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Abstract

The calibration method of estimation utilizes ancillary data to enhance the accuracy
of the estimates. In this paper, some new calibration estimators have been introduced to
estimate the population mean under stratified two-phase (double) sampling scheme. The
chi-square distance measure subject to some of the calibration conditions based on one or
two auxiliary variables has been applied to get modified stratum weights. The technique
of Taylor linearization has been utilized to obtain the equation for the MSE of the proposed
calibration estimators. A set of actual data has been considered to check the execution of the
suggested calibration estimators. An empirical analysis based on artificially generated data
has also been carried out to illustrate the conceptual outputs.
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1. Introduction

The ancillary data plays a vital role in the sample survey. It is to be
mentioned that the calibration approach incorporates the auxiliary
information in increasing the accuracy of any estimates. The calibration
technique is a weighting process that agrees with the known population
values. The weighting process under the calibration approach is a
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technique used for adjusting probability sampling weights to make the
estimates more accurate. A chi-square distance measure and calibration
constraints are generally utilized to assemble appropriate calibration
weights. Deville and Sarndal (1992) first envisaged the calibration
estimator in survey sampling. Singh et al. (1998) suggested a method for
more advanced calibration techniques. Tracy et al. (2003) have suggested
two limitations to obtaining calibration weights to estimate the mean of a
stratified population employing the auxiliary information. Kim et al.
(2007) have discussed calibration approach ratio estimators of the
population mean in stratified sampling. Kadilar and Koyuncu (2013) have
used different distance measures for approximating the population mean
under the calibration approach. Chaudhary et al. (2020) have suggested a
family of combined-type estimators for estimating the population mean
using the stratified double sampling design in the presence of non-
response. There are some other researchers such as Farrell and Singh
(2005), Rao et al. (2017), Nidhi et al. (2017), Ozgul (2019), and Chaudhary
and Dutta (2021) who have contributed a lot to developing the calibration
estimators under various sampling techniques.

In the subsequent sections, we have developed some updated
calibration estimators of the population mean considering the data on
one/two auxiliary variables under a stratified double sampling design.
The new stratum weights have been deduced using a chi-square distance
measure subject to some calibration constraints based on ancillary
information. The essential features of the suggested calibration estimators
have been thoroughly examined. We have also conducted a quantitative
study along with the computational evaluation to assess the efficacy of the
suggested calibration estimators.

2. Procedures, Notations, and Definitions

Consider a finite population constituting N units and stratified into g
strata. The a” stratum consists of N, units (a=1,2,...,8) s. t. 5,N =N.
Let y,, be the observation on the i" units in the 4" stratums for the study
variable Y(i=1,2,...,N, ). Suppose x, and z, are the observations on the
i" unitin a" stratum of the auxiliary variable X and Z respectively. Thus,
Y=3%, ‘9,;7(1/ X = Z; I9HX_H and Z= Z; SHZ_a are the population mean
of the variables Y; X and Z. Here, 17“ = NLZ,Z? Yoair X_a = NLZﬁq X,
—> _ 1 N N, . . .

Z,=y 2z, and J =-¢. Now, considering simple random sample

a
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without replacement (SRSWOR), a random sample of 7, units is selected
from the a™ stratum such thatY$, n,=n. The normal estimator of the
population mean Y (without using ancillary information) is given by

]7usual = Zf:l Igay_a (1)

Where y_g = nizl" v,

The expression for the variance of the estimator ¥, is stated as

_ 1 1
V(yusual) = Zf:l (7’1_ - F] 8{125112}’ (2)

a

Where §* = ﬁZi’i(ym -Y)"

3. Proposed Calibration Estimators

In this section, we have suggested some unique calibration estimators
of the population mean Y with stratified double sampling employing the
information on the auxiliary variable(s). First, we have suggested the
calibration estimator applying the information on a single auxiliary
variable and then the information on two auxiliary variables has been
utilized to construct the calibration estimators.

Here, a 1% phase sample of m_units is chosen from the a” stratum of
N, units using SRSWOR such that >3_,m =m. Now, the information on
auxiliary variables X and Z is collected from 1* phase sample. Further, a
2" phase sample of 7, units are drawn from the 1% phase sample of m,
units using SRSWOR s. t. 35,1 =n and the information about variable Y
is gathered.

3.1 Use of Information on Single Auxiliary Variable

Now, we propose calibration estimator using data on a single auxiliary
variable X, which is given as follows

Y, =S5w,y, 3)

subject to the calibration constraints

#

2 2
5 ws = P ‘9,15 ax (4)
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2w, =28 5

2 1 —*\2 2 1 e o= _ 1
where s° :m—Z;”“(xai—xﬂ) , S :n—Zf’“(xm.—xﬂ) , X :m—zlf"ﬂ x,, and
a a a

ax

th

X, = niz," x,. w, is the calibration weight for the 2" stratum.

The calibration weight w, is so chosen that it minimizes the chi-

(w,—9,)?
given in equations (4) and (5). Here, g, is the tuning parameter which
decides the form of the estimator.

Let us now define the Lagrange function as

857,024, 0Lw, -2L9)  (6)

square type distance Xf, subject to the calibration constraints

A=35 wq; -22,(X5,w s

a ax
ava

where 4, and 4, are the Lagrange multipliers.
For getting optimum value of w,, we now differentiate equation (6)
concerning w_ and equalize the derivative to zero. Thus, we have

wu = l911 + qalga (ﬂ'l Z§:1 Szax + 2’2) (7)

By using equations (4), (5) and (7), we get the values of 4, and 4, as
[X5.9,6°, =5 IIX5.9,9]

1= 2 (8)
>3 1‘1[,19[,)[2 1‘1,,‘9[,(S ax)] (0 1%‘%5 ux)

— [ lqalgus ax][ g "9(5*2 B z,lx)]
: (Zazl%%)[zg:l%(sz )] (Zul% " ux)z

Substituting the values of 4, and A, from equations (8) and (9) into
the equation (7), one can get the optimum value of w, .as

( §:1 lgas»zﬂx - i Lgﬂszﬂxj i qﬂzgﬂzij
_ a=1 a=1 4
’ (Z 1%‘%)[2 1%‘9”(52” )2]_(Z§:1‘7,,l9,152m )2

—[35.9,85° NEE 8,57, =51 (10)
(Zf:lqa )| D 19(5 ax)] >3 1‘7,119,152,,,5)2

Thus, the calibration estimator ¥, becomes

7, =Yy +BYL 9 (52 —5) (11)

©)




CALIBRATION-BASED APPROACH IN ESTIMATION OF POPULATION MEAN 801

1,95 Y )(E0,9)~(55,q,9,y,)(55.1q,95°.)
(26,4,9)[25.19,9, (%, ) 1-(5.4,95°,

where £ =

To determine the equation for the mean square error (MSE) of the
suggested calibration estimator ¥, we use Taylor linearization technique.
Let us assume g, =1 V k and

PAR® =(33,8Y, 55,85 58 9(S% P, X8, 9YS )

a=1Y,; 4,7

2 _ 1 N, 7 \2
where 5% —mz,ﬂ(xm, -X,).

Therefore, we have

ay, i { oy, ] _(g%sfx@—(gguf (gyaijj_
aglgﬂy_ﬂ - leenest), {i] g (Sfx)z}—(ail%ijjz Yo
) o [—gsﬂsfx?ﬂj{g&ﬁ](gsﬂsix) z(-gsusixT(g&ﬂsj@]-(ggﬂzj@gusazx]
.| 2 i) | .
3 M (0 7 ey P

a(zgzl lgayus ux) PAR® 6(Z§:] Qayas ax) PAR®

___ Hence, the equation of the MSE of the suggested calibration estimator
Y, is given as

MSE(y,)=V(Z5,8.y,)+ 7 V(Z5, 857 )+ 72V (Z5,85%,)

+27,Co0(S8, 9y, 5, 95% )+27,Co0(S8, 9y, T8, 9%, )
+2717/2COU(Z§:1 '9,15*2ax12§:1 lgaszax) (12)

where V(££:9,y,)= X508, (55"

8 S
V( > %szﬂj =3¢ [ni —Niﬂjs‘*ax(z% -1),

a=1 a

g * 8
V(E '9115 zax) = z 3:12 [L_NLHJS‘LEX (ﬂo4ﬂ _1)’

a=1 1,
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8 - & S 1 1.3
Cov(3 8y, 2 95°,)= £ &, (=3 VoS, Corhs

Cou(3 8y, 5 95%,)= 5P (-~ L)Y, C,h
a=1 aoa a=1 “ ﬂx a=1 i My N/z

aX “ay 12,”
g2 & g2 &2l 1 1 | cs Hs
Cov| X85 ,>8s |=28|—-—|5 (4, -1, 1, =—F—""—,
o e o e Pl m, N, a 3 rs, % %
Hoo, Hop,

1 vy Yy _ Say
/ursa _mizzl(yai_ya) (xai_Xa) and CaY - 7’1 :

3.2 Use of Information on Two Auxiliary Variables

Under stratified double sampling, the knowledge about more than
one auxiliary variable can be used to create more effective calibration
weights, allowing for a more precise estimation of the population mean
Y. Recently, Ozgul (2019) and Chaudhary and Dutta (2021) have utilized
the data on two auxiliary variables to get modified calibration weights
while evaluating the population mean in stratified double sampling. We
now suggest an improved calibration estimator of the population mean Y
under stratified double sampling by making the use of two auxiliary

variables Xand Z as
y st = zagzlw; ya (13)

subject to the calibration constraints.

" . 0
w S = x5 ‘9,15 o (14)
2 *2
aw S = P2 ‘gas o (15)
8 . 8
a=1 a=1
here s2 =1¥yM(z —z'¢, & =1¥(z -z), Z =_¥"z and
where az_mia i ai a’ 7/ az_a i ai al 7 a_mié’ i o a

Z = %Z? z,,. w, is the calibrated weight for the a” stratum.

Now, we defined the Lagrange function based on chi-square distance

measure and written calibration conditions as
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(W -9) e oo .
A2=z;1—( e ARS TRSROTES S TICR
2, (B w]s,” - X008, %) 22 (S - T, 8) 17)

Differentiating equation (17) w.rt w, and then equalizing the
derivatives to zero,

w =8 +q 91, 35,8 +A4,35,8 _+1) (18)

From equations (14), (15), (16) and (18), we get the following system
of equations:

M-
=

g g g
2.2 2 *2 2

anlgaswc S az anlgas ax Zlgas ax _Zlgas ax
a=1 k=1

2 2 E 4 E 2 E *2 2
qalgas axSaz anlgas ax anlgas az = Z'gas az _Zlgasaz

a=l1 k=1

g 5 g
2495 249,
a=1 a=1

\»})* 3)* })*
M= iD= 3
=

Ve

IS}
LN

(19)

By resolving the equation (19), we obtain the values of 4, 4, and 4,

2
|:( i Bﬂs*zﬂ){ - i lgaszax j}{( i q[llgﬂ 'i qalgaszaz j - ( z qalgﬂs az ) } +
|:(§: 19[25*2“2 - i l91152112 j:||:(z qa a ax Z qa a az) (i qalg S azs ax )(i qulga j:|
ﬂ,* _ a=1 a=1 a=1 a=1

! D

as

(20)

’:(i'gas _zlllgas m)jH:(iqa a Zax Z::qa a azj (zqa a ax az):|+
8 8 8 8 2
|:(z'9as - 2‘9115 uz):||:(zq03ﬂs4ax'zqalga)_(zqa"qaszaxj :|
a=1 a=1 a=1 a=1

D

A, =

2

2D
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|:[ i qa'gaszux az )( i qu'gaszaz j (i qalgas4uz j( i qalgaszaz )j| l: i '91? (S*Zax - Sza\' ):| +
a=1 a=1 a=1 a=1 a=1 .

[(iqalgﬂs ax HZ)(Zqﬂlgﬂs ur) (iqulgas4uxj(§qalgus2uz j}[i 19” (S*ZRZ _szﬂz )}
ﬂ; _ a=1 a=1 a=1 a=1
D
(22)
where

D:(éqﬂgﬂszlﬂxj{(Zqﬂ d dzj(éqﬂgJ (Zqﬂ ﬂ ﬂZJ }_
(Zq lgs ax Zﬂzj{(Zqﬂgﬂs ax zﬂz)(qllgﬂ) (Zqﬂgﬂsﬂxzj(z‘]ﬂgﬂs az):|+
(ZZqﬂ a ax j{(an 11 IZX ﬂZ)(Zqﬂ IZ HZ] (Zqﬂ IZ IZZ)[ZqH ﬂ axj:|'

Substituting the values of 4, 4, and A4, from equations (20),(21)
and (22) into the equation (18) and then putting the weight so obtained in
equation (13), then calibrated estimator becomes

Y =Ty, + B, ) BT (57, —5,) (23)

R T
where S, =5 B, =5

(Zqﬂ ﬂ ﬂl_ﬂj{(iqd a zﬂzj(éqﬂgﬂj (Zqﬂ ﬂ EZ) }J’-
(g g 00
(éqalgay_a)[[zqa a ax azj(zqa a azj (zqa a az)(zqa a ax):|
and

R= ( i qalgaszux y_a) |:( i qalgaszuz j( i qalgaszaz ) - ( i anaszuxszaz )( Z?: q/zQu j:| +
a=1 a=1 a=1 a=1 a=1

L=
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(Zqﬂ ﬂ az_a)|:(zg:1qa19as4axj(§:lqa'9j (ZZq{l [l axj }‘F
S - 8 S 5 2
[;qﬂgﬂyuj{(z“qﬂ IZ ﬂxj(zlqﬂlgﬂj (Zlqtl tl IZXJ }4_
(Zgllqalgay_ﬂj[(Zqﬂ ﬂ llY HZJKZqH [l axj (an a QXJ(an Ll HZ)}

Again, by using Taylor linearization technique, the expression for
MSE of suggested calibration estimator 7, may be obtained. Here, we
assume g, =1 V a. Let us further assume

. L9, 55,95, 55,88,
PAR — a“a a~ aX
5,887 ), 28,05 ), 288 YSZRX,Z 3 YSZHZ,Z 98 .S

aX~aZ

2 _ 1 N, 7 \2
where S, —mzizl(zui -Z,).

Now, we have

ayst — 1
0% 3y,
a=1 PAR
I 2y | & 4 & 2 2 ’ |
(z sasﬂxya)[zgs ) (zgﬂs Ynj(z gksazj +
a=1 a=1 a=1 a=1
fy“ - (i l911552?11 [i 1911552)[% lguS:X)_£i gasjzzj(i SHSZXS:ZJ
a(z lgas;i ) a=1 a=1 a=1 a=1 a=1
o<1 PAR ( &
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—(ﬂisﬂ ﬂszax)(égs*ﬂz]+[§9fszaxj
] (o (o foms | (0 (o o gosie
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{952
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aysf =0 ayst =0 ayst =O
£ ’ & —, ’ g —, ’
a Z lgﬂsﬂx a Z 19{1 yﬂsax a Z ‘.9“ yasﬂz
L a=1 PAR a=1 PAR' a=1 PAR
a_* a_*
ybt _ =0 and _gyst =0.
(Zgﬂsﬂx ﬂzj a(zlgﬂs;lzj

L PAR® a=1 PAR"

Ultimately, the expression for the MSE of suggested calibration

estimator ¥, is stated as follows:
g — v & (&, (&
MSE Z RV X288 |+r,V ZSasﬂx +7,V Zgﬂsaz +
a=1 a=1 a=1 a=1
(z'gasnz)_‘—z}/]cov(igﬂya’i a ax)+272cov(219 yu’z a uxj
a=1 a=1
COU(Z[Q ya’z a uzj+274cov(2‘9 ya’z a uz)+2}/1}/2cov(zl9asn\"z a a\')
zy;y;c(m(i 9523 19us;§)+ zy;y;aw(‘z 9523 3ﬂs§zj+2y;y;Cov(Z 95 % 19”5;:]+
a=1 a=1 a=1 a=1 a=1 a=1

Zy;ylcov(igaij’i a :zj+27;yzcov(§: a az’z a azj
a=1 a=1

a=1

(24)

where V(S,95 )=, 8 [i _ L] St (A, ~ 1),

N 004,

V(ZiL8s°,)=2h 9, [,% —%] §" 2 (oo, =),

a a

1)<
E] Y”SZaZCayﬂiozn ’

a

Cov[i Suy_a, i Saszazj = i &, {i -
a=1 a=1 a=1 n

Cov(é 'gay_u’é'gus *zaz) = 2'92” [mi JY Szazcay/lloz ’

a

COU(% Sasfx’éguszz) = ;2119112 [% _NL’Z]S:XSzaZ( 022, )

a=1
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Coof $957, 8952 = £ [ 1 55" o -,

8
Cov(ZSﬂsﬂz, > uz) 251'9”2 [mia— Niu]s‘*az(/lma -1,

S:z N ] tl(Z _Z)

/J rst,

A

H 200, H 020, H 002,

1 N, N\ s —
d furstﬂ =m§(yui _Ya) (xm‘ _Xa) (Zai _Zu)t'

4. Empirical Study

In this section, an actual data set has been utilized under empirical
investigation to examine the peculiarities of the suggested calibration
estimators. Additionally, a simulation evaluation has also been done to
support the theoretical findings.

4.1 Actual Data Set

The actual data set provided by Sarndal et al. (1992) has been used by
us for illustrating the theoretical findings. The population data C0124
represent the 124 countries that make up the five continents of Africa,
North Central America, Asia (non-Soviet section), Europe (non-Soviet
part), and South America. Here, =P83 stands for 1983 population (in
millions, or MM), =P80 for 1980 population (also in MM), and = GNP for
1982 gross national product (in tens of millions of US dollars). Table 1
displays the population specifics:

Table 1

Population parameters for the study and auxiliary variables

St gl Y | x| Z el lc

No. a a a a a a ay aX

38 |27 |16|13.04 | 11.88 | 1029.16 | 1.26 | 1.26 | 1.86 | 0.999 | 0.743 |0.743
14 110 | 6 |27.35]26.19 | 2567.57 | 2.2 |2.23|3.04|0.999 | 0.969 |0.973
11| 8 | 4 [23.14|21.88| 5028.82 | 1.51 | 1.49 | 1.51| 0.999 | 0.976 |0.977
33 (23|14|79.65|75.24 | 7533.94 | 2.63 | 2.66 | 2.74 | 0.999 | 0.294 | 0.300
24117 110|20.28 | 20.1 [16134.92| 0.93 | 0.93 | 1.21 | 0.999 | 0.901 |0.905

Pyx, | Pyz, | Pxz,

aZ

Q[ | W N | =
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Here, p,, , p,, and p,, arerespectively the correlation coefficients

between Yand X; Yand Z; Xand Z. C , = S;jx &C, = Sz”jz

Table 2 portrays the variance/MSE of the estimators ¥, _ , ¥, and
7.,. The percentage relative efficiency (PRE) of the suggested calibration
estimators ¥, & 7, w.rtthe ¥, is also computed. Moreover, we have
computed the range of gain using the formulae given below:

% Cain (?; or7,)= Precision(y; or y,)—Precision (y ) %100;

Precision (y,,,,)

1
Precision=—————.
Variance / MSE
Table 2
Variance/MSE, PRE, Precision and Gain
Estimator Variance/MSE PRE Precision Gain
Vo 144.612 100 0.00691 o
yst 79.516 181.865 0.01257 81.91
]7; 73.272 197.363 0.01364 97.39
4.2 Simulation Analysis

An empirical analysis has been done to assess the effectiveness of the
suggested calibration estimators 7, and i, over the usual estimator 7,
We have considered a population of 5000 units which consists of six strata

Table 3
Particulars of Population
Strat. No. Dlstrll:/t;trlic;rtl)lio;Study Strat. Size (NN,) Pyz, Pyx, Pxz,
1 N(u=6,0=4) 600 0.6471 | 0.8889 | 0.9244
2 N(u=8,0=5) 500 0.5896 | 0.8355 | 0.9365
3 N(u=12,0=6) 300 0.6710 | 0.8928 | 0.9330
4 N(u=16,0=7) 700 0.5371 | 0.8036 | 0.9337
5 N(u=22,0=8) 400 0.5464 | 0.8095 | 0.9340
6 N(u=28,0=9) 200 0.6640 | 0.8995 | 0.9240
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with respective sizes 600, 500, 300, 700, 400 and 200. The population data
for the study variable Y have been developed from the N(u,o). The
population data for the auxiliary variables X and Z have been produced
on assumption of specific correlation coefficients [See Reddy et al. (2010)].
Table 3 provides information on the considered population.

Now, using the SRSWOR technique, we choose a 1* phase sample
consisting of 30% units of all strata. Thereafter, again using the SRSWOR
technique for each stratum, a 2" phase sample consisting of 20% units is
chosen from the 1% phase sample. We repeat process of selecting the 1*
phase and 2™ phase samples 5000 times. Finally, we compute the
approximate MSE (AMSE) of estimators ¥, 7, and ¥,. The formulae
of computing the AMSE are given below:

1

AMSE(,,.) = 5055 225 (F o = ¥) 3 K =1,2,...,5000.
AMSE(F,) = 50 B0 (F, - Y) 1k =1,2,...,5000.
AMSE(T,) = 5 537, - Y) ' k =1,2,...,5000.

Table 4 depicts the AMSE of the estimators 7, ,, 7, and 7,. The

PRE of the proposed estimators 7, & 7., withrespectto 7, is provided.
Additionally, the precision in terms of gain is also displayed.
Table 4
AMSE, PRE, Precision and Gain
Estimator AMSE PRE Precision Gain
Voo 0.208062 100.00 4.806
Yy 0.046757 444 .96 21.41 346.04
7, 0.038510 540.27 25.96 440.95

5. Concluding Remarks

In the present study, we have defined new sets of constraints and
introduced some improved calibration estimators of the population mean
utilizing the data on one/two auxiliary variables in stratified double
sampling design. First, we have discussed the calibration estimator on
utilizing the data on single auxiliary variable and then the data on two
auxiliary variables has been utilized to deduce improved calibration
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estimator. The characteristics of the suggested calibration estimators have
been analyzed in detail. The Taylor linearization technique has been used
in deriving the expressions for the MSE of the suggested calibration
estimators. We have conducted a quantitative evaluation using both actual
data and artificially created data sets. Similar trend of conclusion has been
seen under both real data analysis and simulation analysis. The Table 2
and Table 4 demonstrate that the suggested calibration estimators ¥, and
7., perform well as compared to the usual estimator 7, . This gives out
that the suggested calibration estimator 7, would be the best choice
among the rest.
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