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Abstract
A solution technique is developed for Chance Constrained Programming (CCP) 

problems where the coefficients appearing in the objective function and constraints are 
assumed to follow a two-parameter exponential distribution. 
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is presented. Here the parameters μ and λ are called location and scale parameters of the 
exponential distribution. We call the location parameter μ as the minimum guarantee time 
and, λ is the mean time after the guarantee time is observed. This distribution is quite 
familiar in real life situations where the random variables X has a shift i.e., Xμ. For example 
in inventory systems the demand X is a random variable X satisfying a minimum quantity as 
the demand may not start with zero. So we aim to present a complete deterministic equivalent 
of the CCP where the coefficients follow a two parameter exponential distribution. Also, the 
CCP problem is derived in a mixed environment i.e., the coefficients are random whose 
parameters are fuzzy numbers. In both cases, the problem is converted to its deterministic 
equivalent. Here the Fuzzy Probability theory due to Buckley [6] is used. Also, a real-life 
situation is presented. The method is justified by numerical examples.
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1. Introduction 
A significant amount of work is available in the literature in the field of 

CCP, and some of the major references in this context are discussed as follows. 
The CCP model was first developed by Charnes and Cooper [1]. Three models 
with various objective functions are developed. They are,  
(i)  A model that optimizes the objective function's expected value.  
(ii) A model that maximizes the probability of meeting a desired target value of 

the objective function.  
(iii) The E-model, which minimizes the generalized mean square of the objective 

function.  

Miller and Wagner [2] have considered the restriction on the joint probability of a 
multivariate random event of CCP problems. They assumed two models as 
follows  
(i) A model that incorporates random right-hand side constants in linear 

constraints, but is known to lose concavity.  
(ii) A model where the coefficients of the linear programming problems follow 

a multivariate normal distribution.  
 
Iwamura and Liu [4] reformulated the chance-constrained programming 

model in a fuzzy environment and designed a fuzzy simulation-based genetic 
algorithm to compute feasible solutions. Nemirovski and Shapiro [5] studied a 
CCP model with linear constraints and independent random variables. They 
developed a large deviation approximation, known as the Bernstein 
approximation, to simplify the chance constraints. Biswal, Biswal, and Li [7] 
addressed probabilistic linear programming with a single-parameter exponential 
distribution and developed a transformation technique to produce its deterministic 
counterpart. Dash, Panda, and Nanda [8] considered a solution method for the 
CCP model where the right-hand side constraint's parameters are assumed to 
follow different fuzzy probability distributions. Nanda, Panda, and Dash [9, 10] 
formulated a methodology for FCCP, treating the coefficients of the objective and 
constraint expressions as fuzzy normal random quantities. Nanda, Panda, and 
Dash [11] also considered an FCCP structure in which fuzzy constraints appear in 
two different inequality forms. Katagiri, Kato, and Tanaka [12] introduced a 
multi-objective LPP where the coefficients are FRV. The authors developed a 
decision-making methodology that draws upon principles from both stochastic 
programming and possibilistic programming. According to Barik [13], the 
right-hand side coefficients in a linearly constrained probabilistic fuzzy goal 
programming model can be represented by a Pareto distribution whose mean and 
variance are known. Pantazis, Fele, and Margellos [14] developed a model for 
investigating the probabilistic feasibility of randomized solutions of two distinct 
classes of uncertain multi-objective optimization programs. Here the cost 
function depends on uncertainty. Mammarella, Grammatico, and Dabbene [15] 
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invented a sample-based method for obtaining a basic and computational 
approximation of CCP. This method permits the approximating set's complexity 
to be controlled. Sakawa, Kato, and Katagiri [16] analyzed a multi-objective 
linear programming framework with random coefficients in both the objective 
and constraint functions. As a combination of stochastic and fuzzy approaches, an 
interactive method is derived which updated the reference membership levels and 
provided the decision maker with a satisfactory resolution. Sakawa and Matsui 
[17] examined a bi-level linear programming problem with fuzzy randomness and 
employed  -level sets to derive an  -stochastic two-level LPP. Panda and Dash 
[18] considered a model which solves fuzzy nonlinear CCP problems by using the 
definitions of the mean and variance for a fuzzy random variable. Ranarahu, 
Dash, and Acharya [19] considered a bilevel multi-objective problem containing 
multiple goals at each level. By applying  -cut techniques to remove fuzziness 
and chance constraints to handle randomness, they transformed the problem into a 
single-objective nonlinear model through fuzzy programming. A method for 
addressing probabilistic programming problems with quadratic, multi-objective 
functions was presented by Ranarahu, Dash, and Acharya [20]. Dash, Panda, and 
Panda [21] introduced the B-S (Black and Scholes) option pricing model (OPM) 
where every decision is taken under uncertainty due to randomness and fuzziness. 
Ranarahu and Dash [22] developed a Two-Stage Stochastic (TSS) programming 
in a fuzzy environment. Due to the existence of fuzzy random variables and 
multiple objective functions, they developed this model by using fuzzy 
probability theory due to Buckley [6]. Several recent studies published in Taru 
journals have also addressed optimization, fuzzy modeling, and multi-objective 
decision-making problems in related domains [23, 24, 25, 26]. 

Here a CCP model is introduced in which the parameters appearing in both 
the objective functions and the constraints follow a two-parameter exponential 
distribution. This optimization problem is solved by converting it to its 
deterministic equivalent. The second step involves modeling the right-hand side 
of the constraint as a fuzzy value within the CCP formulation. A solution 
methodology is presented using Buckley [6] fuzzy probability technique. Also, 
some real-life situations are provided. This problem is interesting because of the 
two parameter exponential distribution with unknown shifts. For example in most 
of the chance constrained linear programming problems the coefficients in the 
objective function and in the constraints are more than a threshold value. The 
novelty of this research is the formulation of a fuzzy chance-constrained model 
that incorporates fuzzy and unknown scale and location parameters. The 
contribution of our work is to handle uncertainty in both scale and location 
parameters, a new approach is proposed to find the deterministic equivalent of the 
fuzzy CCP. 

The sections of this paper are organized in the following way: an 
introduction and a summary of the key references are provided in Section 1. In 
Section 2 some preliminary definitions are stated. The complete formulation of 
the problem is considered in Section 3. Finally, a study of the Fuzzy Chance 
Constrained Programming Problem with exponential distribution with two fuzzy 
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parameters has been stated in Section 4. Section 5 presents the concluding 
remarks. 

2. Basic Preliminaries 
Definition 2.1: (Probability density function). Let Z denote a random variable 
possessing the density function G over the probability space       . If G is 
absolutely continuous, meaning that there is a nonnegative function      such 
that for each real number y, we have, then Y is said to be continuous.  

       ∫   
          

The function is known as the random variable Y's PDF.  

Definition 2.2: (Fuzzy Number [6]). A fuzzy number  ̃ is described as a fuzzy 
set on the real axis   that fulfills two basic properties: it attains a maximum 
grade of membership equal to one, and its support forms a convex set. 

Let   ̃         be its membership function. Then: 
1.  There is an interval    , which may shrink to a single point, such that  

  ̃                     
2. The function   ̃    is continuous except for a finite number of jump points.  

Definition 2.3: ( -cut of a fuzzy number). Given a fuzzy number  ̃  with 
membership function   ̃   , the  -cut for         is defined as  

 ̃            ̃         
For any pair          , the nesting property  

 ̃      ̃     
always holds. Moreover, each cut generates a compact interval expressed as  

 ̃                   
where the endpoints satisfy:  

                                                                   

Definition 2.4: (Inequality due to Buckley [6]) A partial order can be defined 
between a fuzzy number and real numbers. Let  ̃             be a triangular 
fuzzy number and let   and   be two real values. Then the relation  

   ̃    
holds whenever  

               

Definition 2.5: (Inequality due to Nanda and Kar [3]). Between two fuzzy 
numbers, a partial order relation can be defined. Nanda and Kar introduced a 
partial order   between two fuzzy numbers  ̃ and  ̃, based on their  -cuts. Let 
 ̃    and  ̃    denote the  -cuts of  ̃ and  ̃, respectively. Then,  
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 ̃    ̃                                 
             ̃                ̃     

Equivalently, if  
 ̃                         ̃                   

then  
 ̃     ̃                      

and  
 ̃      ̃                        

for every        . This type of partial order has the advantage of requiring less 
computational effort.  

Formulation 
The general model of CCP [1] is given by  

       

                   ∑   
       

                            ∑   
                            

                                   ∑   
                          

                                                         
                                                        

 (3.1) 

where at least one of    ,    and    can be treated as random variables.  
 
Many authors have considered the coefficients of the above model which 

follow different probability distributions and obtained their deterministic 
equivalent.  

In this paper, we have tried to derive the deterministic equivalent of P(1) by 
considering the coefficients     and    as random variables which follow a two 
parameter exponential distribution. The functional form of the density for a 
two-parameter exponential distribution is: 

        
  

                  
In this distribution,   serves as the location parameter, while   functions 

as the scale parameter. The above distribution is helpful in reliability and life 
testing experiments. We call the location parameter   as the minimum guarantee 
time and   is the mean life time after the minimum guarantee time. 

It may be noted the distribution used by Biswal, Biswal, and Li [7] is 
different from our model. Where they have assumed     and    as independent 
random variables following one parameter exponential distribution with mean  . 

 
In order to derive the deterministic equivalent of P(1), let us consider the     

probability constraint of P(1), which is given by  

             ∑                 
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where,      and        are real numbers for         and        are 
assumed to follow a two parameter exponential distribution. So the DF(density 
function) of     provided by  

   (   )    {
 
   

 
  
   

(       )         
                                                       

 (3.2) 

Further define, 

  

                       
                     
                                      
                          

 (3.3) 

The distribution of     is described by the following probability density 
function: 

   (   )  {
 

     
 
  
     

(         )           
                                                

 (3.4) 

First we will derive the deterministic equivalent of P(1) by considering n=2 
decision variables, so, we have, 
                                                   

Next we will derive the probability distribution of   , as follows, 
For this let us consider the transformation  

                       
The inverse of the above transformation is obtained as 

          and           . 
So the jacobi   of the transformation can be found out as 

  [  
   ]  

                   . 
Now the density of    can be computed as  

         ∫          
    

 
          

  
 

     
             

 
     

                  

             
           

[ 
              

       
              

     ]                 
 (3.5) 

At this point, the subsequent theorem has been concluded. 

Theorem 3.1: For n=2, If    ,    are two exponential random variables having 
density given in (3.5) with known means, then for some coefficients   ,    the 
probability distribution of                is represented by the pdf 

        
 

           
[ 

              
       

              
     ], where                
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                                . 
Next we try to derive the deterministic equivalent of P(1) as follows. 
For n=2 consider                . This can be evaluated as  

 ∫    
           

        
 

           
∫    
           

[ 
              

       
              

     ] 

        
             

[   
              

     ]       
             

[   
              

     ] 

                 
             

 
              

           
             

 
              

       

Hence from P(1) the     constraint for n=2 no of decision variables is given 
by  

 
                     
                 

             
 
              

           
             

 
              

           
  

(3.6) 
Now, the next theorem presents the deterministic equivalent of     .  

Theorem 3.2: If we consider    ,   are RVs follow a shifted exponential 
distribution with location  , then it is possible to convert the CCP problem as 
mentioned in P(1) into a deterministic nonlinear programming problem, which is 
represented by  

  

                ∑   
          

                                  ∑   
                     

                             
             

 
              

     

                                      
             

 
              

                      
                                                            
                                           
                                                    

 

Following the procedure adopted earlier, the following Remark (3.1) can be 
proved by using theorem-1 and theorem-2. We also can prove the deterministic 
equivalent of P(1) for n = 3, 4, 5,... and some number of decision variables. 
However we have mentioned the deterministic equivalent of P(1) for n=3, as 
follows. 

Remark 3.1: The     constraint of CCP P(1) for n=3 number of decision 
variables is given by  
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 (3.7) 

 
We omit the proof as it remains same as the above procedure. Using the 

same technique above one can derive the     probability of P(1) for   . 
Finally we are in a position to write the deterministic equivalent of P(1) for 

n=2 and 3 respectively.  

3.1 Deterministic model for case n=2  

  

                                   
                         

             
 
              

     

                                                  
             

 
              

           
                                            
                                         
                                     

 

3.2 Deterministic model for case n=3 

  

                                        
                      

                         
 
                    

     

          

                          
 
                    

     

            
                          

 
                    

     

          

                          
 
                   

           
                      
             
             
            

 

 
Some numerical examples according to the above models are given below.  
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Example (For 2-Variables) 
                               
                                        
                                 

 

Solution: 
Here                      ,      and        
and                        . 
                       . 
Then the above problem converts to its deterministic equivalent as below.  

 

                                   
                        

             
 
             

           
           

 
             

         
                                     
                                        
                               
                               

 

                                      

Example (For 3-Variables) 
                              
                                              

Solution: 
Here                                   ,       and 

     ,       and                          . 
                         , 
                        . 
Then the above problem converts to its deterministic equivalent as below.  
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Solve the above problem by using Lingo-18.  
                                                        
              . 

We have given a real life situation below. 

Example 1: A pharmaceutical company produces two types of antibiotics 
(     ) from leaves of two types of medicinal plants (Plant-A, Plant-B). Since 
the quality of the leaves of medicinal plants is not exactly known, to produce 
antibiotics the number of leaves is random. To produce one unit of antibiotic   , 
it requires     units of plant-A and     units of plant-B. To produce one unit of 
antibiotic   , it requires     units of plant-A and     units of plant-B. We may 
see that                 are follow a two parameter exponential distribution, 
where       ,       ,       ,       . It may be noted that                 
are minimum requirement of units for producing the antibiotics. Where 
                are an average requirement of units after the minimum 
requirements for producing antibiotics. The demand for antibiotics depends upon 
various conditions, so the profit is random. Here the profit also follows two 
parameter exponential distribution. From market information, the unit profits for 
   and    are given by the random variables    and   , which follow 
two-parameter exponential distributions with       and      . Where    
and    are minimum profit per unit of    and    respectively. Monthly 
maximum    units of plant-A and    units of plant-B are available. Find several 
units of    and    to produce monthly, so that the company will get maximum 
profit. The following table produces basic data. The structure of the problem 
along with the required data is presented in Table 1.  

 
Table 1 

Basic data 

Plants       Maximum availability 
Plant A            
Plant B            
  

  

                                   
                                                  
                                                            
                                            

 

Let us consider a problem according to the above.  
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Let here           and              . 
                                       . 
                                       . 

Now the above problem is converted to the following form.  

 

                         
                           

             
 
         

           
             

 
         

          

                                      
              

 
         

            
              

 
         

          
                                        
                                        
                                         
                                          
                                      

 

Here                                      . 
Also the above model is developed in mixed environment i.e. the right hand 

side of CCP problem i.e.    is treated as a fuzzy random variable presented in the 
next section. 

4. Fuzzy Exponential Distribution with two parameters ( ̃  follows a fuzzy 
exponential distribution) 

In P(1) if any of    ,    and    follow a fuzzy exponential random variable 
then it is known as fuzzy chance constraint programming problem. Here it has 
been considered only the right hand side  ̃  as fuzzy exponential random variable 
with location and scale parameters  ̃ and  ̃ which are considered as triangular 
fuzzy numbers. 

4.1 Problem Formulation: 
When  ̃  is exponentially distributed with fuzzy parameters  ̃ and  ̃, the 

problem      takes the form of the following fuzzy chance-constrained 
programming model. 
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  ( )           ∑   
        

                            ̃ ∑   
   (       ̃ ) ̃           

                    
                       
                         

 (4.8) 

Using Buckley fuzzy probability theory [6] the deterministic equivalent of 
the     constraint can be obtained using following theorem 

Theorem 4.1: If  ̃  is a fuzzy random variable following an exponential 
distribution with fuzzy parameters ( ̃   ̃ ) , then the fuzzy chance constraint 
 ̃(∑   

          ̃ )   ̃  is equivalent to    .  ( )    ( )
/    ( )  for all 

  ,   -, where  ̃ ( )  ,   ( )     ( )-,  ̃ ( )  ,   ( )    ( )-, and  ̃ ( ) 
 ,   ( )    ( )-. 

Proof 4.1:The  -cut of the fuzzy probability  ̃(∑   
          ̃ ) is given by 

 

 ̃(∑   
          ̃ ), -   * (     )     ̃ , -+ (      ∑          )

  {∫     
 
  
 
  
  
(     )        ̃ , -         ̃ , -}

  { (
     
  

)    ( )        ( )        ( )        ( )}

  [   ( )    ( )](   ) 

 (4.9) 

where    ( ) and    ( ) are the solutions of the following two optimization 
problems.  

  
             

     
  

                          ( )        ( )
                          ( )        ( )

 (4.10) 

and 

  
            

     
  

                         ( )        ( )
                        ( )        ( ) 

 (4.11) 

As  
     
   is a decreasing function of    and   (     ). Hence  

     
   

attains its minimum at             and maximum at            . So 

   ̃(∑   
          ̃ ), -  [ 

   ( )   
  
 ( )   

  
 ( )   
   ( ) ]. 

Then the deterministic equivalent of the fuzzy chance constraint 
 ̃(∑   

          ̃ )   ̃  becomes 
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           .  

The deterministic equivalent of FP(1) takes the following form 

  

                    ∑   
        

                               
         

  
      ̃     

                                         ∑   
           

                                                      

 (4.12) 

 ̃   ̃  are fuzzy numbers which can be chosen by decision maker. This is a 
linear/nonlinear mathematical programming problem depending upon the 
deterministic equivalent of the fuzzy chance constraint using the above theorem 
4.1. The above model is justified using the following real life example. 

Example 2: In the real-life situation given in example 1 the numerical 
coefficients connected with the objective function as well as the constraints can be 
taken as fuzzy exponential RVs(Random Variables). But here it has been 
considered just the constraint's right side of CCP as a fuzzy exponential RV i.e.  ̃  
is considered as a fuzzy exponential RV. Since the maximum availability depends 
upon the nature of the climate. Hence the maximum availability is not exactly 
known it may have both types of uncertainty i.e. random as well as fuzzy. From 
real-life example given in Section 3 the maximum availability  ̃  is assumed to 
follow a two parameter exponential distribution. The fuzzy model parameters 
corresponding to the problem are summarized in Table 2.  

 
Table 2 

Basic data 

Plants       Maximum availability 
Plant A          ̃  
Plant B          ̃  

          

                    
             (             ̃ )   ̃     
                        (             ̃ )   ̃     
                                

 

Here,                        . 
Lets consider a problem according to the above.  

                   
            ̃          ̃   ̃   
                      ̃           ̃   ̃    
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Here    is an exponential fuzzy random variable with the fuzzy parameters 
given as   and   are triangular fuzzy numbers.  ̃         and  ̃   
         ,  ̃            and  ̃            . Where  ̃   is a 
triangular fuzzy number defined as  ̃                 and  ̃    is defined 
as   ̃                   Then the above problem can be formulated as 
follows. 

Consequently, by applying DFP(1), the deterministic equivalent of the 
original problem can be written as follows:  

  

                    

             
               

                   

                       
                

                    
                         
                        
                          

 

By using Lingo-18 the result is as follows: 
                                      .  

5. Conclusion 
The aim of this work is to develop a solution approach for CCP models 

where the objective and constraint terms involve coefficients that follow a 
two-parameter exponential distribution. Here we have derived the method by 
taking two and three numbers of decision variables. However, similarly, it can be 
derived for any number of decision variables. In both cases, the problem 
transformed to its deterministic equivalent and justified by numerical examples. 
Also we have derived this model in fuzzy environment by taking the right hand 
side of the constraint of the CCP problem when both location and the scale 
parameters are unknown. So a proper estimator can be derived for unknown 
parameter by means of random samples taken from the said distribution.  
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