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Abstract

This study investigates and defines a novel vertex degree-based topological index,
specifically the Leap Neighbourhood Zagreb indices and coindices of a graph R. These
indices are distance-degree-based topological indices derived from the second degrees
of vertices, which refer to the number of second neighbours associated with each vertex.
The precise formulas for certain standard graphs are computed. The relationships between
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the Leap Neighbourhood Zagreb Indices, each of the Leap Zagreb indices, and the Zagreb
indices are established. Finally, the lower and upper bounds are determined.
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1. Introduction

This study focuses on simple connected graphs, where R = (V, E) denotes
a graph with vertex set V(R) and edge set E(R). The order h = |V| represents
the number of vertices, while the size k = |E| indicates the number of edges in
R. The distance d(x,y) between any two vertices x and y in a graph R is
delineated as the length of the shortest path connecting them, measured in edges.

Let x represent a vertex in V(R) and i denote a positive integer. The open
i-neighbourhood of x in the graph R, represented as N;(x/R), is delineated as
the set

Ni(x/R) = {y € V(R):d(x,y) = i}.
The i-distance degree of a vertex x in R, denoted as d;(x/R) (or d;(x)),
signifies the number of i-neighbours of vertex x in R, formally articulated as

di(x/R) = [N;(x/R)I,
with the particular instance d,(x/R) = d(x/R) applicable to all x € V(R).

A graph with the same vertex set as a graph R is called its complement R.
Two vertices are adjacentin R if and only if they are not adjacent in R. The graph
K, denotes the null graph, characterised by the absence of edges connecting any
pair of vertices.

For a vertex x in R, the eccentricity is delineated as

e(x) = max{d(x,y):y € V(R)}. The diameter of R is delineated as
diam(R) = max{e(x):x € V(R)}, whereas the radius r of R is calculated as
r = min{e(x):x € V(R)}.

For any definitions or notations not addressed above, we refer to [1].

The neighbourhood of a vertex x and an edge e in R are delineated
respectively as Ng(x) = {y € V(R):y is adjacent to x in R} and Ng(e) =
{h € E(R): h is adjacent to e in R}.The closed neighbourhood of a vertex x is
delineated as Ngz[x] = Ng(x) U {x}. The neighbourhood degree sum of a vertex
x is delineated as,

5R (X) = ZyENR(x) dR (y)

Current mathematical and mathematical-chemical literature investigates
various vertex-degree-based graph invariants [2, 3, 4, 5] and their applications in
chemistry. The first (M) and second (M,) Zagreb indices are the most thoroughly
examined, having been established over forty years ago [6, 7], and are delineated
as follows:
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M; =M, (R) = ZxEV(R) df(x/R) = nyeE(R) (dr(x) + dr(¥))
and
M, = M,(R) = nyeE(R) d(x/R) d(y/R).

Refer to [8, 9, 10, 11] and the associated citations for the features of the two
Zagreb indices. Recently, several new varieties of Zagreb indices have been
introduced, including Zagreb coindices [12], reformulated Zagreb indices [13],
reverse Zagreb indices [14], reverse Zagreb indices of F-sum of graphs [15], Leap
Zagreb indices [16], and Leap Zagreb coindices [17], among others.

For a graph R, the first and second leap Zagreb indices are delineated as
follows:

LM; = LM, (R) = erv(R) d%(x/R) ’
LM, = LM,(R) = nyEE(R) dy(x/R) - d,(y/R) .
The neighbourhood first Zagreb index NM;(R) [18] and the

neighbourhood second Zagreb index NM,(R) [19] for a graph R are delineated
as follows:

NM;(R) = ZxEV(R) 8%(x/R)
NM,(R) = nyEE(R) 8(x/R) 6gr(y/R) .
The fifth Zagreb index M’(R)[20], the first M, (R), the second M,(R), and
the fifth M'(R) Zagreb coindex are delineated as follows:
M'(R) = nyEE(R) (6r(x) + 6 (¥)),
E(R) = nyEE(R) (dr(x) +dr(¥)),
M_z(R) = nyezE(R) d;(x/R) d,(y/R),
M'(R) = Xyyerr) (6r(x) + 8 (¥)).

This study seeks to expand the concept of Zagreb indices, particularly Leap
Zagreb indices, to analogous graph invariants derived from second vertex degree
neighbourhoods. We propose designating these graph invariants as the Leap
Neighbourhood Zagreb Indices. The essential results enumerated below will be
utilised in numerous subsequent analyses:

Lemma 1: [21] If R = (V,E) is a graph then,
Mi(R) = 2k(h—1) — M;(R)
My(R) =2h(h —1)% = 3k(h — 1)? + 2k? + 22 My (R) — My(R)
My(R) = 2k? — =M, (R) — My(R)
My(R) = k(h —1)* = (h — )M, (R) + Mz(R).
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Lemma 2: [19] For a Graph R,
Mi(R) = ZxEV(R) 8(x/R)
and

M'(R) = Xxyerw) (6(x/R) + 8(y/R)) = 2M,(R).
Lemma 3: [22, 23] Let R = (V,E) be a graph then,

dy(x/R) < (ZyEN(x/R) d,(y/R)) — di(x/R),
where equality holds in the particular inequality if and only if R is a {C3, C,}-free.
From lemma 3, it follows,

Corollary 1: Let R be a graph with no cycles of C3 and C, with h = |[V(R)|.
Then,

dy(x/R) = h(h — 1).

Lemma 4: [23] For a graph R of order h. Then for any x € V(R)
dy(x/R) <h+1-d(x/R)—e(x/R).

2. Leap Neighbourhood Zagreb Indices
Definition 1:
5LN(X/R) = ZyEN(x/R) d,(y/R) .

Based on this definition, the authors further propose a new family of
topological indices delineated the leap neighbourhood Zagreb indices, denoted by
LyM(R) is delineated as follows.

For a graph R, the Leap Neighbourhood Zagreb indices are

LyM; =LyM(R) = ZxEV(R) 6L2N(x) ,
LyM, = LyM,(R) = nyEE(R) 5LN(x) : 5LN(}’) and
LyM; = LyM5(R) = Yxyerr) Oy (X) + 6., (¥) -

Theorem 1: Let R be a graph with h vertices; then, for any vertex x € V(R),
8y () < dy(x/R)(h + 1) = Eyener) [di(V/R) + e(y/R)].

Proof: Consider,
5LN(x) = ZyeN(x) d,(y)
< Yyene ((R+1) =di(y/R) —e(y/R)
< di(x/R)(h+ 1) = Lyeneo [di(¥/R) + e(y/R)].
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Corollary 2: Let R be a graph with no cycles of C3 and C, with h = |[V(R)|.
Then for any x € V(R),

Sy () < (h+ 1)(d1(x/R) — 1) + e(x/R) = Eyenex) e(V/R) -
Corollary 3: Let R be a graph with no cycles of C3 and C4 with h = |V(R)]|.
Then for any x € V(R) with diameter(R) < 2

Siy(x) < (h = 1) [dy(x/R) —1].
Corollary 4: Let R be a graph with no cycles of C3 and C, with h = |[V(R)|,
k = |E(R)| and radius r with diameter(R) = 3. Then
Oy <(h+1-7)(d;(x/R)—1)+r.

3. Leap Neighbourhood Zagreb Indices of certain graph families
For the graphs K,, and (K_n),n > 1, we get
LyM;(K,) = LyM;(K,) = 0,where i = 1,2,3.

For the star S;,,r = 3, we get

LyMy(S1,) =1?(r —1)°

LyM3(S1,) =0

LyMs(S1,) = r?(r—1).
For the cycle Cp,

Case 1: If h = 3 then C; = K;.

Case 2: If h = 4 then
LyM,(Cy) = LyM,(Cy) = LyM5(C,) = 16.
Case 3: If h > 4 we get,
LNM?)(Ch) = 8h.
For the path Pj,, where h = 3, we obtain

4 ifh =3
10 ifh =4
LuMy(Pr) =994 ifh =5
2(8h—29) ifh>6
0 ifh =3
8 ifh =4
LNMZ(Ph) =

3(5h—19) ifh=75,6,7
16(h—4) ifh>8

4 ifh=3
LyMs(Py) = {2(4;1 —-11) ifh>4.



2368 K. H. KUMAR, H. AHMED AND M. R. SALESTINA

For the complete bipartite graph, K, ;where q = p = 1, we get
LyMy(Kpq) =pala(a —1)* +p(p — 1)?]
LyM;(Kpq) =p*q*[(p — 1)(q — 1)]
LyM3(Kp,q) =palp(p — 1 +q(q - D)].
For the wheel graph W, , = K; + Cp,, where h = 3, we get
LyM;(Wyp) =h(h+4)(h—3)*
LyMy(Wyp) = 2h(h +2)(h — 3)?
LyM;(Wy,) = h(h+6)(h—-3).
For a {C3, C,}-free m-regular graph of order h, we get
LyM;(R) = hm*(m — 1)?
hm> 2
LyM;(R) = T(m -1
LyM3(R) = hm3(m—1).

4. Certain attributes of the Leap Neighbourhood Zagreb Indices
Theorem 2: Let R be a graph of order h and size k. Then

LyM;(R) < (h—1)*[M;(R) — 4k + h] (1
LyMy(R) < (h—1)*[M,(R) — M;(R) + k] ()
LyM;3(R) < (h— D[M,(R) — 2k] 3)

equality is satisfied if and only if R is free of {Cs,C4} and has a diameter of at
most two.

Proof: We prove the inequality (1). Consider ,
LyMi(R) = Xxev(ry 5L2N(x/R)
< Sweviry (h = D?[d; (x/R) = 117
= Seviny (h = DA[dF(/R) = 2 dy (x/R) + 1]
= (h — 1)?[M,(R) — 4k + h]
LyM;(R) < (h—1)?[M,(R) — 4k + h].

The proofs of the inequalities (2) and (3) are analogous to that of (1).

Theorem 3: [23] Let R be a graph with no cycles of C3 and C, with h = |V(R)],
k = |E(R)| and radius r. Then

M{(R) <hth+1-71) “)
My(R) <k(h+1-71) (5)

where equalities in (4) and (5) hold if and only if R is a Moore graph of diameter
two or R = C.

Theorem 4: Let R be a graph with h vertices, k edges and radius r. Then
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LyM;(R) < (h+1—-71)*M;(R) —4k(h+1—7)(h+1—-2r)+ h(h+1—2r)%

Proof: From corollary 4,
LyM,(R) = ZxEV(R) SEN(’C/R)
< Yrevry [(di(x/R) = D(h+1-1) +7]?
=Yrev [di(x/R)(h+1=1) = (h+1—1) +7]?
= Yrevry [di(x/R)(h+1—1) = (h+1 - 2r)]?
= Yrevr) [dE(x/R)(h +1—1)?
=2d;(x/R)(h+1—=7)(h+1—=2r)+ (h+1-2r)%]
LyM;(R) < (h+1—-7)>M;(R) —4k(h+1—7)(h+1—-2r)+ h(h+ 1 - 2r)2

Corollary 5: Let R be a connected graph that contains no of cycles C; and C,,
with h vertices, k edges, and a radius r. Then

LyM,(R) < (h+1—-1)[h(h+1—1)2 —4k(h+1—2)] + h(h + 1 — 2r)2.

Theorem 5: Let R be a graph of order h, size k and radius v. Then
LyM3(R) < (h+1—=1)*[My(R) — M, (R) + k]
+r(h+ 1 —7)[M;(R) — 2k] + kr2.

Proof: From corollary 4,

LyM,(R) = nyeE(R) [5LN(X/R) : 5LN(3’/R)]
< Yayerw [(di(x/R) —D(h+1-71) +7]
X[(d:(y/R)—=1D(h+1—=1)+7]
= Yayerw (h+1-1)%(di(x/R) — 1)(d:1(y/R) — 1)
+r(h+1—-r)(d;(x/R)—1)
+r(h+1-7)(dy(x/R)—1) + 12
= nyEE(R) (h+1-7r)%(d(x) dy(y) —dy(x) —dy () + 1)
+r(h+1—=7)({d;(x/R) + d,(y/R) — 2) + 12
LyM;(R) < (h+1—1)?[My(R) — My (R) + k]

+r(h +1—7)[M;(R) — 2k] + kr?.

Corollary 6: Let R be a graph that is free of cycles C; and C, with h vertices, k
edges and radius r. Then
a2
LyMy(R) < k(h+1=1) + (h+1=1)% [+ k + hr]
+krlr—2(h+1-1)].

Theorem 6: Let R be a graph with h vertices, k edges and radius r. Then
LyMs(R) < (h+1—-1r)M;(R) —2k(h+1—71)+ 2kr.
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Proof: From corollary 4,
LyMs(R) = nyEE(R) [5LN(x/R) + SLN(V/R)]
< Zayerwy [(A+1—=7)(d1(x/R) = 1) +7]
Hh+1=7)(d:i(y/R) = 1) +71]
= Yayerw) (h+1—=1)(di(x/R) +d1(y/R) = 2) + 2r
LyM3(R) < (h+1—-7r)M;(R) —2k(h+1—71)+ 2kr.
Corollary 7: Let R be a graph that is free of cycles C;3 and C, with h vertices, k
edges and radius r. Then,
LyM;(R) < (h+1—-nr)[h(h+1—71) — 2k] + 2kr.
5. Some observations and results regarding complementary graphs
Proposition 1: For the complete bipartite graph (K, ), h, g = 1, we get
LyM;(R) = hg My (R).
For the wheel graph W, , = K; + C;,, where, we get
LyMi(R) = (h+ 4) My (R).

For the platonic graphs (i.e., cube, tetrahedron, octahedron, dodecahedron
and icosahedron), we get

LyM;(R) < (3h — 2) M;(R).

The equality holds for tetrahedral and octahedral graphs.
For the crown graph (Cp ), h = 1, we get

LyM;(R) < (h — 1)®> M, (R).

For any other graph which is not mentioned above the following inequality
holds,

LyMy(R) < (h = 1) My(R).
Note that, C, = K, ,, star graph of n vertices is K; ,_; complete bipartite
graph and the above equality holds for Moore graph of diameter two
Theorem 7: [16] Let R be a graph with h vertices. Then
d,(x/R) < d,(x/R).

Proof:

dy(x/R) <h—1-d,(x/R)
<h-1-(h—1-d;(x/R))
<d,(x/R).

Corollary 8: Let R be a graph. Then

8.y (x/R) < 85(x/R).
and
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8., (x/R) < 85(x/R).

Corollary 9: Let R be a graph with h vertices and k edges. Then,
8.y (x/R) < 2k — 8y(x/R) — d(x/R).
and

8.y (x/R) < h(h —1) — 2k — Sy(x/R) — d(x/R).

Theorem 8: Let R = (V,E) be a graph, then

z:XEE SLN(X) < VI(R) .
The equality holds for all Path graphs (except P; and P,), Cyclic graphs
(except C,), Platonic graphs (except octahedral), and Petersen graph.

Proof: From corollary 9,
Yxer Ouy(X) < Xyer (2k — 6y (x/R) — d(x/R))
= Yxer 2k — Xxer On(X/R) — Xxer d(x/R)

= 2hk — M,(R) — 2k
=2k(h—1) — M,;(R)

Yrer Sy () < Mi(R).

Theorem 9: Let R be a graph with h vertices and k edges. Then,
LyM;(R) < 4k?(h — 2) + NM;(R) + 4M,(R) — (4k — DM, (R) .

The equality holds for all Path graphs (except P; and P,), Cyclic graphs
(except C,), Platonic graphs (except octahedral), and Petersen graph.

Proof: From corollary 9
87, (x/R) < (2k — 8y (x/R) — d(x/R))?

= 4k? + S2(x) + d?(x) — 4k 8y(x)
+2 8y (x) d(x) — 4k d(x)

Sxev(ry Oty (X/R) < Txevry (4K% + 85(x) + d®(x) — 4k 8y (x)
+2 8y (x) d(x) — 4k d(x))
= 4k?h + NM;(R) + M;(R)(1 — 4k)
+2(2M,(R)) — 8k?

LyMi(R) < (h—2)4k? + NM,(R) + 4M,(R) — (4k — )M, (R) .
Theorem 10: Let R be a graph with h vertices and k edges. Then

Yxer 81y (X) < h(h = 1) = 2k(h — 1) — M;(R) .
The equality holds for the graphs with diameter < 2.
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Proof: From corollary 9,
Yrer 61y (X/R) < Tyeg (R(h—1) = 2k = 8y (x/R) — d(x/R))
= Yer [h(h = 1) = 2k] = Zyex Sw(X/R) — Zrex d(x/R)
= h[h(h — 1) — 2k] — M;(R) — [h(h — 1) — 2k]
=[h(h— 1) — 2k](h — 1) — M;(R)
Yxer 61y (x/R) < h(h—1)* = 2k(h — 1) = M;(R) .

Theorem 11: Let R = (V,E) with h = |V(R)| and k = |E(R)|. Then,
LyM;(R) < (h—2)[h(h—1) — 2k]?> + NM,(R) + 4M,(R)
—M;(R){2[h(h — 1) — 2k] — 1}.
The equality holds for the graphs with diameter < 2.

Proof: From corollary 9
82,(x/R) < (h(h—1) — 2k — 6y(x/R) — d(x/E))2
< [h(h — 1) — 2k]? + 8%(x/R) + d*(x/R)
—2[h(h — 1) — 2k] 8y (x/R)
+2 8y(x/R) d(x/R) — 2[h(h — 1) — 2k] d(x/R)

Yrevir) 82y (X/R) < Exev(ry [h(h — 1) = 2k]* + Zyey(r) 63 (x/R)
+ Xxevery d°(¢/R) = 2[h(h — 1) = 2k] Zrevry On(x/R)
+2 Xevr) On(x/R) d(x/R)
—2[h(h = 1) — 2k] Zrev(r) d(x/R)

LyM;(R) < h[h(h—1) — 2k]? + NM,(R) + M;(R)
—2[h(h — 1) — 2k]M;(R) + 2(2M,(R))
—2[h(h — 1) — 2k]?

LyM;(R) < (h—2)[h(h—1) — 2k]? + NM,(R) + 4M,(R)
—M, (R){2[h(h — 1) — 2k] — 1}.
6. Leap Neighbourhood Zagreb coindices

Theorem 12: Let R be a graph, then
LyM,(R) = nyEE(R) dy(x) SLN()’) +d,(¥) SLN(x) .

Proof:
LyM;(R) = erV(R) 5L2N(x)
= erV(R) 6LN(X) 5LN(x)
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= erV(R) 5LN(x)(Zye1v(x/R) dz(Y))
= Yxyerr) d2(%) 81, (V) + do(¥) 6., (%) .

Based on the above theorem, we define the Leap Neighbourhood
Zagreb coindices as follows:
Let R be a graph,then
LyM,(R) = nyeE(R) [d2(x) 5LN(3’) +d,(y) 5LN(X)] ,
LyM;(R) = nyeE(R) 5LN x) 5LN (y) and
LyM;(R) = nyeE(R) [5LN(X) + 5LN 1.

7. Leap Neighbourhood Zagreb Coindices of certain graph families
For K;, where h > 1 we obtain
LyM;(Ky) = LyM;(K},) = 0,where i = 1,2,3.
For the star S;,,7 = 3, we get
LyM;(S.,) = 0,where i = 1,2,3.
For the cycle Cj,

Case 1: If h = 3 then C; = K;.

Case 2: If h = 4 then
LyM;(Cy) = LyM,(Cy) = LyM3(Cy) = 8.

Case 3: If h > 4 we get,

LyM,(C,) =8h(h—3)

LyM;(C,) = 8h(h—3)

LyM3(C,) = 4h(h —3).

For the path Py, h > 3, we get

0 ifh=3
8 ifh=4
(h—=3)(7Th—-26)+6 if5<h<7
4(h—7)(2h—1)+98 ifh>8.
(0 ifh=3
5 ifh=4

LyM,(Pp) {T[1sh —38]+20 ifh=0567

\8(h—1)(h—7)+87 ifh=>8.

—_— 0 ifh =3
LuMs(Py) = {2[(h ~3)2h—5)]+2 ifh>4.

For the complete bipartite graph, K, 4,q =p = 1, we get

LyMy(Py) =

2373
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LyM;(Kpq) = pql(p —1D(q - D@ +q —2)]
— ral—D@-1
LyMy(Kp,q) = > [g(¢ =D +p( - 1]
LyM;3(Kp,q) =2pq(p —1D(q—1).
For the wheel graph W, , = K; + Cp,, where h = 3, we get
LyMy(Wy ) = 2h(h —3)?
LyM,; (W) = 2h(h —3)°
LyM;(Wy ) = 2h(h - 3)%.
Let R be a graph with no cycles of C3 and C,, m-regular of order h, then
LyM;(R) = hm3(h—m —1)(m —1)?
4

m
5 (h—m—1)(m—1)2

LyM3(R) = hm*(h—m—1)(m—1).

LyM;(R) =

8. Certain attributes of the Leap Neighbourhood Zagreb Coindices
Lemma 5: [24] Let R be a graph with h vertices and k edges. Then,
NM,(R) = 2kM;(R) — 2M,(R) — NM,(R) .
Lemma 6: [24] Let R be a graph of order h and size k. Then,
NM,(R) =5 [My(R)? — NMy (R)] — NMy(R) .
Lemma 7: [24] For a graph R with h vertices,
M'(R) = (h = DM, (R) = 2M,(R) .
Theorem 13: Let R be a graph with V(R) = h and E(R) = k. Then,
LyM;(R) < [M(R) — 2k][h(h — 1)* = 2k(h — 1) — M;(R)]
—2LM,(R) — LyM,(R) .
Proof: Consider,
LyM,(R) + M(R) = E{x,y};V(R) (dz(x) SLN(Y) + 5LN(X) dz()’))

= Lyev(r) 5LN(y)(ZxEV(R) dy(x) — d, (}’))

< Zyevw) Oy IM(R) — 2k — dr ()]

= Yyevr) Oy D [M1(R) — 2k]

- ZyEV(R) 5LN ) d(y)

= [M;1(R) — 2k] Xyevr) Oy (V)

- ZyEV(R) 5LN ) d(y)

< [M;(R) — 2k][h(h — 1)? = 2k(h— 1)

—M,(R)] — 2LM,(R)
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LyM;(R) < [My(R) — 2k][h(h = 1)* = 2k(h — 1) — M, (R)]
Theorem 14: Let R be a graph with k edges. Then,
LyM;(R) < 2kM,;(R) — NM,(R) — 2M,(R) = NM,(R) .

The equality holds for all Path graphs (except Ps and P,), Cyclic graphs
(except C,), Platonic graphs (except octahedral), and Petersen graph.

Proof:
LyMi(R) = Zyyercry [d2(x/R) 81y (v/R) + dy(¥/R) 81, (x/R)]

< Layerw) d(x/R)(2k = 8y(y/R) — d(y/R))
+d(y/R)(2m — &y (x/R) — d(x/R))

= 2k Yxyerry d(x/R) + d(y/R)
=2 Yayerr) d(x/R)d(y/R)
— Zayerwr) (A(x/R) 6y(y/R) + d(y/R) Sy (x/R))

= 2k M,(R) — NM;(R) — 2M,(R)

LyM;(R) < NM;(R).

Theorem 15: Let R = (V,E) with h = |[V(R)| and k = |E(R)|. Then,
LyM,(R) < 2k?[(h—1)(h — 2) — 2k + 1]
+My (R) [5 My (R) = 1) = 2k(h — 3)]
+M, (R)(4k — 3) = 2NM, (R) — NMy(R) .
The equality holds for all Path graphs (except P; and P,), Cyclic graphs
(except C,), Platonic graphs (except octahedral), and Petersen graph.
Proof:
LyMy(R) = Zoyerm [Sun(x/R) - 61, (7/R)]
< Yxyerw) [2k — Oy (x/R) — d(x/R)][2k — 6y (y/R) — d(y/R)]
= Yuyerr) 4k% — Yxyerry 2k[0n(x/R) + Sy(y/R)]
— Xxyerr) 2k[d(x/R) +d(y/R)]
+ Xxyer®) On(x/R) 6y (¥/R) + Xxyerry) d(x/R) d(y/R)
+Xxyerr) [A(x/R)Sy(y/R) + d(x/R)6y(x/R)]
= 4k? ("2 — k) — 2kM'(R) — 2k M (R)
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+NM,(R) + M,(R) + NM, (R)

< 4k? (@ - k) — 2k[(h — 1)M,(R) — 2M,(R)]
—2k[2k(h = 1) = My(R)] + % [M;(R)? — NM;(R)]
—NM,(R) + 2k? =~ My(R) — M,(R)
+2kM; (R) — 2M,(R) — NM, (R)
LyM,(R) < 2k?[(h—1)(h—2) — 2k + 1]
+M,(R) [£ (My(R) — 1) = 2k (h — 3)
+M,(R)(4h — 3) = 2NM; (R) — NMy(R) .
Theorem 16: Let R be a graph with h vertices and k edges. Then,
LyMy(R) < [h(h — 1) — 2k]? [@ - k]
~[h(h = 1) = 2k][2M,(R) + M1 (R)]
+M,(R) + NM; (R) + NM,(R) .
The equality holds for the graphs with diameter < 2.

Proof:
LyM,(R) = nyeE(R) [5LN(X/R) ’ 5LN(J’/R)

< Yayer [h(h = 1) = 2k — 6y(x/R) — d(x/R)]
[h(h — 1) — 2k — 6y(¥/R) — d(¥/R)]

= Yayerw) {h(h — 1) = 2k]* = [R(h — 1) — 2k] 6y(¥/R)
~[h(h —1) - 2k] d(y/R)
—[h(h —1) — 2k] 6n(x/R) + 6y (x/R) - Sn(¥/R)
+5N(x£§). d(y/ﬁl — [h(h —_1) - Zk]i(x/ﬁ)
+d(x/R) - 6y(y/R) +d(x/R) - d(y/R)}

= [h(h — 1) — 2k]? [@ - k]

—[h(h = 1) = 2k] T, yexm [On(¥/R) + Sn(¥/R)]

—[A(h = 1) = 2k] T, yexm [d(x/R) + d(y/R)]

+ nyeE(E) [6N(x/§) : 5N()’/E)]

+ nyeE(E) [d(x/ﬁ) : d(Y/E)]

+ Y yer@ [Onx/R) - d(y/R) +d(x/R - 8y(y/R)]
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= [h(h — 1) — 2k]? [%‘1) - k]
—[h(h — 1) — 2k]M'(R)
—[h(h — 1) = 2k]M;(R) + NM,(R) + M,(R) + NM,(R)

= [A(h — 1) — 2k [*22 — k]

—[h(h —1) = 2k][M'(R) + M;(R)]
+NM,(R) + M,(R) + NM,(R)

LyM;(R) < [h(h—1) — 2k]? [@ - k]

—[h(h — 1) = 2k][2M,(R) + M;(R)] + M,(R)
+NM,; (R) + NM,(R) .

Theorem 17: Let R be a graph with k edges. Then,
LyM,(R) < 4k3 — 2k[2M,(R) + M;(R)] + M,(R)
+NM;(R) + NM,(R).

The equality holds for all Path graphs (except Py and P,), Cyclic graphs
(except C,), Platonic graphs (except octahedral), and Petersen graph.

Proof:
LyM,(R) = nyeE(E) 6LN(x/§) ) 5LN(}’/E)

< Yoyerw) [2k — Oy(x/R) — d(x/R)]

[2k = éy(y/R) — d(y/R)]

= Yayer®) k% = Yxyerr) 2k [y (y/R) + 8y (x/R)]
— 2Zxyeer) 2k [d(x/R) +d(y/R)]

+ Yxyeew) [6n(x/R) - d(¥/R) + 6y(¥/R) - d(x/R)]
+ Xxyerr) [On(X/R) - y(¥/R)]

+ Zxyeew) [A(x/R) - d(y/R)]

= 4k3 — 2k[M'(R)] — 2k[M,(R)] + NM,(R)
+M,(R) + NM,(R)

LyM,(R) < 4k® - 2k[2M,(R) + My (R)] + M(R)
+NM,(R) + NM,(R).
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