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Abstract

The model of one-way repeated measurements for imbalanced data, as the number
of explanations are not the same at some levels, is the subject of this research. We used two
methods to estimate the model parameters: the restricted maximum likelihood method
and maximum likelihood approach, and we considered some of their characteristics. The
Experiment’s practical research goal is to determine how the experimental elements and their
interactions affect date palm productivity. The Experiment included the factor of irrigation
method with three treatments: drip irrigation, basin irrigation, and the regular tidal method,
while the irrigation interval factor included three treatments: 3, 6 and 9 days.

Subject Classification: 46153, 46N30.

Keywords: Maximum likelihood method, Restricted maximum likelihood method one-way repeated
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1. Introduction

Various disciplines used analyzing repeated measurements widely in
health,and life sciences, biomedical research, epidemiology, and others [3] [6].
Different variables, repeated measurements of a single variable, or repeated
measurements(RM) of a group of variables could represent these reactions.
Unbalanced and balanced data are the two types of data. The balance data
repeated measurements design, mean that every level shares the same
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observation numbers while the imbalanced data mean that some of the
observations are not the same in at least one levels [6]. Many researchers have
investigated the repeated measurements model(RMM). Al-Mouel. (2004) [2], by
equated estimators, and calculated multivariate (RMM). Al-Mouel, and Wang
(2004)[1] examined one-way multivariate (RM) in the variance model with
sphericity tests. They used RM examination of the variance model and focused
on the asymptotic sphericity test Falhy expansion (2006)[5], employed the
Bayesian approach for the estimation of the regionalized variable covariance
functions that exist in the spatial covariance structures in the mixed linear
models. He presented a Bayes invariant quadratic unbiased estimator. The
combination study of (RM) and survival time has frequently utilized maximum
likelihood estimates. However, the asymptotic features of the maximum
likelihood estimators are not theoretically justified [7-8].

This work estimates the parameters of the model by the use of the
maximum likelihood estimate and restricted maximum likelihood estimate and
take the practical side about the effect of irrigation interval on moisture and salt
distribution of data palm orchards soil under different irrigation systems.

2- The Model Of One-Way Repeated Measurements

We consider the one-way (RMM) for unbalanced data(where the number
of explanations is not the same at each level).The model's mathematical
expression is presented and its components' probability distributions are
discussed. The parameter of the model is estimators in various methods, and
some properties of the estimators.

2.1 The Model Mathematical
The one-way (RMM) to imbalanced data is,

Vo =0+ 80+ 8o+ (§D) e + Soery + €esse s (2.1.1)

As that: £ = 1,2, ..., n, is an index to the units in experiments in group L,

x = 1,2, ..., p refers to the level index within-units factor (Time),

L=1,2,..,q stands for a level index between-units factor (Group),

Upry 1s the measuring response at time  for unit £ in group £, 9 seems to
be the general mean , and {,, refers to the added effect to time » while &, to the
treatment group L. (é{),, refers to the group £ x time » (Interaction) ,e,,,,
seems to be the random error time » to unit £ in group L , §p¢ry stands to the
random effect because of the experimental unit £ in treatment group L , below
the resulting sentences for the added effect (added parameter)

21180 =0,2010, =051 1({Dp =0,Yx=12,..,p, }
Y1) =0,vL=12,..,q,withN =¥ n; ,and ¥i_,n& =0.
(2.1.2)
As that the ¢p(z)'s and e,,,'s are identical, and independent with
eprx ~ U.i.d N(0,62),6pc) ~i.i.d N(0,02), (2.1.3)
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In the following manner we display the sum of square terms

SSe=PYl_n.(0, —10)%, )
SS{ = szzl(ﬁ..x - 5)2 ’
SSe =p X S0t (pr — 0.)2 (2.1.4)

5555 = z:Z=1 Z£=1 nL(ﬁ.L}t - ﬁ.L. - ﬁ..u + 17.“)2 ’ |

n _ — _
S'se = Zz=1 Zei1 £=1(U€LJ¢ — Uy — Vygr, + U.L.)Z J

See Table (1)and
v = Ningﬂ Y Y Uy is the overall mean,
D, = ipz’;ﬁlzg:lum ,VL=1,2,..,q,is the mean for group L,
Ugy = niﬁz?il Upry »VL = 1,2,...,q refers to the mean in the e group £ at time

_ 1 n . .
U, = ﬁz?::l YpZ1 ey is the mean for time

— 1 . . .
Upp. = ;2521 Vpgse »is @ means for the #™ subject in group £,

(2.1.5)

2.2 Estimation

We take two methods to find the estimators of the model parameters, and
some of characteristics.

2.2.1 MLM
The joint v,, density functions have the following form:
FONI €0, 8 s (6D e » Secryr 02, 02) =

L ~Werx =9 =8 0= (§D12)?
2 2 OLn L5 Lrn
@2n(os +0f)) 2 exp[ 2(otrod) ,

Following is a derivation of the likelihood function for (2.1.1):

L(U\19 1820 Ge G e » Secry a2, acz) «
N _y4 ng p e s 2
(2n(od +0'c2))Tpexp[ Lima Bpmy Boemy Wern=0=80= 8= (€0 1) ]’

2( 0'3+0'§2)

then, by taking the logarithm of both sides, we get

In(L) _Zﬂln(Zn) - %ln( 0 +0?) - [ELlZ?ﬁlZ£=1(%;{—19—&—{,{—({5)5,{)2]’

2(02+0¢

(2.1.6)
The result is obtained by differentiating (2.1.6) with respect to
9,&,00, (D 1w s O'CZ respectively and setting the derivative to zero we have

0 ln(L) -2 [_ Zz=1 2221 ff:l(vi’bt -9 - 'fL - (u - ('f()b{)] =0
0 2( o2 + ng)

DNDXDWCEEEL
= — U = =V
Np o1 o1 M=1( {’Ln)

D

=
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0 lTl(L) _ 2121 f{:l(vﬂlu -9 - f[, - (J{ - (EZ)[,H) _ &
=—2q |- =0 =4
0¢; 2( 02+ a2
=V —U,
0 l‘l’l(L) _ —Zp _ ZZ:1 Z?ﬁ1(v€b{ -9 = fL - (u - (fZ)LH) - 0= Z
a4, 2( o2 + 0(;2) ®
= 6 1{ - ﬁ...
0 lTl(L) Z (UL”LH -9 = fL - ZH - (f()l)x) _ =5
2 2 =0= (fc)m
6(5()1;74 2(0-9 + o-g )
U, —U,+ U_

[ 2 — L 2 _ Zg=1 Z?ﬁlZg:1(Ué’£u_ﬁ£n_ﬁ€£.+ﬁ.£.)2 a2
since 0 = = — ,then 67 = - DV-a) , o 0f =
MSe .
din) _ —_Np( 1 ) 2(03+03)(0)+237_ 5L S Wors—9-E~ 3= (§0) £0)? -0

90§ 2 \o¢+ad (2(0 +oe))

~2 ((p-1)(N-q)-Np)
¢ Np(p 5 ——F MS¢ + ST — MSe

2.2.2 Restricted Maximum Likelihood Method (RMLM)
The restricted maximum likelihood estimators of 9,&.,Q,,

(D) e » Secrys o2, and GCZ are determined by the parameter values, which
maximize the function:

—(p-1)(N-q) 1xw ) <N D T —9)2
Lx(62)” 2  (o2+ pac) exp{ [Sse y S Mp@.Z9)7

o, (02+pad) (02+pad)
Np@.r—U,.-80)* | Np(U.5—0..~$0)? NP (U £xH0,. ==V~ () £0)* (2 ) 1)
(Uez+pag (ogﬂrmg (U§+pag) ’ -
We know that

L(U\ﬂ ’ EL ’ (K ’ (E()Lu ’ Cf’(ﬁ)' 0.62’ O-g‘z) = L(ﬁ\l9 ’ fL ’ ZH ’ (fz)ﬁ}t ’ C{’(L)) =
L(SS,,SS,\ 02,02) . (2.2.2) Then, we have

L(ﬁ\ﬁ , EL ’ th , (E()LH ’ C{’(E)) =

Np(@.-9)? | Np(@,—0.-§)* | Np(@.,—U.-35)*

( - 2)—(N—q) 1 (c2+pad) (02+pa?) (02+pa?)
%e T P% LI I e P R (19 P9
(02+pal)
(2.2.3)

and

—(p-1)(N-q) 1)(N Q) —(N )
L(SSe,SS \0’3'0’;2) = (U (Ue +p6¢) exp{—— ‘%"’4—

e

el @24)
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Then, by taking the logarithm of both sides of equation (2.2.3), we get
In (LT &0 G s §D) e Sery)) =

Np@,.—9)? | Np(0,-0.-§)% | Np(@W.,—0.-30)*
1| (63+p0d) (02+pa2) (02+pa2)
2 n NP(U.Ly+U,.~U £, =U.5—(§0) £0)*

(08+pat)

-(n-q)
%ln(ae2 +pa?) — (2.2.5)

The derivative is then equaled to zero by equating (2.2.5) with regard to
parameters. This gives us

0oy &2 =05 0=,
| A
;(?gil _ -?1 [ZNP(ﬁ.Lz+TE;ez—f§;£..z—(foLz)] — 0> (Ez)u I
In (L(SS,, 55\ 02,02)) = 22Dy (52) - “Din(52 + po?) —
%[Saiz + @,f+—s,§gg)] ’ (2.2.6)

= —-(p-DIN-q) N-q)
let y = 6 4+ polthen In (L(SSe, SS\ y)) = %ln(oﬁ) - qun(y) -
1[SSe | SS¢
2 [? + 7] (2.2.7)
subject to the restrictions y = g2 > 0. The derivative is then equaled to zero by
equating (2.2.7). Then

din(L) _ —(p-D(N-q) _ SSe _ 52 — _ SSe  _
902 202 208 0 =0 = P-DIN-q) MSe
az;;L) _ _%_%z 0=y = (;icq) ,then
52 4 52— SSo a2 _1[SS _ _ sse ]:lMs — MSe
0¢ +po¢ wv-o % Tl popw-a) p[ ¢ ]

3. The practical side of the study

In this section, we check the formulas and theories reached on the
theoretical side that have been taken from a realistic experiment from the Palm
Research Center at Basrah University during the two growing seasons of 2019-
2020 [3]. The objective of the Experiment is to study the effect of the
experimental factors and their interactions on the production of the date palm
cultivar E1 Halawi. The Experiment included three levels of a unit factor, 3 days,
6 days, and 9 days of the irrigation interval; also, there are five levels between
unit factor, fruit length, fruit weight, fruit size, dry weight, and total sugars, and
three levels of within unit factor, drip irrigation, basin irrigation, and the regular
tidal method. The sum squares of the effects between units factors, within units
factors, and the effects of the interaction between the unit factors of group and
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time are obtained using the mathematical formula of the model study (2.1.1) and
applied to the Experiment as follows:

Table 1
The sum squares table for the data of Experiment
SSe, S8z, S$S0) L SS; SSe
61916.134 2.972 2.103 74.106 52.188

The results of the sum squares for the model are shown in Table (1) above,
and it is clear from this Table that the irrigation intervals significantly impact
productivity.

Table 2
Estimates of variance components of the model( 2.1.1) for the Experiment
Method of estimation Random effects 02 Experiment error g2
ANOVA 2.374 1.450
MLE 1.564 1.243
REML 2.374 1.450

The Maximum likelihood estimator of acz is different from those produced
by the ANOVA method, and RMLM.

The estimation values for parameters in ( 2.1.1) for Experiment are the
same in the three methods and are in Table (3).

Table 3
Estimation values for the parameters of ( 2.1.1) for the Experiment
5 & 3 @),
34.155 136.619 68.309 273.237

The estimation values for the model's parameters are shown in Table (3)
above using the least-squares approach, MLM, and RMLM. We can see from
these estimator values that they are encouraging statistically.

4. Conclusions
In this paper, we came to these conclusions: The maximum likelihood
estimators of parameters of the repeated measurements model are 9 =7

E=0,—0, $G=0,-0.(8), =0 —0r—0,+ 0. and G2=
MSe,and 67 = o MS¢ + WM.% . The restricted maximum
Np(p-1) Np

likelihood estimators of parameters of the repeated measurements model are

9 =0 . &=0,-0..6=0,-0.(80), =0p—0r~U,+ 0. 62=
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MSe, and 6g2 =—[MS¢ — MSe] . The studied irrigation methods and irrigation

1
14

interval affect improving productive qualities.
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