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Abstract

This paper discusses two important points; the first part describes the one-way repeated
measurements model, which had two random effects in addition to the random error and
two fixed factors. The model was also written as a set of matrices, which showed how the
random effects and fixed factors interacted. The second part shows the maximum likelihood
method for determining the variance components for a one-way repeated measures model.
In this method, it was seen that the estimates of the variance combinations have some bias.
The goal of this study is to use the Mean bias reduction method of the one-way repeated
measurements model to reduce the bias in the estimators of the variance components.

Subject Classification: 62F10, 62G05.
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1. Introduction

Data modelling has become an important matter for its applications in
practical life to find the best solutions to life problems. In our study, the repeated
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measurements model was adopted as a linear/mixed model, meaning that the
observation or the experimental unit is measured more than once by the same
scales. This type of model has many advantages, as it reduces the variance of the
error because all the experimental units participate in all the experimental
treatments, so the variables of the experimental unit are fixed, so the variance of
the error decreases. Also, repeated measures models are statistically strong
designs regarding the tests' strength and the effect amount. Studying and
analyzing the components of variance is one of the important topics in statistics
because this topic has wide applications. The maximum likelihood method is
one of the most common estimation methods because of its important properties,
such as unbiased. When deriving this method for the effects of the one-way
repeated measurements model, it showed its efficiency in the fixed effects,
estimators, as getting an unbiased estimator. In contrast, in the Estimation of the
random effects, an amount of bias appeared in the estimators of the variance
components of the one-way repeated measurements model. This research aims
to reduce the amount of bias through the Mean bias reduction method.

2. Description of the model

The One-Way repeated measurements model is defined as follows.

tijk =¢+ @j+ Wi+ (@) jk + w1y + Wi T €ijic (1)

Where:

i =1,2,..,n4 is a unit of experimentation index.

j =1,2,...,n, is an indicator of the between units factor's levels (Group).

k = 1,2, ...,n5 is an indicator of the within unite factor's levels (Time).

tijx = is the measurement of a unit's response over time in a group.

e;jx = is The random error.

& =is The overall mean, Table (1) classifies the effects of the math model
(1) by type.

Table 1
Classifies The effects of the One-Way repeated measurements model.
The factor The Type The definition The condition
n3
Is treatment between unite Z T~
®; Fixed factor (group) $i=
j=i
n3
Is treatment within unite W, =0
Y Fixed factor (Time) Z k=
k=1
n2
(0¥, Fixed Is the effect (between X =

within) unites

n3
D o=0
k=1

Contd...
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Is the random effect to unit i 2
W1() Random within Group (/) wy; ~ N(0,05,)

Is the random effect to unit i 2
W2i(k) Random within time waij ~ N(0,05,)

€ijk Random Is the random error eijr ~ N(0,08)

3. The model in matrix form
The one-way repeated measures model (1) can be written in its
observations as follows:
T:[1n1 ® 1n2 ® 1n3]€+[1n1 b2 Inz 02y 1n3](p+[1n1 ® 1n2 ®
In3 ]lP+[1n1 ® Inz ® In3] (o¥) +[1711 ® Inz X 1713] Wt [Inl X
Ly, ®ln] wot [lny @ In, @ Ingle . ©)
Where I denoted the identity matrix, 1 denoted the vector one's, @ be the
Kronecker product operation of two matrices. To formulate our study model
more appropriately, we used the matrix formula; first, we write model (1) in the
form below:
tij =a; + 1. by + 1,6 + g5 3)
where t;; = [tij1, ..., tijn,]" is a vector of response, a; = [@j, ..., Ajn,] is a
vector of the fixed treatments (a;; = & + @; + ¥ + (@) i), bi(jy = W1y 18
the random effect of unit i within a group (j), ¢; = [cyc1), ) Cing)l’ 15 the
random effect to unit i within time(wy;()) and e;; = [e;j1,, -, €;jn, ]’ is a vector
of random error. Let 6; represent the indicators of a group such that 6;=
{1 if unitiis from group j j=

0 0.W
can rewrite model (3) as

l,...,n, . By setting 6; = [a;y,, ..., @] , We

T = Xi a +Z‘W + €. (4)

where ti= [t . tin,], Xi= I, ® 6, @' = [@11), 0o, Apyn ], Zi= 15, @1y, , W
all cee a1n3

= [wll(]) B wZi(k) ], 5{ = [8 il ..., Sin3] and a = Vec .The final
anzl an2n3

formulation of the study model is an alternative form of the model(4) as shown
in the relationship (5), let " = [ ¢t,....tp ], X' = [ Xi,..Xp,], W =
[w1i(j) » W2ik), & ] and

Z=[23, e, Zp, ] thent=Xa +ZW. )

4. Variance Components in a One-Way repeated measurements model
The variance matrix of 7 is denoted as X, such that:
Zw1: Var( [1711 ® [nz ® 1713] (1)1) = [Inl ® Inz ® 1713]
G(f)llnl [In, ® Ly, ® 1713] "=[In, b2y In, X 1n3] 0'(31 [Inll ® Inzl ®
In,']
=0'0231 [In, ® I, 02y Ins],



666 H.I. MUSTAFA AND A. S. AL-MOUEL

Yy =05,|In, ® Jn, ®ly,| and To= 02 [In, @ Ip, ® Iy,]. where]
denoted the matrix of ones. Then the variance matrix

Za)l +Z(u2 +Ze 0 0
- 0 Zon * Z“’ tIe D ; (6)
0 0 SED W e

5. Estimation of variance components by maximum likelihood

The maximum likelihood method is one of the common methods for
estimating the parameters of mathematical models. This section discusses the
maximum likelihood method for estimating the parameters of the linear model
(5), where 7 is the vector of (N X 1 )observations and N=), n,n,n;, a refers to

fixed effects, w refers to random effects, and X and Z are design matrices such
Wo

that: ZW =1[ Zo, ..., Zn ] = ¥, ZW; , where w; is the vector for random

effect with a; levels and wy :W Z w; vector has the following properties :

E(w;) =0, Var (w;) = 6?1, , Cov (wj, W) = 0, thus Var (w) = {aizlai}zo.
Then E(t) = X a and Var (1) = X. The density function of 1 ~ N(X a, X) is

fr.5)=@n=" 2] Zep (2@ -Xa) £ (- X)) (6)

by taking (log) for function (6) and letting R = (t — X ) then

[(a,2) = —> [log| X |+ R" L' R(a) + Nlog(2m)] where |X| is a
determinant of the variance matrix, ® = (02, ,02,,02) =0, ie 0, is y™"
component of the vector of variance ®. By differentiating function (7)
concerning the fixed effect a we obtain fan) _ —% [(=X) =27 (r — Xa) +

(t - Xa)'27'(=X)]
1
= —-|-XX""17+ a—T X2 X+ X ak™ == T T Xal =
2[ XTlt+X'EX 'ITIX 4 X' 21X [x'z1 X' Xa] =0
Then @ = [X' 271X]"1 X'27 ¢

(7
is the estimator of the fixed effect, to find the estimator of the random effect ©
—_ —_— - 2
= (04,,05,,0¢ ), using the following facts: where ;—;r =3,, % =2,
=X 7122718, , 1 =X 7133 713, and /Il =%, X !
alog|z | _ -1 ar~t 4 _19%logls| _ _
Then T =tr (X ZT)’_a@T =273 X 0,00, tr(I —11I)
9%x~1
and =7/Xt+qxr o
80,00

By differentiating (log) for function (6) concerning the random effect O,
we obtain
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r@:‘?;(;gr‘” =V [-3loglsl] +V [~ — ax) 37} (z - Xa)
=[R2 (0) %, 27 (O) R — £, (27 (©)2)]-0 (8)

[M] lrpry-1 -1 -1
| 29 [CIR"Z71(©) 2, Z7H(©) R — (7 (©)Zy)]]
al(az) |al(asz) 11p e _ _
TS :| 26, |:|;[R ZTHO) L IO R~ @O ()
1 on _ -
|Z52| |SIRE7(0) 2, 27 (0) R — £, (271 (0)3,)]
2
To find the value of the estimator ®, which represents the root of the
equation (9) according to the Newton-Raphson method, depending on the
second-order approximation of the Taylor series.
_ %1(a,x) _ 1 , : 1
So Too 70,90, "z [tr (IT-T)+R’ (I+II-1IT) Z~'R] (10)
%1(a,x) 0%l(ax) 0%l(al)
30000) 00000, 00000,
%U(ar) _|0%U(ax) d%Uasx) 0%l(al)
€ 50,00, lae,00, 90,00, 0,00,
[azz(a,z) %l(a,z) d%l(aX)
00,000 00,00, 00,02

o Tig Flz] such that :
o T T

[Foo lor  Toz

1
FOO = - E [tr (Z _1202 _120 - X _1202 _120)
+R'(Z 150X 180 + £ 150X T1Zp — ZooZ “DEIR]

1
Ty == 5 [t (F 752 715y — X752 T'E)
+R (Z7I5,E IS, + 215, X I8, — 50, X "I LR]

1
Ty, = — 5 [tr (Z 712,271, — X715, 2 71%y)
+R (Z7IZ, X 71, + XTI, TR - 20,2 THETIR]

1
Mo == 5 [tr (7152 712, — £ 715,20 7'3)
+R'(Z718,E 7184+ 271502 718, — 2,02 “HETIR]

1
Fll = - E [tr (Z _1212 _121 -2 _1212 _121)
+R (ZIZ,E IS, 4 5 15,5 1, — 5,8 “DETR]

1
Flz = [tr (2 _1222 _121 - 2 _1212 _122)

T2
+R (T E IS, 42 15,0 18, — 5,8 ) E IR
1
FZO = - E [tI‘ (Z’ _1202 _122 - X _1222 _120)
+R'(Z 71,2 15y + £ 150X 71T, — 5,08 “DEIR]
1
F21 = - E [tI‘ (Z _1212 _122 - X _1222 _121)
+R(Z 15,2 1%, + 215,218, — 5,08 “DIR]
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1
Fzz = - E [tl‘ (Z _1222 _122 -2 _1222 _122)
FR(E 15,5 IS, + 2 15,5 1Y, — 5,5 1) TR ]

e 0  Eo Eop
WhereE(a@ a’@ ) =|Eip 0 E;,|then
T N
E20 E21 0
1
E01 = - E tr (Z _1212 _120 -2 _1202 _121),
1
EOZ = - E tr (2 _1222 _120 -2 _1202 _122)

1
Ep=-str@ 15,2 7Y - X2 TIE 2 I,

m
_
N

Il

1

- E tI‘ (Z _1222 _121 - Z _1212 _122)
1

EZO = — E tr (Z _1202 _122 -2 _1222 _120),

1
E21 = — E tr (Z _1212 _122 -2 _1222 _121)

Then Ig,,, =~ Ip
Raphson's method is :

. T F@k@k(@k+1- 0, ), estimator vector ©® by Newton

011 =0, - To,, ' Toy (11
where 0;, € R" is initial values, While | ®,,, - 8, | < ¢, then the convergence is
achieved.

6. The Bias in the Estimation of variance components

The disparity between the actual value of a variance component and its
estimated value is what is meant by the term "bias" in the context of estimating
variance components. In the context of linear models, having a bias in
estimating the variance components can lead to inaccurate conclusions about the
relationships between variables and wrong inferences about the precision of the
estimated parameters. This can occur if an inaccurate model structure was used,
the sample size was too small, or other factors contributed to the measurement
error. The estimator ® of variance components, ® is unbiased if E(@) = @
Whereas E(@") = © + § then @ is biased estimator, and § is amount of bias. From
equation (11):
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[ [0%(e5) () 0%U(a,2)]| [al(a,l)]
E( 3}) ] I 00,00, 00,00, 00,00, I | 90, |
~ — %l(e,2) 0%l(a,2) 0%l(a,X) (a, X)
E =|E(d2)|-|E E
(Or+1)) [ ("i)j l 30,00, 00,00, 00,00, | I 20, I
£(a2,) lazl(a,l) 921(a, 5) aZz(a,x)J [6l(a,2)J
| 100,00, 00,00, 00,002 ]| 00,
(E 1 - (E- 110 Eor Eop e ETHO)Z)]
=|d,|-= |04, |- - [Ewo O Ep t, (271 0)%,)
| N+ e, E 0 t, (71 0)Z,)
a2, 62, | 20 21 - 2)]
Then E (@k+1) = @k + 6
1 2‘% ) 0 EOl EOZ -1 t?"(z_l( O)ZO)-
Where § =-| —~ o5, |+ 2 |Ewo 0 Ep t (T (©)Z))
(,’wz‘2 Ex Ezx O t, (71 0)Z,)]

is the amount of bias.

7. Mean bias reduction in Estimation for one-way repeated measurements
model
Bias reduction refers to reducing systematic error or bias in a statistical
model. Bias in a model can lead to incorrect or misleading results, so reducing
bias is an important step in improving the model's accuracy. It is possible to
reduce the bias in the ® estimator by solving the equation: Tz = Ty + A = 0

Where T'g= % is score function, and A = % tr [E™ { P+ Q,}] such that: E =
r
0 Eop Ep .
[Elo 0 Elzl P =E [Tl Tie]land Q=E[-Tge e ] fort=1,2,3. In
EZO E21 0
our model
0%z 0%y 0%y )X
30,00, 00,00, 00,00, [a_oo]
1 0%z 0%y 0%y ax
P+ Qg = 5 | 2 | e, 36,90, 36,06, | |26,
0%z 0%z G l o J
00,00, 00,00, 00,002 00,
[al(a, 2)]
| 90,
l(a,2)
r =| 20, | +
lal(a, Z‘)}
d0,
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0%z E) E) ax

o 00,00, 00,00, 00,00, 90,

1 0 Eor Eoz) Ty 0%z 2%z 2%z 0z
= tr ElO 0 E12 = tr 2_1 2_1 v
2 E20 E21 0 2 691090 691691 691692 a®1
9%z 0%x 0%x 28

00,00, 00,00, 00,02 00,

(12)
The mean bias reduction estimator © = ( Uw L O'wz , ) for the vector of

variance © is found by solving equation (12) by Newton Raphson method as
follows:

() | 1 dE~1 1 4 9%z _1 9z _
5 = = —_— = )+
0 90,005 2 (tr{ 00,00500, " 2 tr(Z aeraes )iFtr{E™
102 o1 0%z _1 9z _ 1 a ): _1 a):
_ -~ o=~ + - -
(T T e T T ET L S (R a@ra@sa@q 30, )}
8%y 103 o_ a z
+ -1 l -1 _y-19% v-1 + 1 -1
tr{E Str (2 70 a(é)s 70, 70, )} tr{E~ tr = 30,00,
1 —
I o)) = Too 5 T (13)
’Uar) 5 _ 1 1 1 9%% _1 9z
Where Too = 20 aes T=tr{ aeraesaeq zt @ aerae )}
11 1 -1 _0% —1 0z 1 -1 9 E
+tr{E tr( - 30, 225 70, ae )}+tr{E tr Z a@)raesaeq
a d
31 )}+tr{E 1 tr(z 169 ot Ez 192 e Hir(ETL, tr(z 1
az 1 9%z »
90,00, 00,00,

The estimator vector ® by Mean bias reduction method for the one-way
repeated measurements model is:@,; = 0, + I5™ ' T, E (8;4,) = E (©)
+E(l5) L E (T') 8™ is the bias amount of the estimator ® where:

05
Gay |+ E(Tg™" T) (19)

Go

5 =
2

8. Conclusions

Through this study, it was observed that after deriving the estimator of the
fixed effects of the one-way repeated measurements model using the maximum
likelihood method, it was found that the estimator (&) is unbiased, while in the
case of deriving the estimator of the variance for the study model, it was found
that the estimator is biased. A new estimator was developed specifically for this
scenario to cut down on this bias. Put another way, the variance estimator
derived using the mean bias reduction approach has a lower degree of bias than
the variance estimate obtained from the traditional maximum likelihood method.
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