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Abstract

The class of algebras known as algebras of logic includes a variety of algebraic
structures. The logical algebras BCK and BCI belong to two different classes. They were
introduced by Imai and Iséki [13, 14] in 1966 and have been extensively investigated by many
researchers. The concept of fuzzy soft sets (FSSs) is introduced in [21] to generalized standard
soft sets [25]. The concept of intuitionistic fuzzy soft sets (IFSSs) is introduced by Maji et al.
[22], which is based on a combination of the intuitionistic fuzzy set (IFS) [4] and soft set
models. In this paper, we apply the idea of hesitant intuitionistic fuzzy soft sets (HIFSSs) for
dealing with some types of theories in BCK-algebras. The views of hesitant anti-intuitionistic
fuzzy soft commutative ideals (HAIFSCIs) and hesitant anti-intuitionistic fuzzy soft prime
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ideals (HAIFSPIs) of BCK-algebras are presented and interrelated properties are examined.
Relations between hesitant anti-intuitionistic fuzzy soft ideals (HAIFSIs) and HAIFSClIs are
studied. Furthermore, the characterization of HAIFSPI is a HAIFSI. Finally, the concept of (e,
€ v () -intuitionistic fuzzy prime ideals (IFPIs) of BCK-algebras are introduced and several
properties are investigated.

Subject Classification: 06F35, 08A72.

Keywords: BCK-algebra, Hesitant fuzzy soft set, Hesitant intuitionistic fuzzy soft set, Hesitant
intuitionistic fuzzy soft ideal, Hesitant intuitionistic fuzzy soft commutative ideal, Hesitant
intuitionistic fuzzy soft prime ideal and (€, € v q) -hesitant intuitionistic fuzzy soft prime ideal.

1. Introduction

Zadeh [31] developed the notion of a fuzzy set (FS) of a set as a
technique for conveying uncertainty in the real world. Atanassov [4]
developed the idea of IFS, which generalizes the notion of FSs. FSs provide
a degree of membership for each element in the set, whereas IFSs provide
both a degree of membership and a degree of non-membership. Imai et al.
[13, 14] established a novel algebra induced by the BCl-system of
propositional calculus.

The notion of (€, e vq)-intuitionistic fuzzy ideals of BG-algebras was
put up by Barbhuiya in [8]. The notion of doubt fuzzy ideals of BG-algebras
was introduced by Barbhuiya [9]. The idea of (g,evq)-fuzzy ideals of
d-algebras was put up by Barbhuiya et al. in [10]. Basnet et al. [11]
developed the concept of (€,evq)-fuzzy ideals of BG-algebras. Bhakat et
al. [12] introduced the notion of (g, vq)-fuzzy subgroups/subrings using
the relationship of belongs to and quasi coincident with between fuzzy
point and FS. The idea of generalising (€, € vq)-fuzzy subalgebras in BCK/
BCl-algebras was developed by Jun [13].

Molodstov [25] developed the concept of the soft set as a new
mathematical instrument for dealing with uncertainties that are free of the
problems that have plagued the conventional theoretical approach. Maji et
al. [20, 22, 23, 24] were necessary to finish a large number of works on
IFSSs. Jun et al. [15, 16, 17, 18, 19] planned to finish a lot of work on FSS
idea utilizing BCK/BCl-algebras. Balamurugan et al. [6] introduced the
concept of intuitionistic fuzzy soft ideals in BCK/BCl-algebras.
Balasubramanian et al. [7] investigated extensions of (€,evqg)-anti
intuitionistic fuzzy soft subalgebras of BG-algebras. Torra [30] developed
the notion of the hesitant fuzzy set (HFS) as one of the expansions of
Zadeh’s FS. According to Babitha et al. [5], another notable soft set is
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known as hesitant fuzzy soft sets (HFSSs). Abdullah [1] proposed the
notion of IFPIs of BCK-algebras. Alshehri et al. [2, 3] presented and
researched the hesitant fuzzy soft implicative/positive implicative/
commutative ideals in BCK-algebras. Alshehri et al. [28] proposed the
concept of hesitant anti-fuzzy soft commutative ideals in BCK-algebras.
Sahu and Gupta [28] developed the method with incomplete hesitant
fuzzy preference relations. Pan and Zhan [27] defined AND —(s,t) -norm
and OR-(s,t)-norm products of intuitionistic fuzzy parameterized
intuitionistic fuzzy soft sets. Seyedjoula et al. [29] studied BCK-sequences
and finitely presented BCK-modules.

We present HAIFSCIs with examples and show that every HAIFSCI
is a HAIFSI. In addition, we define HAIFSPIs and demonstrate that a
HAIFSPI is a HAIFSI of a commutative BCK-algebra. In addition, the need
and possibility operator of HAIFSPIs is a HAIFSPI. Finally, the notion of
(e,€vq)-IFPIs of BCK-algebras is presented, and numerous features of
these prime ideals are examined.

2. Preliminaries

If an algebra (X;*,0) meets the following axioms for every 1,,6 €N,
then it is said to be a BCK-algebra [13].
L ()= (n#0) (g *50) =0,
(> (1% 5¢)) * 5) = 0.
n=n=0.
0=*n=0.
N*sx=0and s *n=0imply n=s.

Ok »DN

Let (¥;%,0) or simply N mean a BCK/BCl-algebras unless specified.

Define a binary relation < on ¥ by letting n< s < n*3 = 0. Then
(N; <) is a partially ordered set with the least element 0.

A BCK/BCl-algebra X satisfies the following conditions for each
n,,6eN,

e (* (% 5)) =1 .
N < implies that n*¢g <sr*gand g*sr <g*7n.

1 (M*se)xg=(n*g)*sx
2. MEx <.

3. n*x0=n.

4. (*g)*(rxg)<m#se.
5.

6.
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A nonempty subset 7 of N is called an ideal of X if (Z,)0eZ and
(Z,)n * e and x e imply that neZ.

A nonempty subset Z of N is called a commutative ideal of N if it
satisfies (Z,) and (Z,) (N*) * ¢ in Z and ¢ in Z imply n* (s * (3 *1))
in 7.

Anideal 7 of commutative BCK-algebra N is said to be prime ideal of
N if it satisfies (Z,) and (Z,)ne€Z and xeZ imply naxeX.

Definition 2.1: A hesitant fuzzy set (HFS) on X is a function from a fixed
set N to a power set of the unit interval.
The HFS can be expressed by a mathematical symbol:

H:={n,h (M)|nex},
where &, is the set of some values in [0,1].

Definition 2.2: [26] Denote by HF(X) the set of all HFSs. A couple ($,2)
is called a hesitant fuzzy soft set (HFSS) over a reference set X, where H: 2l
— HF(N).

Definition 2.3: [26] A HFS §:={(n,A,(1))IneX} in N is called hesitant
anti-fuzzy prime ideal (HAFPI) of X if for every for each 1, ¢,¢ € N satisfies
the following condition:

T, (N A 22) 2 B () AT (52).

Definition 2.4: Let ($,2) be a HFSS over X based on p'e2Ac¢. We
say that ($,2l) is called a hesitant anti-fuzzy soft ideal (HAFSI) over N if
the HFS §[p'] := {(n, ﬁfa[p'] (m) | neN} is a hesitant anti-fuzzy positive
implicative ideal over X .

Definition 2.4: Let (5%,2[) be a HFSS over N based on p'e < €. We say
that ($,2) is called a hesitant anti-fuzzy soft prime ideal (HAFSPI) over N if
the HFS $[p] := {(n, By, (M) | neN} isa HAFPI over N.

3. Hesitant anti-intuitionistic fuzzy soft commutative/prime ideals

In this section, HAIFSClIs are defined with few results investigated.

Definition 3.1: Given a set X . Suppose fil :N—>[0,1] and A, :X—[0,1].
Then the hesitant intuitionistic fuzzy set (HIFS) on N is a set 5 = {(n,

by (), b, (M) | neN}.
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The values h, and h, denote the possible existence and non-

existence values of the element neN to the set § respectively, which
satisfy

max ﬁlﬂ (n)+min hzﬁ (m<1

and

min#, (n)+maxh, (n)<1.

Definition 3.2: [26] Denote by HIF(X) the set of all HIFSs. A couple ($,2)
is called a hesitant intuitionistic fuzzy soft set (HIFSS) over a reference set
N, where H :2 — HIF(N).

Definition 3.3: [26] Let (£),2) be a HIFSS of X and A cE. Then ($,2) is
a hesitant anti-intuitionistic fuzzy soft ideal (HAIFSI) of N if H[p'] = {(n,
h, (m),h, (M) | neX and p’ e} is a hesitant intuitionistic fuzzy soft

Slp'l ale'l
ideal of N satisfies for every 1, e N:

L. hlﬁ[p’](o) = hl?.z[p’](n) and ﬁZiﬁ[p’](O) < hZfa[p’](n)'
2 By (MAse) 2 Bygy (M) Ay, (52).
B30 Mg (v 5) Ty (MY Ry (52)-

Now, HAIFSPIs are defined with few results discussed. Unless
otherwise, ¥ denotes a commutative BCK-algebra.

Definition 3.4: Let (£),2) be a hesitant anti-intuitionistic fuzzy soft set of
N and A cE. Then (£,2l) is a hesitant anti-intuitionistic fuzzy soft prime
ideal (HAIFSPI) of N if $[p'] = {(n, by (), By (M) | neX and p'e 2
is a HAIFPI (HAIFPI) of X satisfies for each n,s,c e\,

L ﬁlmp'l (ns)z ﬁlﬁ[p'] (m A ﬁlﬁ[p'l (5).

2. ﬁlﬁ[n’] (77 A %) > ﬁifw[p'l (77) v ﬁlﬁ[p’l (%)

*

W N =o

W N = oo
N = OO =
=l =]l )
O O O| O W
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N 0 1 2 3
Hlp|] [0,1] [0.1,0.9] [0.5,0.5] [1,0]
Hlp] [0.1,0.9] [0.2,0.8] [0.4,0.4] [0.9,0.1]

Example 3.5: Consider a commutative BCK-algebra ~={0,1,2,3} with
Cayley table: Let (H,A) be a hesitant anti-intuitionistic fuzzy set in N
defined as Then H[pl'] and H[p;] are HAIFPIs of . Therefore, (£,21)
is a HAIFSPI of N.

Theorem 3.6: Any HAIFSPI of N is a HAIFSI of N.
Proof: Trivial.

Theorem 3.7: Let ($,2) be a hesitant anti-intuitionistic fuzzy soft set of. Then
($,2) is a HAIFSPI of N hl,[ J(1]) and hZCA[ (n) are HAFSPIs of X, where
alp' H[p']

hZCH[p'J (n) =1 _ﬁzﬁm (TI)

Proof: Let ($,2) be a HAIFSPI of. Since by Theorem 7, (H,2) is a HAIFSI

and so 711‘[ ](77) and hzcr (n) are HAFSIs of N. For every n,5reN and
alp” Hip']

ped,

ﬁlé[p’l (nns)z hlf)[p’l mn hlf;m (>)
and
ﬁzr‘qlp'l (nAs)< hzélp'l mv hzfﬂp'l (#).

Now,
1- ﬁzﬁ[p'l (n A %) =1- {ﬁzﬁm (n) A ﬁzﬁ[p'l (%)}
Sh Max)2 =k, iA1= ()

Pl
=hS MAax)2hS AR ().
2”IP'J Z”IP'J 2”1ﬂ']
Hence, ﬁlw] (N A ) and hzcmp,] (n) are HAIFPIs of N. The contrary is

easy, we neglect the proof.

Theorem 3.8: If (53,9[) is a HAIFSI X, then D(?),Q[) is a HAIFSPI of N,
where OH[p'] = {(n, hfﬁ[p,](n)' ﬁz;,[p,l(n)) | neN and p'eA} and hlc,»,[‘,,] () =
1-h_ ().

alp'l
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Proof: Let (6,2) be a HAIFSPI of N. Since (£,2) is a HAIFSI X, we have
0($,2() is a HAIFSI of N. For any 1,5 eX and p'e,

B, A2l (AR ()

=1-h, (A=)<I-{h Ak ()

= am)<(i-h, ivil-h ()

=h A<k VI G

Therefore, OH [p'] is a HAIFPI of N. Hence, (%, Q) is a HAIFSPI of
N.

Theorem 3.9: If (9,20) is a HAIFSPI of N, then O($,) is a HAIFSPI of N,

where OH[p'l={(n, i (), k5 (M) | neN and p'eA} and by (n)=
1-h, (n).

Hlp'l
Proof: Let ($,2) be a HAIFSPI of N. Since (£,2) is a HAIFSI of N, we
have 0($),2) is a HAIFSI of N. For any 1, N and p'e ¥,

ﬁzmp'l ()< ﬁzﬁ[p'l (mv 77,2 y ()

9lp'

=1- ﬁzfy[p’l (n Ax)zl- {ﬁzﬁ[p'l (TI) v ﬁzmp'] (%)}

= I A<=k, A=k, ()

=Sh X2l (VES (50).

Pl 1

Therefore, OH [p'] is a HAIFPI of X. Hence, O($,2) is a HAIFSPI of
N.

4. (,€vqg)-Hesitant anti- intuitionistic fuzzy soft prime ideals

In this section, (€, vq)-HAIFSPIs of BCK-algebras are defined with
some results studied.
Definition 4.1: A HFSS &, . of the form

alp'l

t, ifx=n,te(0,1
B ()= if x=n,te(0,1]
ol 0, ifsxx#n

is called a hesitant fuzzy soft point with support n and value t and is
denoted by 7,.
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Definition 4.2: A hesitant fuzzy soft point 7, is said to belong to a HFSS

ﬁﬁ[p,] written as nteh}’[p,] or ntqhﬁ[p,] if hmp,]zt or hﬁ[p,](n) + t>1. If

neh, . or ntqﬁﬁ[p,], then n, e vgh,

ale'l 1"

Definition 4.3: An (g, vq)-HAFSI is said to be an (g, vq)-HAFSPI of
N if MAx), € hy ) = 0, € vahy , and 3, e vqhg , foreach 1,5 €N and
p' e, where te(0,1].

(1] (']

Definition 4.4: An (g, vq)-HAIFSI is said to be an (,€ vq)-HAIFSPI of
N if

Slp =1, n (m)h, (M)IneNand p'eA)

satisfies the following conditions:
Lom,xeh ()=n,evqh (), ie, o m)2th ()2s
= hlf)[ﬂ']
and p'e®, where f As = min{t,s}.

2. M, >, Eﬁzf’[p'l (n) = Thys € vqﬁzém (n)' Le, ﬁzﬁlp'l (n) st ﬁzﬁ[p'l (%) <
= ﬁzﬂ (MAsx) <tvs or h2~[ ; (MAsx) + tvs<], for each n,3ceN

(MAx)>tAs or hm[ ] (MAx) + tas>1, for each n,ceN
Slp'

and p' e, where fvs = max{t,s} and t,s€(0,1].

Example 4.5: Consider a BCK-algebra X={0,1,2,3} with the following
Cayley tables

* 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0
A 0 1 2 3
0 0 0 0 0
1 0 1 1 0
2 0 1 2 0
3 0 0 0 3
N 0 1 2 3
Hlp'] [0.1,0.5] [0.2,0.4] [0, 0.6] [0.14, 0.46]
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Let (H,A) be a HIFS in N defined as Then H[p’] is an (g,evq)
-HAIFPI of &, but not a HAIFPI of X because
ﬁl?)[p'] (1 A 3) Z ﬁli}[p'] (1) A ﬁli}[ﬂ'] (3)
ﬁlf][p'l (0) > ﬁlslp'] (1) A ﬁlfw[p'] (3)
0.1>0.2A0.14
0.1£0.14

and

ﬁzmp'l (1n3)= ﬁzs‘am v h?f’»[p’l &)
ﬁlf&[p'] (O) < ﬁzﬁ[p'l (1) v ﬁzf)[p'l (3)
0.5<0.4v0.46
0.5 f 0.46.

Theorem 4.6: A HAIFSI is a HAIFSPI of X if and only if ($,21) is an (€,€)
-HAIFSI of N .

Proof: Let ($,2) be an HAIFSPI of ¥ . Then
hlfy[p'l (n A %) = ﬁlé[p‘l (TI) A ﬁlf‘;[p’] (%)

and

hzf‘»[p'l ()< hzf‘)[p'l mv hzf‘)[p'l ().

Let n,2eX and p'eA be such that 7, %sEhl—[ ) (n), where

t,se€(0,1). Then ﬁlmm n) >t, ﬁl},[p‘] (»¢) 2 s and ﬁzw] (n) <t, ﬁsz (2) < s
NOW[ hlé[ﬂ'] (n/\%) = hl%[/ﬂ (n) A ﬁlf}[ﬂ'] (%) > t/\s = € hlf?[ﬁ'] and hzf)[ﬂ']
(MAsx) < hz[ ’](11) v hz,[ ’](%) <tvs = MAx),, € hz,[ E Therefore, H[p']
is an (e,€)-HAIFPI of X. Hence, (§,9) is an (e,€)-HAIFSPI of X.
Conversely, let (§,2) bean (e,&)-HAIFSPI of . To prove that (H,2)
is a HAIFSPI of N.
Let n,>ceN and t= ﬁl'l ’I(n),s = ﬁlw[ '1(%)' Then

ﬁlmp'l (m= t’ﬁlmp'l ()25
= neh_,x eh

—4 -
e’ alp'l
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= (MAx),, € ﬁ“l ] [since ($),2) is an (g, €)- HAFSPI of N]
alp’
>
= ﬁlm'l(n/\%) 2t As.

Thus
hy

Again, let n1,>reX and t= ﬁZ—[ ) (n), s= hz—[ ) (5¢). Then
ﬁzmm (77) <t ﬁzﬁm (%) <5
= < ﬁzya[p'] % € ﬁzyalp']

(MAx),, €h, [since (£),2) isan (e, €)- HAFSPI of X]

Hlp'l

= h, (Max)<tvs.

5lp']

A2k, Ak (). 1)

Slp']

U

Thus
ﬁzf}[p’l(n/\%) = ﬁzfﬂm(n)vﬁ?ﬁ[pw(%). (2)

Hence, (1) and (2) = H[p]= {(n, by (), hy (M) | neN and
p' €} is a HAIFPI of N. Hence, (,2) is a HAIFSPI of .

Theorem 4.7: If (§,2) is a (q,q)-HAIFSPI, then ($,2) isan (e,€)-HAIFSPL.

Proof: Let ($,2) be a (g,q)-HAIFSPI of N. Let 1,5xeX and p'e? be
such that n,, s € ﬁl_[ . Then
h, (m)= t’ﬁlmpw ()25

= ﬁl,[ ) (n)+e>tand fil,[ ) (5¢)+€ >s, where ¢ is any arbitrarily small

5lp']

positive number.

= ﬁlé[pv](n)+s—t+1>1 and og[p,](%)+s—s+1>1

= (n)s—quﬁlmp,J and (%)s—s+1qﬁ15[p,J'
Since ($,2) is an (g,€)-HAIFSPI of X, we have
(n A %)(s—Hl)/\(s—sﬂ) qﬁ‘l

alp'l
= ﬁqmp’](n/\%)+(£—t+1)/\(s—s+l)>1

= ﬁlé[p,](n/\%)+e—(tvs)+1>l

= hg%[ﬂ,] (nAsc)>(tvs)—e [since € is an arbitrary]
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= ﬁlﬁm(n/\%)>tvs

= h_. Mrx)>tvs>tnas
o]

= (MAx), eh

Slp'l ’
Therefore,

U ﬁlfﬁlp'] = @A %)MS < hls‘alp'] ) ®)

Again, let n,2ceN and p'e® besuch that n,,s ﬁz,[ . Then
ﬁzf‘a[p'l (n) <t hzfa[p'l (%) <s
= ﬁZ,l , (n)-e<tand ﬁz‘[ | (sr)—€ <5, where € is any arbitrarily small
positive number.
= hzf)[p’](n)+1—8—t <1land hzmm(%)Jrl_g_s <1
= ()0, and (), ah,

5101
Since ($,2) is an (g,€)-HAIFSPI of X, we have
A2 epeg Ty,
= hzﬁ[p’](n/\%)+(1—s—t)v(1—£—s)>1
= hzg[p’](n/\%)+l—e—(t/\s)<1
ﬁzé[p,] (MAx)<(tnrs)+e [since € is an arbitrary]
hzé
hzé

(T’ A J{)t\/S € hZ

”(n/\%)<t/\s

=
=
= [p,](n/\%)<t/\s<tvs
= .
alp'l

Therefore,

n,x, € hzmp,] =>Mnx),, € hzf . (4)

Hence, (3) and (4) = &lpT=1{(n, h_ (), h, (1) | neX and

p’ e} is an (,€)-HAIFPI of N. Hence, ($,2) is an (e, €)-HAIFPI of N.

Theorem 4.8: A HIFSS (9,2) of N isan (,€vq)-HAIFSPI of N if and only
if
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ﬁlé[p’] ()= ﬁlﬁ[p’] (A z)2 ﬁlfalp'] (M ﬁlﬁ[p'] (2705,
2 hzmp'] (nAs)< hzé[p'l (mAz)< ﬁzﬁ[p'l mv hzmp'l (>)v 05

foreach n,>xeN and p'e.

Proof: (1) First, let ($,2) be an (g€ vq)-HAIFSPI of N.

Case 1: Let ﬁlf}[p’] (M A ﬁlm (52)<0.5 for each 1,2 eN and p'e . Then
by, (Mnah  (G)A0S=h  (MAh ()

If possible, let ﬁm[ ) (N Asx)< ﬁlﬂ , (M A ﬁlﬁ[ ) (52).
A real number t should be chosen such that

ﬁls‘alp'l (mAz)<t< ﬁlfwlp’l (mn ﬁlfﬂp’l (>)

= ﬁlf}[ﬂ'] (n) > t,ﬁlﬁ[p’l (%) z t

= Eﬁ‘ﬁ[p'l'%t < ﬁl

f)[p’].
But . (naAx)<t
o'l
= (MAx), eﬁlﬂ ) and filﬂ ,](n/\%)+t<2t

= ﬁlﬁm (MAx)+t< z(ﬁlmm (M~ ﬁlﬁm (32))<2x0.5=1
= ﬁL[ ’](n/\%)+t <1,

which is a contradiction.
Therefore, hllﬁ[ ) MAx)2 ﬁlﬂ , (M~ ﬁlﬂ , (30)= hllﬁ[ | M~ hllﬁ[ ; (3c)~0.5.

Case 2: Let hl_[ v](n)/\hl‘[ v](%)/\O.S for each 17,5 eN and p'e . Then
ﬁg«][p,] (M A ﬁlm (52)=0.5.
If possible, ﬁlg[pr, (MAx)= ﬁlg[pr, (M A ﬁlmm (3c)A0.5=0.5. Then

hy . (m)=0.5 and ﬁg,[p,](%) >0.5.

b

Therefore, n,,,,, €h

Hlel
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But hl;,[,,vl (n) <0.5, therefore, 7 eﬁlf,[,,r, and hig[,,q (m+05<05+05

=1, which is a contradiction. Hence, 7, (nA3x)>05= ﬁ]ﬁ ) n) A

ﬁ1§)[ ’](%) A 0.5.
’ Conversely, let

By (Aax)zh (AR ()A05. 5)

alp'l

Let n,5ceN and p'e® besuchthat n,,5c, eh .

alel

Then ﬁ1.[ ) (n)>t and ﬁL[ ) (3¢) 2 5. Therefore,
hy . (M~ ﬁlmpv] (sc) 2t As. By (5), ﬁlé[p,] (MAx)>tAsA0.5.

Now, if tAs<0.5, then tAsA05=tAs.
Therefore, fi‘,[ ](n/\%)zt/\s. Thus
Hlp

(n A %)t/\s € ﬁl : (6)

alp']

5

Again, if t As>0.5, then tAsA0.5=0.5.
Therefore, ﬁl;ﬂ , MAx)2t As A05=05, so h15[ , MAx)+tAs>

0.5+ 0.5 =1. Thus

(A s0), 0, . 7)
From (6) and (7), we have
n,x, € ﬁlﬁm =>MAx),. € vqﬁlﬁm. (8)

Therefore, h’m[ | isan (g,evq)-AFSU of X.
(2) First, let ($,2) be an (e,e vq)-HAIFSPI of N.

Case 1: Let ﬁz[ ,](U)th.[ ,1(%) >0.5 for each 1, eN and p’'e2. Then
ﬁzﬁ[p’l (n) v hzfslp'l (%) v 05 - ﬁzﬁlﬁ’l (n) v hzf)lp’] (%)

If possible, let ﬁl[ ) (MAx)> ﬁzﬁ[ , (v ﬁzm , (52).
A real number t should be chosen such that

ﬁzf}lp'l (As)>t> ﬁzé[p'l mv ﬁzfsm (>)

= ﬁzmpw (< t’hzm;ﬂ ()<t
= < ﬁzf;[p']/%t < h7

Hlp']

But, ﬁz,[ ](n/\%)>t
Hlp'
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= (MAx), ehL[ ] and i, (n)+t>2t

Rl alpl
= hzélp’] (MAx)+t> z(ﬁ%[pq (n)v hsz[p'] (52))>2x05=1
= hzw ’I(n/\%)+t >1,

which is a contradiction.
Therefore, ﬁzwl (MAx)< ﬁzmw (n)v ﬁ?mm (30)= ﬁ?fxw (n)v fizwl (3c)v0.5.
Case 2: Let ﬁzf,[,] (n)v hzf,m (30)v 0.5 for each n,5ceN and p’'e®. Then
ﬁzﬁ[pv] n)v ﬁzﬁm (52)=0.5.

If possible, h,  (MAz)>h,  (M)vh,  (5)v05=05. Then
h, . (m<0.5 and ﬁzmpq(%) <0.5.

5

Slp')

Therefore, 1,5, € hzfj[,,r]' But ﬁzﬁ[p,] (n) > 0.5, therefore, (n),; ¢h,
and ﬁz,[ ; (n) + 0.5 > 0.5 + 0.5 = 1, which is a contradiction.
Hence, ﬁza[ (MAx)<05= ﬁz“[ , (mvh, ](%) v 0.5.

Pl Slp’

Conversely, let
h, (Max)< ﬁzwl (n)v ﬁzﬁw (52)v 0.5. 9)

5l

Let n,2ceN and p’e® besuchthat 1,5 eh,

Then ﬁzmv] (n) <t and ﬁzw] (30)<s.

Therefore, h%m (n)v hzwl (»)<tvs.

By (9), we have hzmp’] (MAsx)<tvsa0.b.

Now, if tvs>0.5, then tvsv0.5=tvs. Therefore, hzwJ (MAx) <
tvs. Thus

Sl

(MAx),, eh, (10)

Slp')

Again, if tvs<0.5, then tvsv0.5 = 0.5. Therefore, hz[,](n/\%) <
tvsv05=0, ie, i, (1) +tvs <05+ 05=1 Thus ’

']
(A5, ay

From (10) and (11), we have
n,x, e ﬁ%m =>MAx),, € vqﬁzém . (12)
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Therefore, ﬁzA[ , isan (g,evq)-HAFPI of N.
Hence, (8) and (12) = H[p'] isan (g, € vq)-HAIFPI of ¥. Thus, ($,2)
isan (g,€ vq)-HAIFSPI of N.

Theorem 4.9: A HIFSS ($,9) of N is an (€,€vq)-HAIFSPI of N and if
ﬁlm ! (n) > 0.5, ﬁzm ’](n) < 0.5 foreach 1, €N and p' e, then ($,2) is also
an (€,evq)-HAIFSPI of N.

Proof: Let ($,2) be an (g€ vq)-HAIFSPI of K. Then ﬁlw] (n) <05 and
ﬁ%m (n) > 0.5 forall n,xeN.

Let n, eﬁlﬁlp’], . eh%m. Then tﬁhlﬁ[p'] (n) <05 and Sﬁh‘lw,] () <
0.5.

Therefore, t As<0.5. Also ﬁl;,[pv] (nAsx)<0.5.

Thus, hlfu[p’] (MAx)+tAs<05+05=1.

Since ﬁlmm isan (€,e Aq)-HAFPI of X, we have ﬁlmpq (MAsx)2tas or

alp'l
Therefore,

b, (MAx)+tas>1. So, ﬁlﬂ (MAsx)2tas = MAx), €h

Hle'l

neh

alp'l

, 5, € ﬁuﬂp,] =>MAx), eh . (13)

alp'l

Thus, FLL[ | is (€,€)-HAFPI of .
Again, let 7, € hz%[p,]' ”, eﬁzwl. Then 0.5 < hzé[p’](n) <t and 05<

- () <s.
Therefore, tvs>0.5 and also ﬁzA[ ; (nAsx)>0.5.
Thus, hL[ ) MAsx)+tvs>05+05=1.

Since ﬁ%m isan (g,€ vq)-HAFPI of N, we have ﬁzm] (MAsx) <tvs or

h

2

K}
Therefore,

ﬁz[,](n/\%)+tvs<1‘ So, ﬁzﬁ[,](nA%)vas:(n/\%)meﬁz

Slp']

neh, ,x eh

51’ S Ly

] =>MA %)M IS hzwj . (14)

Thus, ﬁz[ ; is an (g,€)-HAFPI of . Therefore, (13) and (14) :>H[p’]
is an (e,€)-HAIFPI of N. Hence, (£,2) is an (e,€)-HAIFSPI of N.

Theorem 4.10: A HIFSS ($,9) of N is an (g,evq)-HAIFSPI of N if and
only if the sets (771,[ | ) = {nlﬁlA[ | (n) = t, where t<(0,0.5), ﬁT[ | 0) = t} and
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(h2 2-[ | (n) <s, where se(0.5,1], ﬁz[ ’](0)<s} are prime ideal of

fs[]

Proof: Assume ($,2l) is an (g,e vq)-HAIFSPI of N. Clearly,
O (ﬁlfﬂp'l )t' 0e (ﬁzs‘ﬂp’] )5 [Since ﬁls‘;[p’] (O) 21, ﬁzfﬂp'] (O) < S].

Let n,5ceN and p’e® be such that n,sce(h,
Therefore, ﬁlb[ , n) >t, ﬁ1§)[ , (>¢) 2 t.
Now by Theorem 4.8, we have

ﬁlé[p’] MAsx)2 ﬁlf,m (mn ﬁlé[p,] (s)A05>tAtA05=t

), where t <(0,0.5).

1ot

= h MAax)zt=narxe(h

alp'l s’)[p]

Therefore, 1,5 € (h1 ) =>narxe(h

ﬁ[p]

Hence, (fiL[ , ), isa prlme ideal of N.

Again, let n,5reN and p'eU be such that n,%e(hzI ,])5/ where
s€(0.5,1]. Therefore, ﬁz n) s, h (%)<s.

Now by Theorem 4. 8 we have
ﬁ,z (T]/\J4)<77,Z T])vﬁ2 (%)\/0.5<svsv0.5=s
= h, (Mrx)<s

e’

= naxe(h,

YJ[]S

Therefore, 1n,sc € (fi2e| ) ), =>NAxe (th ) ).-
Hence, (ﬁ2 ) is a prime ideal of X.
Conversely, (56 2A) be a HIFSS of ¥ and the sets (ﬁ1 n |

ﬁlﬁ[ | (n) > t}, where te(0,0.5)} and (A, - ). =1n | fif[ ’](n) < Where
s€(0.5,1]} are prime prime ideal of X .
To prove (H,2) isan (g,e Aq)-hesitant intuitionistic fuzzy soft of .

Suppose H[p'] = {(n, ﬁlﬂ ) n), hzf[ ) (M) | neN and p'e2} is not an
(€,€ Ag)-hesitant intuitionistic fuzzy soft prime ideal of X . Then there
exist a,b e N such that at least one of ﬁl_[ , (anb) < ﬁl.[ , (a) A ﬁlA[ , (b) A 0.5

and ﬁ%[p’](a/\b)> hZ;J[,,r](a) v ﬁzw] (b) v 0.5 hold.
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Suppose hyl , (anb)< hlm , (a) A ﬁlﬁ[ , (b) A0.5 holds.
Let t= {ﬁlA[ ’](a/\b)+(ﬁ1A[ ’](a)/\ﬁlm , (b)A0.5)} /2. Then t(0.5,1] and
ﬁlﬁm (anb)<t< ﬁlw] (a) A ﬁlﬁm by~ 0.5 (15)

= hlel '] (a)> t’hlfo[ '] (0)>1
= ae (ﬁlélp'l )t be (ﬁlmp'l )t
= anbe (fil,[ ) )i [Since (ﬁm[ ) ), isaprimeideal of X].

Therefore, ﬁl (a Ab)>t, which is a contradiction. Hence,
ﬁ1 (17/\%)>ﬁ1 1‘])/\/’11 #)n0.5. (16)

Next let ﬁ%[ ; (anb)> hzﬂ | (a)v hzfj[ ) (b)v 0.5 holds.
Let s= {ﬁ?,[ rl(a /\b)+(ﬁz,l ,,(”)thm ,I(b)VO‘S)}/Z Then se(0.5,1] and
h, (l?l/\b)>S>ﬁ2A[ ’](a)vth[,](b)VO.S 17)

5]

= hz;)[,,,, (a)<s, ﬁzw] (b)<s

e (hzfolp'l )5’ be (hzs%lp'l )5
= anbe (ﬁz,[ | ). [Since (ﬁz,l ) ), is primeideal of X].

U

Therefore, ﬁz,[ ) (aAb)<s, which is a contradiction. Hence,
ﬁzf,[,,,] MAx)< hzfjm n)v ﬁzwl (52)v 0.5. (18)

Therefore, (16) and (18) = $[p'] = {(n, ﬁlﬁ (n), ﬁzﬁ (m) | neN

and p'e?} is an (g,evq)-HAIFPI of N. Hence, (5’),22[) is an (g,evg)
-HAIFSPI of N.

Definition 4.11: Let ($,2) be a HIFSS of N8 and t e (0,1]. Then let
Loy, )=nlneh =Ml 01,

2. (b, O, =iningh, }={nlﬁ1ﬁ[p,](n)+t>1},

3. [h, 1 =nin evqﬁ1 b=inlh, =2torh  (m)+t>1},

where (ﬁm[ ) ), is called t level set of ﬁl ¥ <ﬁ1. )t is called g level set of

hy,

el

and [h1 ] is called €vqg level set of h,

J[P]
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Clearly,

(hy, 1= 5o, ), and

(h, Dy=Mineh, Y=inlh, )<t}
() =inlngh, }—{nlﬁ - +t<1},

alp'

[, L—{nlntevqﬁ2 =ik, <torh, (m+t<1},

Ll o

where (ﬁ%I ’])t is called t level set of hz~| N <ﬁz~| ,]>¢ is called g level set of
h, and [ﬁZ[ ’]]t is called e€vq level set of ﬁL[ . Clearly, [ﬁzm ,]]t =<h, ),

el

v (h, ),

alp'l

Hlp']

Theorem 4.12: Let ($,2) be a HIFSS of N. Then ($,2) is an (g, vq)
-HAIFSPI of N if and only if [ﬁl«[ ,]]t and [hz[ ,]]t is a prime ideal of X for each
te(0,1]. We call [fi1e| ,I]t and [ﬁ?‘[ ,I]z as €vq level prime ideal of N.

Proof: Assume that (§,) isan (€, vq) -HAIFSPI of ¥, to prove [fil‘[ | 1,
and [ﬁzI q]f is a prime ideal of N.
Let n,sc e [fi ) ] for t(0,1]. Then n,,, e vgh, o
ie., hls[pf] (n) 2 t or hl;,m (n)+t>1 and hlém ()=t or hg;j[p,] (o) +t>1.
Since hl‘l ) is an (g,€ vq)-HAFPI of X, we have
ﬁlm ) (MAsx)2 hjl“[ ) (A film , (5c)A0.5 for each 1,2eN and p'e.
Now we have the following cases.
Case 1: fil n) t, ﬁl (;4) >t, let t>0.5. Then
ﬁl‘l (n/\%)zﬁl (T])/\fi1 (%)/\0.5=t/\t/\0.5=0.5
= ﬁ1 T]/\%)>05:>ﬁ1 n/\%)+t>05+05 1
= (A ”)rqﬁnm .

Again if £<0.5, then
ﬁlﬁ[ ](n/\%)zﬁq, (U)Aﬁ]. (%)/\O.SZt/\t/\O.Szt,

ﬁlﬁ MAx)zt=(MAx), eﬁl

f[pl
Hence, (n A %)t € /\thm,l =Mn %)‘ € [hlﬁ[p'] ]‘

Case 2: hl*l ,,(n)ZtﬁL[ '1(%)+t>1’ let t>0.5. Then
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ﬁlé[p’] (MAx)> ﬁly-m (M A ﬁgﬂp,] (e)A05>tA(1-t)A05=1-t,
= ﬁlwl MAx)>1-t= ﬁlﬁ[p’] MAx)+t>1=>MA %)tqﬁlw‘

Again if £<0.5, then
ﬁ‘mpq MAsx)2 ﬁlﬁm mna ﬁ‘mﬂ (3 )A052tA(1-t)A05=t,

:>h15[p,l(n/\%)2t:>(n/\%)t eh .

alp'l

Hence, (nAx), € /\qﬁlé[p,] =>Mnrx)elh_ .

alpl

Case 3: hL[ ’](n)+t> 1,ﬁ1~[ ) (sc)=t, let t>0.5. Then

ny [ ,](nA%)Zhl%[ 'J(n)/\ﬁlﬁ[ '](%)/\0.5>(1—t)/\t/\0.5=1—t,

= hlsm MAx)>1-t= ﬁlw] MAx)+t>1=>(MA ”)tth,:,[p,,'

Again if £<0.5, then

h, (MAx)= ﬁl@[p’] Mmna ﬁlm'] ()A05=(1-t)AtA0.5=t,

Slp'l
= ﬁlﬁm MAx)zt=>Mnx), € ﬁlwl.

Hence, (nAx), € /\qﬁ%[pq =>Marx) el ].
Case 4: ﬁlw] (n)+t> 1,ﬁlﬁ[p,] (3¢)+t>1, let t>0.5. Then

hy

GIg|

. (MAx)2 ﬁl@m (A ﬁlmpr] ()A05>(1-t)A(1-t)A05=1-1,

= hlw MAx)>1-t= hlw MAx)+t>1=MA %)rqﬁlg[p,,'
Again if £ <0.5, then

ﬁl%[p,] MAsx)2 ﬁjé[p’] mA ﬁl%[pv] (GIAN05=(1-t)A(1-t)A0.5=052>1¢,

:>ﬁjf)[p’](n/\%)2t:>(n/\%)t eh

Slp'l ’
l-

Hence, from above four cases 1, € [hlwJ l,=Mnx), e [ﬁlﬁ[},r, I

Hence, (nAx), € Aqﬁlm,] =>Mnax), elh

BI|
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Hence, [ﬁi@[prl]t is a prime ideal of N. Similarly, we can prove [ﬁzwl][ is
a prime ideal of N.

Conversely, let (5%,2[) be an HAIFSPI in § such that [ﬁlml]f and
[hzmq]f is a prime ideal of N for each fe(0,1], to prove (9,%) is an
(e,evq)-HAIFSPI of N. Suppose (H,%) is not an (g, e vq)-hesitant
intuitionistic fuzzy soft prime ideal of ¥, then there exist 4,beN such
that at least one of ﬁl;ﬂpq (anb) < hlm,] (a) A ﬁ%m(%) A 0.5 and FLZW] (anb) >
hzé[p’](u) v hzé[p’](b) v 0.5 hold.

Suppose ﬁlém(a/\b) < hlwq (a) A hlﬁ[py] (b) A 0.5 is true, then decide on
t €(0,1] such that

h (@nby<t<h_ (@)nh  (b)~05 (19)

Then ﬁ'e[ ) (a) > t,ﬁlA[ , b)>t=n,x¢e (iilm ; ), € [ﬁm[ , ], which is a prime
ideal.

Therefore, (anb)el[h, |, =h_(anb)>torh_(anb)+t>1 which

$lp'l Hlp'l $lp']

contradict (19).

Again, if ﬁz‘[ , (anb)> ﬁz‘[ , (a)v hZN[ , (b)v 0.5 is true, then decide on
t €(0,1], such that

ﬁzmm (anb)>t> hz;][pq (a)v ﬁzmp’] (b)v0.5 (20)

Then hzmp’] (a)<t, hzmp'] (b)y<t=a,be (h?f;w ), © [ﬁzﬁ
ideal.

Therefore, (anb)e [hL[ ) = hz"[ , (anb)<tor hL[ ) (anb)+t<1 which
contradict (20).

Hence,

], which is a prime
(p'l

ﬁl 0] (A z)= hlé[p'] mn hl?ﬂp'] (>)105

Gl
and

ﬁzﬁlp’l (n A %) < hzélp'l (n) v ﬁzﬁlp’l (%) v 05

for each 1, eN and p'e .
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Therefore,  $[p']= (A, )k, (M)neNandp'e?d} is an
(e,€ vq)-HAIFPI of X. Hence, ($,2) is an (€, vq)-HAIFSPI of N.
On HIFSSs, we define two operators as follows: ®(H,A) and ($H, ).

Definition 4.13: Let (£,2) be a HIFSS defined on N. If §[p'] = {(n,
ﬁlﬁ[ ,](77)' ﬁzﬂ ’](n)) | neX and p'ef} be a HIFS defined on &, then
operators @I:I[p’] and ®H[p’] are defined as follows:

®H[p1={(n, A (), (M)IneNandp'e}

alp'l

and

®HIPT= (0T, (M, 1y, (M)IMENand pl ),

respectively.

Theorem 4.14: Let ($,9) is an (e, Aq)-HAIFSPI of a BG -algebra N. Then
1. ®($H,A) isan (€,€ Aq)-HAIFSPI of X,
2. ®(H,A) isan (e, Aq)-HAIFSPI of N.

Proof: For (1), it is sufficient to demonstrate that El‘[ , satisfies
ﬁl 0)< ﬁ_lmp'l (m)v0.5and f?lwl (MAsx)< ﬁl (nv ﬁ_lmp'] (52)v0.5.

Hlp'l el
We have

h, " 0)=1- h, 0)>1- (ﬁlﬁm (M A0.5)< EIM (v 0.5.

Let n,5ceN and p'e®A. Then
h, (nx)=1=h_ (nA5)
>1- (ﬁlﬁm (M~ ﬁlém (5c)~0.5)
=(1-h, )V(A-h_ G (I-05)
Elfj[p’] (MAx)< Elﬁm N ﬁlém (>)v0.5.
Therefore, ®H[p] is an (e,e A~q)-HAIFPI of .
Hence, ®($,2) is an (g, ~q)-HAIFSPI of X.
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For (2), it is sufficient to demonstrate that 77_2 o satisfies
ﬁ_z (O)Zii (11)/\05and ﬁz 77/\%)>ﬁ (n)/\fi}”(%)/\OE.

Hp'l
We have
h,,

Let n,>ceN and p' €. Then
Ezﬁm MAsx)=1- h%a[pq (1 A 52)
<1-(h, (Mvh, ()v0.5)
=(1=h, (MIA(A-N, ())A(1-0.5)
ﬁ_zw MAx)2 ﬁzm,I (77) A ﬁzw (e) A 0.5.

0)=1-h, (0)S1—(@W’|(T])V0.5)277_,25“”(1])/\0.5.

alp'l

Therefore, ®$H[p'] is an (e, ~q)-HAIFPI of N. Hence, ®($H,2) is an
(e,€ ~nq)-HAIFSPI of X.

Conclusion

In this paper, we have introduced HAIFSCIs with examples and
proved that every HAIFSCI is a HAIFSI. Also, we defined HAIFSPI and
proved that HAIFSPI is a HAIFSI of commutative BCK-algebra.
Furthermore, the necessity and possibility operator of HAIFSPIs is a
HAIFSPL. Finally, the concept of (e, € v ¢)-IFPI of BCK-algebras are
introduced and several properties are investigated.
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