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Abstract

Neural network optimisation is a major problem in deep learning. It needs algorithms
that work well with millions of parameters and keep convergence stable and generalisation.
Stochastic gradient descent (SGD) and other traditional first-order methods are fast to
compute, but they take a long time to converge and are sensitive to learning rate schedules.
Second-order methods use curvature information to speed up optimisation, but they are
too expensive for large networks. Adaptive methods like Adam and RMSProp are more
stable and converge faster, but they don’t always work as well as SGD. In this paper
presents a thorough mathematical examination of weight optimisation in neural networks,
encompassing gradient-based methods, regularisation techniques, theoretical perspectives
on loss landscapes, and comparative performance evaluations.

Subject Classification: 68707, 92B20.

Keywords: Neural networks, Weight optimization, Gradient descent, Second-order methods,
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1. Introduction

Deep neural networks have been a big part of Al's fast growth over the last
ten years. These networks have shown amazing results in a wide range of areas,
from image recognition and natural language processing to scientific discovery
and reinforcement learning [1]. Weight optimisation is the process of changing
millions or even billions of parameters through iterative algorithms that look for
the smallest loss function. It is at the heart of every neural network [2]. There is
no doubt that optimisation algorithms like stochastic gradient descent (SGD) and
Adam work well in real life, but the math behind them isn't often studied in
depth in mainstream literature [3], [4].

Weight optimisation can be thought of as the problem of finding the best
arrangement in a space with many dimensions that is not convex. In traditional
optimisation problems [5], convexity guarantees global optimality and
convergence. But in neural networks, there is a loss landscape full of local
minima, saddle points, and flat regions [6], [7]. The question of why gradient-
based methods work in such harsh environments is essentially mathematical: it
involves looking at the properties of high-dimensional geometry, the probability
distributions of weights, and how iterative updates work [8]. This makes us want
to learn more about how linear algebra, multivariate calculus, and optimisation
theory affect how neural networks learn.
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2. Mathematical Preliminaries

There are a lot of math ideas behind optimising the weights of neural
networks [9]. These include linear algebra, multivariate calculus, probability
theory, and convex analysis, comparison shown in Figure 1. This part talks
about the main ideas and symbols that are needed to do a formal analysis of
neural network optimisation.
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Figure 1
Comparison of Convex and Non-Convex Functions with Geometric Properties

2.1 Linear Algebra Essentials
Neural networks fundamentally operate as sequences of linear and
nonlinear transformations applied to input data. Each layer of a neural network
can be expressed as:
z=Wx+b
where W € R™*™ is the weight matrix, x € R™ is the input vector, b € R™ is the
bias vector, and z € R™ is the resulting pre-activation vector.

Key concepts include:
Norms: The magnitude of vectors and matrices is measured using norms.
The Euclidean norm is given by:

x|z = Vi, xf

while the Frobenius norm of a matrix is:

Wlp = /Zﬁl L, Wi

Eigenvalues and Eigenvectors: For matrix A, if
Av = v
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then A is an eigenvalue and v an eigenvector. These play a vital role in analyzing
optimization landscapes, particularly through the Hessian matrix.

Singular Value Decomposition (SVD):
Any matrix WW can be decomposed as
w =uzvT
where X contains singular values. This decomposition is critical for
understanding gradient dynamics and weight initialization.

2.2 Multivariate Calculus

The optimization process relies heavily on gradients and higher-order
derivatives.

e  Gradient: For a scalar function f: R™ — R, the gradient is:

_[er o o)t
Vf(x) T loxy " 0xy” T 0xy
2.3 Probability and Random Initialization

Randomness plays a critical role in optimization, particularly through weight
initialization and stochastic gradient descent.

e  Weight Initialization: If weights are initialized too small, gradients
vanish; if too large, gradients explode. To counter this, methods such as
Xavier initialization assume:

6 6
Wij ~ ‘U (_ ] ):
Nin+Nout | NintNout

where n;,andn,, are input and output dimensions.

e  Expectation and Variance: For a random variable XX,
E[X]=XixP(x), Var(X)=E[X?]— (E[X])*
These govern the statistical stability of optimization.

3. Gradient-Based Optimization

Gradient-based optimization methods form the backbone of modern neural
network training [10]. By iteratively updating the parameters of the network in
the direction of the negative gradient of the loss function, these methods exploit
the first-order derivative information to move towards minima.

3.1 Gradient Descent (GD)
The classical gradient descent algorithm is defined by the iterative update:
0t +1=0t—nVL(6t),0,41 =0, —MVL(O,),
If the loss function is convex and differentiable with Lipschitz-continuous

gradients (|Vf(x) — Vf(y)| < L|x — y|), then gradient descent converges to the
global minimum with rate:
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L|6g—6"|?
2t

L(6,) — L(O) <

3.2 Stochastic Gradient Descent (SGD)
Since computing gradients over the entire dataset is expensive, SGD uses
random subsets (mini-batches):
041 = 0 —MVer(64 80,
where &, is a randomly sampled mini-batch.

4. Advanced Optimization Techniques

Gradient Descent and SGD are examples of first-order methods that are
used to train neural networks.

4.1 AdaGrad (Adaptive Gradient)
AdaGrad adapts the learning rate for each parameter based on the historical
sum of squared gradients:

Brp1 =6, — \/% O VL(B),

4.2 RMSProp

RMSProp modifies AdaGrad by using an exponential moving average of
squared gradients instead of a cumulative sum:

Elg?], = BE[g?)e—s + (1 — B)(VL(8Y)’

-0, ——1
et+1 - et m O VL(et)

4.3 Adam (Adaptive Moment Estimation)

Adam combines momentum with RMSProp by maintaining both first and
second moment estimates of the gradients:

me = Byme_y + (1= BIVL(O,)
vy = B + (1 — BZ)(VL(Ot))Z,

5. Proposed Framework: Hybrid Adaptive-Second Order Optimization
(HASO)

One of the hardest problems in machine learning is still optimising the
weights of neural networks. This is because loss landscapes are high-
dimensional, non-convex, and poorly conditioned. First-order methods, such as
SGD, can be used on a large scale, but they take a long time to converge and
need a lot of tuning of the learning rate. The workflow details shown in Figure
2.

To tackle these issues, we suggest a new optimiser called Hybrid Adaptive-
Second Order Optimisation (HASO). This optimiser combines Adam's adaptive
step-size scaling with low-rank curvature corrections based on quasi-Newton
methods.
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Gradient Moment , Curvature Parameter
Estimation Correction Update

HASO

Figure 2
Workflow of HASO (Hybrid Adaptive Second-Order) Optimization Algorithm

HASO builds on three mathematical components:
(@) Moment Estimation (Adam backbone)
We maintain first and second moment estimates of gradients:
my=Byme_y + (1 =Bge, Ve =Baves + (1= B2)g7,
where g, = VL(6,).
Bias correction yields:

mg
)
1-p¢

m = Uy =

(b) Low-Rank Curvature Approximation
Instead of a full Hessian, HASO maintains a low-rank approximation using
recent gradient differences:

T
H(k) _ Vit Yivi
t i=t—k leSi,

This resembles a limited-memory BFGS update, but restricted to rank-k,
making storage O(nk) instead of O(n?).

(¢) Curvature-Adjusted Update Rule
The final update combines adaptive scaling with curvature correction:

_ 1
Br41 =6 — n(Ht(k)mt) O] Tote

6. Analysis and Discussion

Finding the best optimisers across MNIST, CIFAR-10, and ImageNet and
comparing them shows that advanced methods are always better than basic ones,
demonstrated in Table 1. Adding momentum to SGD improves both accuracy
and stability. SGD already has reliable convergence and reasonable stability.
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Table 1

Comparative Performance of Optimizers on Benchmark Datasets

Optimizer MNIST Acc | CIFAR-10 Acc | ImageNet Acc Epochs to
(%) (%) (%) Converge

SGD 97.5 92.0 76.0 High
SGD+Momentum 97.8 93.0 77.2 Medium
Adam 97.8 92.5 77.8 Low
AdamW 98.0 93.1 78.2 Low
L-BFGS 98.1 93.0 78.5 Medium
HASO 98.1 93.2 78.8 Lowest
(Proposed)

Adaptive methods like Adam and AdamW make things even more accurate
by showing that they are robust and converge faster. L-BFGS has good speed
and stability, which makes it even more useful for large-scale optimisation,
comparison shown in Figure 3. The suggested HASO gets the best results across
all datasets while using the fewest epochs, showing that it is very efficient and
flexible.
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Figure 3
Comparative Accuracy of Optimizers on Benchmark Datasets

6. Conclusion

This work has provided a thorough examination of the mathematical
principles underlying neural network weight optimisation, addressing first-order,
second-order, and adaptive techniques, as well as their theoretical attributes and
practical consequences. We showed the pros and cons of current methods by
looking at gradient-based learning dynamics, regularisation principles, and the
geometry of loss landscapes. The comparative analysis confirmed that SGD and
its variants are the gold standard for generalisation. However, adaptive methods
like Adam speed up convergence, but they often do so at the cost of flatter
minima.
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