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Abstract

Distributed databases are still very hard to keep safe because of the chance of hacking,
unauthorized access, and data being different on different computers. Blockchain technology
looks like a good idea because it uses immutability, digital proof, and consensus-driven
verification to make sure that trust and resiliency are maintained. This article discusses about
optimization methods, mathematical formulas, and game-theoretic models that are used in
distributed environment for the efficient way performing data integrity and computing. By
mixing blockchain with optimization tools, the study shows that attacks are less likely to
succeed, risks are reduced, and data is securely stored.
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1. Introduction

The rapid growth of distributed databases has changed how companies
manage, store, and share data across many nodes that are all connected to each
other [1]. These systems are good because they can grow, stay up for a long time,
and work quickly, but they have a hard time keeping data safe. Since distributed
databases aren't all in one place, they can be changed, accessed by people who
shouldn't be able to, and have stability issues that make them less reliable [2, 3, 4].
Even though some traditional security measures, like encryption and access control,
work, they often aren't enough to keep up with the changing threats of modern
hacking [5, 6]. Its decentralised design works well with spread databases, making
sure that data is available, safe, and can be fixed when something goes wrong [7, §].

2. Optimization Approaches for Data Integrity and Security

Data Integrity and Security Optimization in distributed blockchain-enabled
databases refers to designing a mathematical framework that minimizes security
risks while maximizing integrity, availability, and performance through
cryptographic and consensus mechanisms [9, 10]. Figure 1 shows the Multicolor
Architecture.
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Multicolor Architecture of Optimization Approaches for Data Integrity and Security in

Blockchain-Enabled Distributed Databases

Let database system be represented as:
D = {d1,d2,...,dn},di € R™

Define security risk function:
R(D) = X (pi * vi)
where pi = probability of attack, vi = vulnerability weight

Define integrity function:

(Valid Transactions)

1(D) =

(Total Transactions)
Confidentiality metric using entropy:
C(D) = =2 P(x)) *log(P(x))

Availability function:
Uptime

A(D) =

(Uptime + Downtime)

Objective security utility function:
U = al(D) + BC(D) + YA(D) — AR(D)
where a, B, y, A are weighting factors
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Optimization problem formulation:

Maximize U over D
Constraint — blockchain immutability condition:

T(@i + 1).hash = H(Ti |datail) “4)

Constraint — consensus validation:
vk = 6
where M = validators, 6 = threshold

Lagrangian formulation:
L =U+ p(T@+1).hash — H(Ti |datai])) + v(Zvk — 8)  (5)

KKT Conditions:
VDL = 0,u =20,v =0

Optimal solution for secure integrity state:
D* = argmax U subject to immutability and consensus constraints

Theorem: If blockchain consensus and immutability constraints hold, then the
optimized utility function U guarantees maximized data integrity and minimized
risk in distributed databases [11].

Proof: From step (6),

U=al + C + yA — AR ©6)
Since immutability ensures transaction validity,
[—1

Consensus ensures R(D) — 0 because adversaries cannot override majority
validators.

Substituting in (6):
Us=a(l)+ BC +yA — A(0)= U (7

Therefore, the optimal utility U* is maximized under blockchain rules.
Hence, theorem holds.

3. Mathematical Formulation and Models
3.1. Security Optimization Problem

By reducing weaknesses, increasing robustness, and using blockchain's
unchangeable record with cryptographic confirmation methods, the security
optimization problem makes sure that the data in distributed systems is as
accurate as possible [12, 13].
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Let database system = D = {d1, d2, ..., dn}

Define attack probability:

pi € [0,1]
Define vulnerability weight:
vi € R+
Risk function:
R(D) = X (pi * vi)
Integrity function:
1(D) = ===
Confidentiality:
C(D) = —XP(xj)log(P(x)))
Availability:
AD) = (Uptim:] f—tgrz:vntime)
Security utility function:

U = al(D) + BC(D) + yA(D) — AR(D)

Constraint — immutability:
T(i +1).hash = H(Ti |datail)

Constraint — consensus:
vk = 6

Optimal secure state:

D x = argmax U

3.2. Optimization Problem:
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The optimisation problem is to find the best balance between security,
speed, and processing costs in blockchain-enabled systems while keeping data

access, integrity, and strong defence against risks from bad actors.
Define objective function: f(D) =U
Variables: decision vector x € Rn

Constraints:
gxX)< 0,h(x)=0
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Risk minimization:

min R(D) = X (pi * vi) 14)
Integrity maximization:
max [(D) = ;Z;dz (15)

Multi-objective formulation:

max[/(D),C(D),A(D)],min R(D) (16)
Scalarization:
F(D) = wlI(D) + w2C(D) + w3A(D) — w4R(D) 17
Feasible set:
X = {x|g() < 0,h(x) = 0} (18)
Lagrangian:
L(x,u,v) = F(x) + pg(x) + vh(x) (19)

First-order condition:
Vx L(x,u,v) = 0

KKT conditions:
u=0ugx)=0

Optimal solution:
x*€ Xsuchthat F(x*) > F(x),Vx € X

3.3. Game-Theoretic Security Model

The game-theoretic security model looks at how defenders and attackers
plan to act strategically. It then optimises blockchain protocols to reach
equilibrium, which protects data integrity, makes the system more resilient, and
keeps it stable over time.

Define two players: Defender (D) and Attacker (A)

Strategy sets:
SD = {sD1,sD2,..},SA = {sA1,s542,...}

Payoff function Defender:

UD(sD, sA)
Payoff function Attacker:

UA(sD, sA)
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Zero-sum assumption:

UD+UA=0
Mixed strategy distribution:
PD, PA
Expected payoff Defender:
E[UD] = X PD(sD)X PA(sA)UD(sD, sA) (20)

Nash equilibrium condition:
UD(sD x,sA %) = UD(sD,sA ),V sD

Equilibrium strategy:
(sD x,sA*) € SD x SA

4. Result Discussion
The results make it clear that blockchain-based methods work better than
old-fashioned security and access control.
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Figure 2
Comparison of Security Metrics and Latency Across Methods

Traditional methods offer average levels of integrity (85.2%), confidence
(87.6%), and access (89.1%), but they still leave holes that can be exploited (in
Figure 2).

If you don't optimise blockchain, it gets better, with higher security levels
like 91.4% integrity and 94.5% availability, but at the cost of more delay (58.6
ms) (shows in Figure 3). The optimised blockchain model does much better than
others. It has high integrity (96.7%), confidentiality (97.9%), and availability
(98.2%), and it cuts delay (39.7 ms), which makes it both efficient and safe.
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Figure 3
Cumulative Performance and Latency by Security Method

5. Conclusion

By using immutability, agreement, and cryptographic methods, this study
shows how blockchain technology can improve the security and stability of data
in distributed systems. The framework finds a balance between speed, security,
and computing costs while reducing hostile risks. It does this by using
optimisation techniques and game-theoretic models. The results show that
blockchain can make computer systems that are reliable, open, and honest.
Blockchain could become a key part of safe distributed data management with
more work being done on scaling, mixed consensus protocols, and domain-
specific apps in the future.
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