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Abstract

We define the empirical positives measure as a stochastic measure that quantifies the
number of infections in a Bernoulli sample. Similarly, we define the empirical pool measure
as a stochastic measure that enumerates the number of infected pool samples. A joint large
deviation principle (LDP) is established for both empirical measures derived from the
Bernoulli samples. Using this joint LDP, we establish a correlation between the asymptotic
ratio of infected individuals to the sample size and the asymptotic ratio of infected pool
samples to the total number of pool samples.
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1. Introduction

Sample pooling in medical research involves testing multiple
individuals for infection simultaneously, whereas pool testing entails
combining samples from individuals and examining them for the presence
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of infectious diseases. For example, during the initial stages of the outbreak
of Covid-19, the Noguchi Memorial Institute for Medical Research
(NMIMR) grouped samples together to enhance testing capacity in Ghana,
particularly employing asymptomatic diagnostic tests grouping up to
fifteen individuals per pool. This strategy proved beneficial given the
country’s scarce resources, such as tools and test kit availability.

This approach is particularly effective when the prevalence rate is
low, resulting in more negative results. However, a significant challenge
arises when specificity is exceptionally high, potentially leading to all pool
samples testing positive. Identifying the number of asymptotically infected
individuals within the sample through infected pool samples could
significantly impact the efficient management of the pandemic.

Researchers have already identified relationships in COVID-19 data,
effectively aiding pandemic management. For instance, significant
statistical relationships have been observed between gender and patient
transmission type. See, [2]. Additionally, relationships in time series data
through support vector machines have been utilized to manage the
evolving number of infections from the pandemic. See, [8].

In this article, we found a function between the asymptotic proportion
of infected cases and proportion of infected grouped individuals as the
number of individuals to be tested increases significantly. Specifically, we
define empirical positive and pooled measures for any sample pool and
derive a function between the number of positive individuals in the sample
and the number of positive grouped samples using Large deviation
techniques. We employ methodologies similar to those used by previous
researchers. i.e. combinatorial ideas via the method of types, see [6], [3],
[5], [4] and method of mixtures, see [1].

The remaining sections of the article are outlined as follows: Section
Section 2 provides background information and presents the main results.
Section 3 presents the proofs of the main results. while Section 5 presents
the derivation of Corollary 2.2 and the research conclusion.

2. Statement of Main Results
2.1 Empirical Measures of the Bernoulli Samples

Denoteby Y =(Y,,Y,,Y;,....Y,) asequences of i.i.d bernoulli variables
each with mean p . By (Zl,ZZ,ZS,...,Zm(n)), we designate a random
uniform sample taken from a collection of integer partitions of 1 into m(n)
numbers. Let members of Y be arranged as (Y, ..., Yg)), v (YO, L,



ESTIMATING THE NUMBER OF POSITIVE INDIVIDUALS IN A BERNOULLI SAMPLE 961

Y{") such that Y and Y are always independent random variables
forall u=v, and r=s, r,5=1,2,3,.... We write X, = (lq”’,...,YZ(f)), for
j=1,2,..m(n) and refer to (X,,..,X, ) as pool samples formed on the
members of Y. We shall consider the grouped individuals under the
conditional law of the grouped individuals given the integer partitions of

n:

P X, X, 0} = PX, e X, (W) Z, =0,.., 2, = O,N =1},

where

2 +Z2,+2,+..2 Z . =N.

m(n)-1 + m(n)

We write Q={0,1} and define for each sample Y, the empirical
individual infection measure, Mly e P(Q), by

M} ()= 38, @)/ n
and the empirical pooled infection measure MZY e P(NU{0}x M(Q)), by

m(n)
M;fN (z,]):= 2_115(2“4)(2,1) /na,,

where £, 2(%2"2;1514"’(y)’y69) and a,=m(n)n"'. Note that ||M, || =
|M)"| =1. Furthermore, we note that M, (y) = an(Z/”EMWQ)zl(y)
M, (z,1). Denote by P(Q) space of probability distributions on the polish
space Q endowed with the weak topology. We represent space of counting
measures on space X by M(&X) and by convention, for any pair (z,I) we

have 1=(0,0) iff m=0. We present the first theorem of article, Theorem
2.1 as follows:

2.2 Main Results

Throughout the remaining sections, we take m(n) —» o, m(n)/n :=
a, >ae(0,1] as n—o and np /m(n)—p. Note, under above
conditions,we obtain a(p(0) + p(1)) = 1. We define a rate function ], :
P(Q) x P(NU{0} x M(Q)) — (0,0] by

H(o/allp)+H(v|@?), if (v)=0/a,

(2.1
o0 otherwise,

]a(O',V) :{

where



962 T. KATSEKPOR AND K. DOKU-AMPONSAH

V(y)= > )zl(y)V(z,l)

(2,1)eNUOM(Q

and the tri-variate probability distribution

@°(z1) = ( 1 [6(0)/a]#©) e-[f’(OWIH[aa) /a]l# ] Lo /al ,

T—e 1/ [z1(0)]! [zI)]!
zeNU|0},le M(Q). (2.2)

Theorem 2.1: Let Y =(Y,,Y,,...,Y, )" be a succession of i.i.d bernoulli numbers
each having mean p,_ that satisfies np (x) / m(n) = p(x), for all xeQ.

Suppose X,,..., X is pool individuals formed from terms of Y. Then, as

m(n)
n—»o, (M),M,™) obeys an LDP on P(Q) x P(NU{0} x M(Q)) with good
rate function af (o,v).

We denote by I the the proportion of positive individuals in the
sample and state the following corollary:

Corollary 2.2: Suppose Y =(Y,,Y,,...,Y,)" is a succession of i.i.d bernoulli
random numbers each with mean p, that satisfies np, (y) / m(n) = p(y), for
all y Q. Then, I, satisfies

. 1 _ _ _ _ (1-x) X
lim  log B, (1= x,5 =0} = [(1 x)log( )+ xlog } 2.3)

e (1-p(D) ap(1)

x=-alog[1-(1-e"")o].

The next LDP, Theorem 2.3 will be instrumental in our proof of the
main result.

Theorem 2.3: Let Y=(Y1,Y2,...,YH)T be a succession of i.i.d bernoulli
numbers each having mean such that np (y) / m(n) — p(y). Suppose
Xl""’Xm(n) is pool individuals formed from terms of Y conditionally on
the space {M) =o}. Then, as n—o, M)™ obeys an LDP on P(NU {0} x
M(Q)) with good rate function 4]’ (v), where

e (V)Z{H(ww;), if  (W=o/a

(2.4)
00 otherwise.

The next LDP, Theorem 2.4 will also be instrumental in the proof of
the main Theorem. We write
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I'(0):=H(o / a||p). (2.5)

Theorem 2.4: Let Y =(Y,,Y,,....Y, )" be a succession of i.i.d bernoulli numbers
each having mean that satisfies np, (x) / m(n) — q(x). Let X, X,y be poOl
individuals formed from terms of Y. Then, as n—>o, M, obeys an LDP in
P(Q}) on scale n and with rate al’ (o).

3. Proof of The Auxiliary Large Deviation Principles
3.1 Proof of Theorem 2.4

Lemma 3.1 will be crucial for proving the second auxiliary LDP.
Lemma 3.1: Let Y =(Y,,Y,,... Y, Y is a succession of i.i.d bernoulli numbers

each having mean np, (x)/m(n) — p(x). Let X ,..,X = be grouped samples
formed from terms of Y. Then,

m(n)

A—x©

lim%log Efe"/ M} = - Zl‘b([l —e/PNap(y)) =—~1-¢’ ap).
p

Proof:

E{emf/M]Y)} — E{ﬁef(Y,)}
i=1

_ ﬁE(ef(Y,))
= 1(=p, )+ p, ()"

~(1=e/W)p(y)m(ny+o(n)
yeQ

We take limit of the normalized logarithm to obtain
lim,,.. log Bfe"/ "} =31, ([1-/* Jap(y).

By Gartner-Ellis Theorem, law of M, satisfies an LDP on the scale n
and good rate function

I(0) =sup{(f,o) +({(1-¢),pa)}.
f

We solve the variational problem to obtain the relative entropy
I(0)=aH(o /alp)
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This proves Theorem 2.4

3.2 Proof of Theorem 2.3

Write down two main sets:
73,’1(9) = {O'n e P(Q): no, (0), nGn(l) e NuU{0}}

and
P (NxM(Q)):={v, e P(NU{0}x M(Q)):nv (z,1)e NU{0},
for all(z,1) e NU{0} x M(Q)}.
Lemma 3.2 is important for the first auxiliary Theorem.

Lemma 3.2: Suppose Y =(Y,,Y,,...,Y,)" isasuccession of i.i.d bernoulli numbers
each having mean p, . Let X ,..., X, = be grouped individuals formed from terms
of Y. Let (o,,v,) = (0,v) € P(Q) x P(NU{0} x M(Q)). Then, we have

-na,H(v, \arj: Y+nB, (n)

_ﬂaﬂH(v“\&Ia’:’ )+np, (1) < IPn {M:'N _ Vn I M]Y _ o_n } <e )
lim 3, (n) =1lim j3,(n) = 0.

Proof: Note that the conditionally on the event {M* =0} the probability

of MyN =v is

P{M)=v |M =0}

n no 1o, (y)
_ <11 () ( 1 ]
na,v, (2,0, (zDENUIOM(RQ) | yeQ\ (1) maly ()t by () )N T

1o (2) -na,v, (z,l)
< Tl 1—11[1— 1 j
(2, )eNUOM(Q) yeQ m(n)

Note, for each m €N, the modified Stirling’s Formula is

mme—m S m' S (2n_m)—1/2 mme—mﬁ-l/(lZm)'

Applying the above Formula we obtain

1
-n Y av(z,D)logav (z,])- -
Eheom@ " OGS (z)eer(@) 1218, v, (2,1)

-n 3 anvn(z,l)log(l—efl/a”)—0(1)

(z,1)eNxM(Q)

-na,v, (z,l)
n 1 (2)
<log 1 [1—11(1— j } (3.1)
a,v, (2,0, (2,)eNxM(Q) ) (z,)eNxM(Q) xeQ m(n)
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1 1

<-n ¥ ayv/(zDlogav (z,)+——+- ¥ log2rnayv (z,1)

(2.1)eNeM(Q) 12n 2, pevem()

- L n % av(zhlogl-e ")+o(1)

(2 em(e) 121na, v, (z.1) (z,1)eNUI0xM(Q)

Furthermore,
>no (y)logo (y)-nXo (y)-na, > ¥ logl(x)'v (z,1)
xeQ xeQ meNIM(Q)
< log Nl [ no, (y) J(l]non(y) (32)

xeQ mlll(y),mzlz(x),...,mm(n)Zm(")(x) n

< Yno (y)logo (y)-nxo (z)-na Y. logl(y)tv (z,)+na, Y L
e " e " Q) " " teq n0(z)

meN leM(
We combine 3.1, 3.2 and take
B(m)y=— ¥ ——1 _4o(1) and B,(n):=Y —

(z,1)eNxM(Q) 12na,v, (z,) Q no(z)

+0(1).

This gives
10, H(v, 07 )+ nf, (n) < log B, M} =v, | M) =,

<-na H(v |@")+np,(n),

where

1 [G(O)/a][ZZ(O)]e*[G(O)/ﬂ] [0-(1)/a][21(1)]e*[tf(l)/a]
—e7/y [zI(O)]! (M1

z2eNU{0} and [ e M(Q) (3.3)

o, (z,1) = a ,
This concludes the proof.

Lemma 3.3: Let (0,,v,) = (0,V) € P(Q)x P(Nx M(LQ)). Then, we have

lim| H(v,|5")~ HV@? )| =0.

Proof: Using the triangle inequality we obtain

|H(v, @) ~H(vI@])| < |H(v, ;") - H(v, |o]) |+ H(v, |&]) - H(v|@])|

Note here that, |H(v, |@’)-H(v|@’)|=0 using the continuity of
relative entropy and also note
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|H(y, | @)~ H(v, |@?)]
= 20,(ylogo,(y)~ Za(y)loga(y)- Xo,(y)+ Zo(2)
yeQ yeQ yeQ xeQ

+log(1—eil/a”)+an Y XY logml(z)!v, (z,l)—v(z,l)]—log(l—e’”")

(z,1)eNxM(Q)zeQ

|H(v, |1@%)~H(v, |67)]

<XYo,(y)logo,(y)- Xo(y)logo(y)
yeQ yeQ

/a

+log(1—e ")+ 1 _logn![m(n)—m(n))]-log(1-e ")

We take limitas 7 — o0 to obtain | H(v, Iw:")) - H(v|@?)|- 0, which
ends the proof. !

Using similar Integer partitions arguments as in [5], the method of
types, see [6, Proof of Theorem 1.1.10] and Lemma 3.3 above, we can infer
that, empirical group measure conditionally on the empirical measure
obeys an LDP on the scale n and rate aH(v|@_). This ends the proof of
Theorem.

4. Proof of main Result
Let n € N and define
P(Q):={o, € P(Q) : no (t)e N, for all,t € Q},
P (NU{0}x M(Q)):={na v, e P(NU{0}x M(Q)) : na v (s,t)eN,
for all s,t e Q}.
Write ©, ;=P (Q) and ©:=P(Q) and
Pn (Gn) = ]P){M]Y = Gn }’

P (v)=PM"=v |M =0}

the distribution of (M.',M, ") is given by the mixtures:
dP (o,,v,):=dP, (v,)dP,(c,). (4.1)

The validity of LDPs for B, and the goodness of its rate function
depends on LDP for P and PP,. See, Biggins [1, Theorem 5(b)]. As group
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of laws (P :neN) are exponentially tight on ©, the following three
lemmas will ensure validity of Iﬁ’n.

Lemma 4.1: (B, :n e N) is exponentially tight family on © x P(Qx M(<2)).

Proof: The proof of this Lemma is as a results of the fact that P, is mixture

combination of two exponentially tight families (P, , P ), See, example

[5], [7, Lemma 4.3], the Prokhov’s Theorem and a concentration inequality.
Define I:0xP(Qx M(Q))—[0,o], by

. HW|| o), if vy=0/a.
w):{ va?) ) (42)
0 otherwise.
and observe from Theorem 2.4 we have
I'(v)=H(o / a|g). (4.3)

Lemma 4.2: | and |, are both lower semi-continuous.

Proof: Note, as | and ], are functions of entropy functions, we may infer
that both J! and ], are lower semi-continuous.

Now, using [1, Theorem 5(b)], Lemmas and and the LDPs; Theorem
2.3 and Theorem 2.4, we obtain Theorem 2.1. which ends the proof of the
main Theorem.

5. Proof of the Corollary and Conclusion
5.1 Proof of Corollary 2.2.

We obtain this Corollary from the main Theorem by the application
of the contraction Principle, see example [6], to the continuous map
(0,v) > o(1). Note from Theorem 2.1, (M, M, ") satisfies an LDP on the
scale n and with good rate function J_(o,v). By contraction principle, we
can infer from that I =M (1) satisfies an LDP on the scale n and with
good rate function

@_(y)=inf{J(c,v):6(1)=y,1-v,(0,1) =5}, (5.1)

where

(1_6*(1*0(1))/11)

e—o‘(l)/a .
(1—e Y7y

v,((0,1) = iw;:(z,(o,l)) -
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Solving the problem in 5.1 by optimization techniques, we obtain the
good rate function in 2.3 which conclude the proof. We note that here
0<o<l.

5.2 Conclusion

We have found a bound on the number of infected persons in a
bernoulli sequence via the number of infected group individuals in this
article. The asymptotic relationship in Corollary 2.2 may be interpreted as
folows:

¢ 0=0:The absence of infected group samples and hence there is no
likelihood of infected persons in sample Y.

* 0 =1:Nearlyall pool samples formed from Y are infected, suggesting
that there is a positive chance for every individual in sample Y to be
infected

* 0<o0<1:There exist infected pool samples formed from Y, implying
that there is a positive probability for certain individuals in sample Y
to be infected

In summary;, it can be deduced that there is a positive probability that
nl individuals within sample Y are infected. In particular, the article has
indirectly shown that nI > nac, with probability 1.

This article has already been published as a pre-print in the
arxiv database. See, [4].
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