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Abstract

In this paper, a proposed life time distribution is derived for analyzing data set in more
efficient way. We construct a life time distribution using the quadratic transmuted technique
of half logistic distribution and discuss some of its statistical characteristics such as the
moment, graphs, and others statistical properties. We also employ a method of estimation
known by the maximum likelihood estimate method (MLE) to estimate the parameters of
the created distribution (QTHLD). Afterwards the optimal distribution among QTHLD and
classical distribution for the data analysis has been evaluated with a real data set based on

goodness of fit measures.
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1. Introduction

Although there are many distributions used to describe the data,
the researchers were able to create new distributions that compared to
traditional distribution and they are more flexible and they are more
efficient. By combining two or more different existing distributions
or giving them additional properties, these peculiar distributions are
produced. This study presents a novel distribution of the interlocking half-
logistic distributions (HLD) with quadratic transmuted method. Hence,
we obtain a probability density function (pdf) formula of the QTHLD, and
some of its properties were discussed. We used the MLE of the parameters
of QTHLD and compare the results with half-logistic distribution through
aropriate quality measures.

There are many researches and studies of the quadratic rank
transmutation that were presented by several authors like Kareema and
Maysaa which has presented the Cubic Transmuted of Weibull Distribution
[10]. Aryal [6] has studied the transmuted log-logistic distribution. Merovci
and Puka [8] has also discussed the transmuted Pareto distribution. Shaw
and Buckley [5] have focused on the studies of alchemy for probability
distribution. Balakrishnan [1] demonstrated the order statistics aspects of
the half logistic distribution. Balakrishnan and Puthenpura [2] obtained
the most accurate unbiased estimators of the distributions local on and
scale parameter of the half logistic distribution, Adeyinka and Olapade
studied Transmuted Half Logistic Distribution [11].

The organization of this paper is as follow: In the next section, we set
some basic concepts related to the transmuted techniques, properties of
half-logistic distribution, some basic formulas of binomial and exponential
series, and rules of goodness of fits. In the third section, our main results
are presented, and some figures, the MLE method equations mentioned in
the section four, the section five consist the table of our numerical results
and clarify the contents of this table, as well as the most important results
that we reached in this paper, the conclusion are found in Section six.

2. Basic Concepts

A quadratic transmuted distribution of a random variable X is given
by the formula in equation (1), [10]

F(x)=(1+ 1)G(x) - AG(x), |A|<1 1)

While the pdf of that type of distribution is given by
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f(0) =1+ 2)8(x) -24G(x) 8 (x), )

Moreover, some other fundamental properties like the pdf and the
cumulative distribution function (cdf) given by,[9].

gx )— _gx)z /0 <x{0,6)0 (3)

—0x
G(x) = %0 <x(0,0)0 (4)

Moreover, measures of goodness-of-fit are used to determine the best
distribution that can be used to fit some selected data set. The forms of
these measures are given by in the equations (9)-(12),[12].

AIC=-27+2k )

BIC =27 +kIn(m) (10)
CAIC=-20+ 2 1)
HQIC =27+ 2k In(In(m)) (12)

where 7 is log-likelihood function, m is sample size, while k represents the
number of the parameters of the desired distribution.

3. Derivations and Characteristics
3.1 Quadratic Transmuted of Half Logistic Distribution

In this part, we firstly show the construction of QTHLD by substituting
equation (4) into equation (1) to we obtain the following transmuted cdf

F(x;2,0)=(1+ )| =0 |- a | =e 2 Al<
xi2,60) =1+ )| =AU | x>0, (2151650 (13)

Forwhich A isthe transmuted parameter,and 6 for shape parameters.
Also, we obtain the pdf of transmuted of QTHLD by substituting
equation (4), and (3) into equation (2), which has the following pdf
—6x —6x
Fx;A,0) = 2022130 N0 T () 20, |21<1,6)0 (14)

(1+¢79%y3

We see that f(x;A,6) holds the properties of being pdf:
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1. f(x;4,6)>0,vx>0
2. | f(x;2,0)dx=1

3.2 Characteristics of (QTHLD)

In this part, we present through the cdf and pdf that we have obtained
in equations (13), and (14), respectively, we may find other statistical
characteristics of the QTHLD including survival function S(x), hazard
rank function h(x), and the cumulative hazard rank function H(x).

—0xy ,—6x
S(x;1,0) = 20*“(?*?;)2 )" 0<x(0, |A]<1,6)0 (15)
+e
—6x
h(x, /l, 6) — 9[1—/'{+(1+3/'{)6 )] (16)

[1-A+(1+4)e %% ] (1+¢7%)

H(x;2,0)=-In(2)—In(1-A+(1+ A)e ™)+ 0x +2In(1+e %) (17)

Furthermore, we could derived other formulas of the QTHLD
distribution like moments about the origin and the moments about the
mean as we have stated in the following theorems:

Theorem 3.1: The r" moment of the random variable X from the QTHLD about
the origin is provided by

iy 2 e fi#2), gy [ T+) T+ (r+1)
=E == -1 -1 1+34 18
M =B e’;[ i ]( ) [(m)”l (1+i)”1+( * )(2+i)”1} (18)
Proof: By recalling equation(14),we have
E(x') =[x f(x; 2,0)dx = [ %" [2(1- A+ (1+3A)e )0 (1+¢ ) Jdx
19)

=20[ e (e ) =220 3 e (ke ™) "
_29(1+ 31),'.: X' e 20 (1+e-ex )-3 dx

By solving the integrals in (19) and using some techniques that
depends on binomial and negative binomial expansions in (5), and (6), the
proof is complete and we directly obtain the formula of 7" moment about
the origin.
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In particular, let r = 1, we obtain the 1 moment. Then

i+2 r2) _, I ')
ECo = 72[ ]( v [ (1+i)? +1)2 +(1+32) (2+i) } 20)
And to find the variance, we require E(x?)
2 i+2 T3 F(3) '(3)
Ex) =% Z[ ]( v [(m) (+i)® +(1+34) (2+i)3:| 1)

Theorem 3.2: The " moment about the mean of the random variable Xfrom
QTHLD is provided by

= E(x—p)
i+2 ik [ 7| k| T(k+1) 4 T(k+1) T'(k+1)
= a3 fun| oAt avn | e
Proof:
E(r—p) = [ (x =) f(x; 2, 0)dx
= j:(x—y)'[z(1—z+(1+3A)e*9*)ee*‘”(1+e*9x ) 1dx (23)

By using the binomial expansion formula, we obtain that

iy =3[ (24)
k=0
By substituting the formula of equation (24) into equation (23), we
obtain that

E(x—p)' —z[ J( —1) Kk j X [21-A+1+31)e )0 (1+e ™) dx

k=0

=3[y (25)

where, y, represents the k™ moment about the origin of the QTHLD, and
so we obtain that the " moment about the mean of the QTHLD is as given
in equation (22) you will go down a step. On the other hand, Figures 1,2,3
display plots of cdf, pdf and survival function of the QTHLD for various
settings.
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lembda=-0.8 lembda=-0.8

———thetal=06
0.4 Y == -theta2=0.8
; theta3=0.9

== -thetad=1.1 }{

vootheta2=09 | 4

‘*thetad=1.4
—thetad=18 | -
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Figure 1 Figure 2
QTHLD pdf with different values of QTHLD cdf with different values of
parameter 0 parameter 0

lembda=-0.8

— = —thetal=05
s theta2=09
— = -theta3=13
—— thetad=18

survival function

Figure 3

QTHLD survival function with different values of parameter 6

4. Maximum Likelihood Estimation of QTHLD

In this part, we focus on the estimation of the model parameters for
the QTHLD which is produced by the MLE. If X ,X,,...,X are random
sample from QTHLD, then the likelihood function for such distribution is
obtain by:

L) =T [ 2,0) (26)

By substituting the pdf in (14) into (26), we obtain the likelihood
function, that is
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L(2,0,0)=TJ2(1-A+(1+ 30)e "0 " (1+e ) (27)
i=1
=219 et T[(1- A+ (14 32)e ) [[1+e ™) (28)
i=1 i=1

By taking the natural logarithm of the likelihood function in (28), we
have

E:lnL:nanJrnlnB—Oin +21n(1—},+(1+3/1)e’9’“)

i=1 i=1

=33 In(1+ e ") (29)
i=1
By differentiating ¢ partially with respect to 6,4, respectively, and
equalize the derivatives to zero, we obtain the following forms in (30), and
@)

n n

0% "o -6y,
o _n_ X + (1+32A)(—x;e : ) _32 Xx;e - 0 (30)
00 0 L L ji(1430)e M (1he )
B o —143¢70%
7 L (31)

e 1-A+(1+31)e 0%

1

Certainly, the nonlinear equations above can be solved numerically in
order to find the estimates of A and 6. In fact, one of the best numerical
methods related to MLE is the Newton-Raphson method.

5. Application

The information represents the duration of 72 Guinea pigs’ survival
contaminated dangerous bacterial tubercle. The data set was gathered
through the efforts of Usman, Hag and Talib (2017) [9].

The date set can be listed as seen below:

0.1,0.33,0.44, 0.56, 0.59, 0.72, 0.74, 0.77, 0.92, 0.93,0.96, 1.00, 1.00, 1.02,
1.05,1.07,0.7,0.08,1.08, 1.08,1.09,1.12,1.13,1.15, 1.16, 1.20, 1.21, 1.22, 1.22,
1.24,1.3,1.34,1.36, 1.39, 1.44, 1.46, 1.53,1.59, 1.60, 1.63, 1.63, 1.68, 1.71,1.72,
1.76,1.83,1.95,1.96,1.97,2.02,2.13, 2.15, 2.16, 2.22,2.302.31,2.40, 2.45, 2.51,
2.53,2.54,2.54,2.78,2.93,3.27,3.42, 3.47, 3.61, 4.02, 4.32, 4.58, 5.55.
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Table 1 displays the model performances.

Information criterion of Akaike (AIC), Akaike information criterion
(CAIC) and other are employed in order to achieve the best vision, compare
the old half logistic distribution to the QTHLD. To estimate parameters of
the QTHLD, we use Matlab softeware to find the solution of non-linear
equations in equations (30), (31). The estimated parameter values are

provided in the following table 1.

Table 1
Results of goodness-of fit of QTHLD, and HLD distributions

Model MLE 7 AIC BIC CAIC | HOQIC

HLD §=4838 |-449.193 |900.3862 |902.6628 |900.4433 |901.2925
6=1.173

QTHLD 3 0569 -132.868 | 269.7377 |274.2910 |269.9116 |271.5504

Table 1 shows the values of estimated parameters, log-likelihood
function and the four distinct goodness-of-fit. As a result, from Table 1 we
can say that the log-likelihood, AIC, BIC, CAIC, and HQIC of the QTHLD
are superior to those of the HLD in respect of these criteria. That means
the transmuted distribution is more benefit than the classical distribution

to analyze lifetime data

6. Conclusion

In this paper, we generated a new distribution by the quadratic
transformation method, and obtained a transformed semi-logistical
distribution (QTHLD). We perform the obtained distributions on a real
data set. A comparison of the data set analysis between the classical
distribution and the QTHL distribution will be achieved. By looking at the
values of the quality standards for each of the two mentioned distributions,
we find that the generalization of the half logistical distribution is better

than the classical distribution.
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