413)|(3.795) | (4.061)

0, 0.018 | 0.119 | 0.05 | 0.045 | 0.043 | 0.017 | 0.038 | 0.053
Bias 0.019 | 0.028 | 0.006 | 0.01 | 0.009 | 0.044 | 0.016 | 0.022
(Variance) | (3.287) |(10.454) | (2.976) | (5.892) | (2.963) |(3.348) |(2.893)(3.096)
0, -0.905 | 1.624 | -0.65 | 0.815 | -0.511 |-0.511 | -0.524 | -0.523
Bias 0.147 | 0.161 | 0.131 | 0.321 | 0.025 | 0.084 | 0.048 | 0.05

(Variance) | (5.5) |(17.875)| (5.043) |(10.489) | (5.116) |(5.935)| (4.95) |(5.346)

Clearly, the values are coherent with the behavior of the estimators for 4
about 0.8 and sample size about 100. For example, concerning 6,, the estimates
under LTS or LAD are nearly the same, close to the LS estimates.
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5.2 Stack-loss data

We consider here a data set given in [2]. It concerns 21 days (observations)
of operation of a plant for the oxidation of ammonia to nitric acid. The nitric
oxides produced are absorbed in a countercurrent absorption tower. [20] used
this data set in fitting linear model under the assumption of t-distribution family.
The variables are: Stack.Loss (ten times the percentage of the ingoing ammonia
to the plant that escapes from the absorption column unabsorbed; that is, an
(inverse) measure of the overall efficiency of the plant). This is the dependent
variable. The other variables are: Air.Flow (the rate of operation of the plant);
Water.Temp (the temperature of cooling water circulated through coils in the
absorption tower) and Acid.Conc (the concentration of the acid circulating,
minus 50, times 10: that is, 89 corresponds to 58.9 per cent acid).

Similar to prostate cancer example, we started with investigating
explanatory variables for leverage points and the results show non leverage case.
Then, the initial estimate Q(LAD)is calculated and the corresponding residuals are
obtained. The estimated kurtosis value ¥y is 15.88. Accordingly, the estimated
value of the shape parameter is ¢ = 5.377. The robust scale estimate is 1.5168.
Finally, @M(LAD) is calculated and given in Table (5.2) as well as G(LAD) and

Table 5.2
Estimated regression coefficients for Stack-loss data
Estimates | 5 - - A A - & =
Coefficients Omams) | Owms) | Omrs) | Owrs) | Omwany | Owany | Omas) | Ous)
0, 1.37 0.75 0.92 0.82 0.85 0.83 0.87 | 0.72
Bias 0.21 0.25 0.002 | 0.09 0.041 | 0.045 | 0.011 | 0.012

(Variance) | (8.9) | (3.72) | (3.86) | (4.05)| (3.72) | (3.85) | (3.14) | (3.84)

05 0.44 0.5 | 059 | 046 | 059 | 0.57 | 0.75 | 1.29
Bias 039 | 032 | 0011 | 0.04 | 0.021 | 0327 |0.072 | 0.079
(Variance) | (17.09) | (3.4) | (3.92) | (4.29)| (3.64) | 3.72) | (3.12) | (3.75)

0, 033 | 0.02 | -0.12 | -0.08 | -0.09 | -0.06 | -0.12 | -0.15
Bias 022 | 0.14 | 0011 | 0.03 | 0.026 | 0.063 | 0.087 | 0.01
(Variance) | (12.24) | (3.98) | (3.64) | (4.03)| (3.52) | 3.57) | (3.62) | (3.61)

0, 4377 | -39.25 | -39.44 |-35.33 | -38.37 |-39.69 | -40.49 | -39.92
Bias 2.35 36 | 0012 |0.171 | 0.009 | 0.131 | 0.013 | 0.015
(Variance) | (562) |(1922)] (54) |(17.2)| (3.17) | (3.96) | (4.26) | (3.64)

The values in the table are consistent with the behavior of the regression
coefficients estimators for ¢ between 5 and 6 and n around 25. For example, the
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estimates of 6, using LAD or LTS are nearly the same, far from the estimates
using LMS. Same results are evident for 5.

6. Conclusions

For the linear regression model and under two location-scale large families
of distributions, namely the exponential power and t-families, a sort of robust
one-step M- and GM-estimators are suggested. The suggested estimators have
adapted likelihood and their efficiency relative to LS estimator as well as to their
initial estimators is investigated. This is easily made due to the existing one-one
correspondence between the parameter and the kurtosis measure proved to be a
decreasing function in the shape parameter. Relying on a Monte Carlo
simulation study, it is shown that the adaptive one-step M- estimator is highly
more efficient than LS as well as its initial. The estimator using LAD estimate as
initial is shown to outperform all the competing estimators and that with LMS
initial is the worst.

In assessing the estimators’ sensitivity against two different sources of
leverage points, it is found that the Scheweppe type one-step GM-estimator is
more efficient than Mallows type. Using LAD as initial and MCD in calculating
weights is recommended under the EP family for A around 0.55, and with LTS
and same weight for moderate values of A. Under the t-family, using LTS as
initial estimator and MCD in calculating weights has the best performance.
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