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Abstract

This study addresses the significant challenge of accurately simulating traffic flow in
heavily congested urban areas through microscopic traffic models. These models employ
differential equations to simulate the behavior of individual vehicles, providing valuable
insights into traffic patterns and congestion levels. However, conventional numerical
techniques, such as the spectral method, often fall short of accurately capturing traffic
dynamics, resulting in the introduction of shocks that cause substantial inaccuracies. To
overcome this problem, we propose a novel method that incorporates a Discrete Singular
Convolution (DSC) filter. This innovative approach effectively manages and reduces
shocks during numerical simulations by adaptively combining discrete convolution filters,
thus achieving higher accuracy and computational efficiency. Our method significantly
minimizes errors in comparison to traditional techniques. We validate our proposed method
by applying it For the Lighthill-Whitham-Richards traffic flow model through a series of
numerical experiments. The results demonstrate the superior performance of our approach
over traditional schemes, such as Lax and Friedrichs. We compare our findings with the
analytical solutions of the relevant equations, showcasing the potential of our method to
enhance the accuracy of traffic flow modeling. This improvement has promising implications
for traffic management and urban planning.

Subject Classification (2020): 65M30, 35L03, 35L20.

Keywords: Spectral methods, Moving mesh method, Traffic flow, Middle-grid point, Central-upwind
schemes method.

1. Introduction
The surge in vehicle numbers has led to severe traffic congestion in recent
years. Extensive research underscores the crucial link between transportation and
tourism, highlighting the need for efficient transport systems within the tourism
sector. Effective traffic management is vital to reduce congestion, and this can be
achieved by modeling traffic flow using both microscopic and macroscopic
approaches. While microscopic models focus on the behavior of individual
vehicles, such as their positions and speeds, macroscopic models consider traffic
as a continuous flow, described by overall traffic velocity. This study emphasizes
macroscopic traffic flow models.
Many analytical and numerical techniques have been designed to address
the nonlinear partial differential equations (NPDEs) that characterize various
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flow phenomena, particularly in nonlinear hyperbolic conservation systems [13,
21, 24, 26]. Although analytical solutions to these equations are often complex,
numerical methods provide significant insights into the underlying physical
processes. Traffic flow models, which are central to the theory of hyperbolic
conservation laws, have been extensively researched and refined to enhance
traffic management and forecasting [19].

This paper focuses on the macroscopic, non-conservative Lighthill—
Whitham—Richards (LWR) traffic flow model [14, 17], which is grounded in the
principles of vehicle conservation on roadways. The LWR model is particularly
valued for large-scale simulations due to its simplicity and minimal parameter
requirements.

Moreover, advanced techniques from fields such as heat transfer and
computational fluid dynamics have been adapted to traffic flow modeling [13,16,
26]. These methods improve the precision of traffic flow models by integrating
sophisticated computational techniques from other disciplines [1,10,18,20, 22].

Direct application of spectral methods can lead to solution deviations, often
appearing as shocks [4]. Spectral methods typically produce minimal numerical
dispersion when approximating derivatives. However, in cases of discontinuities,
derivative computations can result in numerous fluctuations and shocks. To
address these Gibbs phenomena, we use a non-oscillating weighted approach.
This method optimizes viscosity to minimize errors. By incorporating both
high-pass and low-pass filters, it effectively handles discontinuities and controls
shocks [5, 15, 23, 32]. The use of low-pass filters in this approach helps manage a
broad range of waves, thereby improving accuracy in spectral applications [2, 8,
9,25,30,31].

In the realm of spectral methods, various filters are commonly employed,
including the Lanczos filter, raised cosine filter, sharp raised cosine filter, and
cutoff filter, as listed by Hussain et al. [7]. Additionally, the field of p-filters [29]
provides alternative and more effective filter types. These filters are essential
components of central schemes that incorporate protection rules on space-time
control volumes. Thus, central schemes can be extended to problems involving
wave solutions. One of the earliest central schemes is the first-order Lax and
Friedrichs scheme [3], widely used for time-dependent PDEs, although with
relatively low resolution.

In summary, this work introduces a novel strategy for managing shock
waves and fluctuations for modeling traffic flow through integrating spectral
methods and PDE filters. This approach not only improves the numerical
solution's accuracy and convergence speed but also has practical applications in
urban planning and traffic management. The effectiveness of this method depends
on the optimal selection of filters and a thorough understanding of the problem's
specific characteristics.

2. Theory and Algorithm

Following the methodology established in [27], we assume equidistant
points defined as:
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tn =to +nAt, x; =x0 +jAx, j=1,..,N. (1

We use the DSC filter to compute 0™ (x) as follows. As described in [27],
The following convolution provides the theoretical definition of a filter:

F(x) = @*1)(x) = [, 0(x — r(t)dt, )

where ©(.) and t(.) are described in [27]. Various types of kernel functions
exist [27]. In this work, we utilize Delta kernels, which are expressed as follows:

0(x) = ¢)(x),s =0,12,.., 3)

here, s represents the degree of the derivative, and the kernel function utilized is
derived from the Shannon function:
) _(x—xk_)2
Sap(X —Xp) = —Fm=p—€ 22, “4)
B
the kernel function is regulated by the parameters @ and S. Following [27], the
interpolation for a function p(x) at points xk’;z_# is expressed as:

09 () = Tho_y Sep(c — 1P (0,5 = 0,12, . )
For s = 0, the expressions for CSI)? are:
GO _wsea) =
Sap(0) =17 200 ' ' (©6)
1, x * 0.
For s = 1, they are:
_x2 _x2 _x2
cos(ﬂ)eﬁ sin(ﬂ)eﬁ sin(ﬂ)eﬁ
1 B _ B _ B
@) = . p—y X7 0, (7)
0, x = 0.

This study builds upon [27] by employing a different strategya€”’computing
the interpolator function of the filter at intermediate points, denoted as x;.q,,
rather than at the traditional x; points. This modification enhances accuracy and
flexibility in derivative calculations, leading to increased sensitivity to shocks and
improved solution quality:

0@ () ~ o, ¢)(x = Xisrs2)p(x), 5 = 0,12, .., (8)
here, r = a/f8 serves as a coefficient that regulates the filter's effectiveness in
mitigating shocks. By applying Eq. (7) along with o (x), we develop a method
for solving differential equations, extending the results from [27]. As previously
noted in [27], smooth solutions are achieved, but discontinuities can lead to
oscillations. To mitigate these, slope constraints are applied. The concept was
studied by Leer [12].

Any total variation reduction method ensures uniformity. If a discontinuous
wave is processed using an exponential total variation reduction method, the
discontinuity may persist in subsequent time steps, but oscillations will be



eliminated. A suitable approach for computing the slope s;* while maintaining
the (TVD) property is the Minmod slope function:

s/ Mmmod( % pM(x), KQ“Al—Q’), k=1or?2, 9)

and
mjin{fj}' ¢G>0,
Minmod({y, {5, ...) = m};ax{(,-}, ¢; <0, (10)

0, o0.w.,
where x can be chosen as either 1 or 2. In our examples, we set ¥ = 1, which
resulted in lower residual errors.
The (TVD) concept was introduced in [6]. The term o™ (x) represents the
first derivative obtained using the DSC filter method, as discussed in [27]. We
utilize CU schemes [11] as follows:

Q} +Q]+1

0j41 = += (Ax)(s — Sy )
At

(11
— 1
- (‘P (QJ+1 +- (At)sj“) Y (an +3 (At)sj")) .
3. Apply in moving mesh method
Following the methodology outlined in [27], we consider the following
equation,

a(¥(@)
at it o ax =0,
Q(x' 0) = QO(x)' (12)
0(0,t) =0.
This relationship is explained in detail in [27].
= (1= %) vmax- (13)

This formulation aligns with the approach described in [27], where similar
conservation principles are applied to traffic flow modeling.

4. Method convergence

To analyze the stability and convergence of the method, we utilize the
Courant-Friedrichs-Lewy criterion, as described in [27]. This condition is
expressed as:

At
(@5 <1, (14)
for conversion law equation,
0 +Wi(0) = 0. (15)
Following the methodology introduced in [27], we utilize the Courant

number, which is constrained by c, to enhance accuracy. This leads to the
condition,
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At<cmin———, j=1,..,N,n=1,..,N,0<c<1, (16)
J 1% @D

where ] represents the numerical value of p at spatial point x; and time t,.
As shown in [27], satisfying this condition ensures the convergence of the
numerical scheme. In this method W, (p}') = s;* then if find a upper limit for s;*

we can know this method satisfy CFL condltlon. Using this procedure, as derlved

2; -0} 04170}
in [27], sf=-2—L= | s =2=—L or s/ = oM (x;) where ¢ represents

] J Ax J Ax
density,
2" —p" ™~
8781 Siand 9170 SL, (17)
Ax Ax Ax Ax
then,
At < cminim < 5= A< (A)? 5 o<1, (18)
i @x)

Thus, the CFL condition is satisfied if < 1, consistent with prior

(bx )2 =
results in [27]. Next, we analyze the case where s/* = 0™ (x)),
¢ a(x—x )
We(e)) = (2,#] gt e (e ) (200, 0) — 1)
(19)
= (Zk¢}k ok Caﬁ(x])Q(xk' ))(2o(x;,t) — 1).

Since, based on the density function of u, the following holds [11]. As
discussed in [27], the density function u satisfies the following property:

0<of <1= max|2e} —1/<1, (20)

which leads to,

aC;;l_(),l(x—xkﬂ/z)

< .
max{¥, (o) < max{ )72, ST o ), 1)
LU 1
j+s 0€3a(x Xk+1/2)
< 2 par T
<32 ma] PP (o, 1) (22)
_x2 _x2 _x2
L 2a2 2a2 2a2
I cos( 7 )e sm( 7 )e sm( 7 )e
=X e um]aXI . —y et l-le(x, )] (23)
Since 0 < 0 < 1, then
(xj—xk)2 = —(Xj—xk)z
w +# cos(n(x xk))e 2a? sin i) xk))e 2a2
max max —
j | X(Q])l Zkil.k—i—% j | (x] Xk) m(xj—x)2B
ey T
sinLT0 " 2a (24)
- na? |’
B

in this method f = Ax, then



_(xj—xk)z —(Xj—xk)z —(x]-—xk)2
j+ﬁ mjax|e 2a2 | mjax|e 2a? | m]ax|e 2a? |
n 2
mjaxl‘}’x(gj)l < Zk#j,k:j—% " tr—ay m (25)
—(xj-—xk)z
Since e 222 < 1, then
j+e na?
max|¥ (eI <X * Q0T+ @@ T+ )7
Ji J k;:],k:J—E Ax (26)
2
= (= DA™ + @@+ ™,
and hence
n _ -1 3y-1 4 (ma®\-1 _At
max|¥, ()] < (4 = D@D + (@) + (o)) and 55 <=1
(27)

Since the expression on the right is explicitly computable, the method is
proven to be convergent, reinforcing the findings in [27]. However, in this study,
we extend the analysis by incorporating middle-grid point interpolation,
improving numerical accuracy in handling shock formations and stability
constraints.

5. Computational results
Sample Case 1.
We examine he LWR model for traffic flow presented in [27] as follows:

(92 , A¥(e) _
T o O
e(0,t) =0, (28)
1,x <0,
@0 = (70
We suppose that W(Q) =pv , O,
0/0,,,,) [27], where the solution is explicitly given by,

(1, fsq"(O),

=1, Unax =1, V= "Upe(1—

X

1
p(x. t) =13 Qmax(l i Omar
0, T=¥(0).

), Y1) ST <W(0), (29)

Following the computational setup in [27], we use A, Z%, u=32,

a = fB.r, and apply the technique of filtering based on spectral properties for the
obtained result for t = 1. Additional parameters include At™ = AILO, L =20,

r=0.5, c=0.5 and N is chosen as 500. Fig. 1 displays the graph of the
numerical solution to the traffic flow model using the adaptive filter method for
density. Fig. 2 compares the current approach with the exact solution, showing
improvements in accuracy. The right side of Eq. (27) is 6141. The lowest
Axj

numerical constraint of the Courant condition, calculated as ¢c—— =
m]lan(Pj)
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1.24e — 01, aligns with the results in [27]. Table 1 compares the Error method
with the Lax and Friedrichs methods. The results indicate that the L, error of the
proposed approach, relative to the analytical solution, is 5.8321e — 03.
16— . , : .

1=0

1=0.20

1=0.40
©—1=0.60
- 1=0.80
1=1.00
Exact solution

0.5

or ]D’

-8 -4 0 4 8

Figure 1
Traffic flow model solution using the current approach: density as a function of
location at £ = 1 in Sample Case 1.

T

15 T T T -
Exact solution
present method
*  Lax method
1
=
0.5
0 1 > "
4 8

Figure 2
Compare current approach with lax and exact solution in Sample Case 1.



Table 1
Evaluation errors for the current approach and the Lax scheme in an Sample Case 1
current approach L2 error Lax scheme L, error t times

6.2443¢-03 3.8623e-02 0.2
3.6165e-03 2.4367e-01 0.4
3.7278e-02 2.2642e-01 0.6
3.2345e-02 1.1686e-01 0.8
3.0441e-02 2.1935e-01 1

Sample Case 2.

For the second case, we analyze a relaxation model for traffic flow [28],
following the framework established in [27], which has been adjusted based on
the principle of forward-looking. The governing equation is given by:

do | e %a(p(1-p)) _

2wt T =% —0)

(1, 4<x<6, (30)
|Q(x'0)_(0, o.w.,
le(0,t) = 0.

Consistent with the approach in [27], we use u = 32, o0 = f.r, and apply
the technique of filtering based on spectral properties. The solution is obtained at

t =25, with parameters At = %’ L=65,r=05, c=0.5, a=0.5, and
Peq = 0.8 and N is chosen as 500. Fig. 3 presents the solution of the current
approach for density, while Fig. 4 illustrates the density evolution and its
accumulation over time. In this case, the expression on the right side of Eq. (27) is
4921, consistent with the findings in [27]. In Table 2, we evaluate the L, norm of

the error of the current approach in comparison with Lax and Friedrichs. The

. . . . Axc
lowest numerical constraint of the Courant condition is expressed as e
In®p(pj
J

1.12e — 01, demonstrating the stability of the approach as discussed in [27].

15

Figure 3
Traffic flow model solution using the current approach: density as a function of
location at ¢ = 3 in Sample Case 2.
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cu method
Filter method
Globals model

0.8
0.6
04} t

02f f M

Figure 4
Density and accumulation of density versus location over time in Sample Case 2.
Table 2
L2 error for Sample Case 2.

Current approach CU method t
4.7543¢-03 6.2854¢-03 0.6
4.1923¢-03 5.8293e-03 1.2
4.0118e-03 5.6753e-03 1.8
3.9194e-03 5.6001e-03 2.4
3.8503e-03 5.5653e-03 3.0

Sample Case 3.

For the third case, we consider a relaxation model for traffic flow that has
been adjusted based on the forward-looking law, as follows [11].

do e %ael-p)) _
STV = @(0eqg — Q)
0(0,t) =0,
4<x<6 GD

1’
|Q(x’ 0) = (0 0.W.

Following the methodology outlined in [27], we employ u =32, f = %,
o = B.r, and the technique of filtering based on spectral properties. the obtained

result for t =1 is computed with Vm = 2, At = %, L=10, r=0.5, c=

0.5, «a =0.5, and 0, = 0.8 and N is chosen as 500. Fig. 5 presents the

solution using the current approach and compares it with the CU method, as
referenced in [27]. Additionally, Fig. 6 illustrates the results obtained using both
the CU scheme and [11].

In this example, the expression Eq. (27) is 9835. Table 3 provides a
comparative analysis of the L2 error between the current approach and the Lax
and Friedrichs method. The lowest numerical constraint of the the Courant
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e A . . N
condition is expressed as —— __ = 1.51e — 02, consistent with the findings in
mjm‘*’p(p,-)

[27].

0.5

Figure 5
Traffic flow model solution using the current approach: density as a function of
location at t = 3 in Sample Case 3.
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Figure 6

In Sample Case 3, the density distributions computed using the proposed method and
CU schemes are plotted against location.

Table 3
L2 error for Sample Case 3.

Current approach CU method t
6.9918e-03 7.0104e-03 0.6
6.6804¢-03 6.9968¢-03 1.2
6.5868¢-03 6.6154¢-03 1.8
6.5338e-03 6.5981e-03 24
6.5082¢-03 6.5432¢-03 3
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Sample Case 4.
Following the methodology established in [27], we consider the following

example,
0o | 9(e(1-0))

at ax =0,
o(x,0) = i +0.7¢7x"107%) (32)
0(0,t) =0.

Following the methodology in [27], we use p = 32, f = %, o=r.fB,and
the technique of filtering based on spectral properties to obtain the obtained result
for t = 25, with parameters At =%, r=05,L=65,c=05and N is
chosen as 500. Fig. 7 displays the graph of numerical solution to the traffic flow
model by filter method density, Fig. 8 has been prepared with CLAWPACK
software, and Fig. 9 shows the density and accumulation of density over time. Fig.
7 provides the computed approximation, and Fig. 9 illustrates the density and its
accumulation over time. In this example, the expression Eq. (26) is 5035. In Table
4, we evaluate the error of the current method in comparison with Lax and

Friedrichs, following the approach in [27]. The lowest numerical constraint of the
Axc

Courant condition is expressed as ————- = 1.71e — 01.
m}n‘i’p pj)
1.5
0
1=5.00
t=10.00
1=15.00
1=20.00
1=25.00
]
-
0.5
ol ‘ .
-30 -20 -10 0 10 20 30 40 50 60
X
Figure 7
In Sample Case 4, the density distribution at ¢ = 25 , is shown as a function of
location.
08 — _
o6 o= \'\\;\
04 T —
J e —
02
0|
30 20 10 o 10 20 30
Figure 8

The diagram above has been generated using CLAWPACK software in
Sample Case 4.
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1.5 T T T T T
O cumethod
Filter method
Globals model

05— s s s , . s . , .
30 20 10 0 10 20 30 40 50 60
X

Figure 9

Density and accumulation of density as a function of location over time in
Sample Case 4.
Table 4
L2 error for Sample Case 4.

Current approach CU method t
4.3245¢-04 4.3993e-04 0.03
3.9776e-04 4.1659¢-04 6.50
3.1828e-04 3.7383e-04 13.00
2.2492¢-04 2.9384e-04 19.50
1.5305e-04 2.2291e-04 25.00

Sample Case 5.

For the fiftieth case, particularly Burgers' equation, modified based on the
forward-looking law, as shown below,

2
!@_ga@wwzo,

at ax2 ax

o(x,0) = sin(2mx) + %sin(nx), (33)
lo(0,6) = 0,0(0,1) = 0.
Following the methodology presented in [27], we use u = 32, f = %,

o = f.r, and the technique of filtering based on spectral properties to obtain the
. . A
value of the obtained result for t =1, with parameters At = 1—:; , L=1,

e =0.0001, r =0.5, ¢ = 0.5 and N is chosen as 500. In Table 5, we evaluate
the L, norm of error of the current method , following the approach outlined in
[27]. Fig. 10 shows the solution is demonstrated using the proposed method.
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=0.14
=0.29
=043
=057
=07
=0.86

2}
T
e

of = =7
051
(; 0.2 [).‘4 0.6 0.‘8 11
X
Figure 10
The current approach at ¢ = 1 in Sample Case 5.
Table 5
L2 error for Sample Case 5.

Current approach Lax scheme t
3.3773e-01 1.7843e+01 0.2
3.0569¢-01 1.8126e+01 0.4
2.0065¢e-01 7.8281e+00 0.6
1.4106e-01 3.5409e+00 0.8
1.0555e-01 2.3983e+00 1.0

6. Conclusions

Our approach combines central-upwind schemes and the filter method at
middle-grid points, resulting in improved stability for the spectral method over
long periods. We have employed the fourth-order Runge-Kutta method in the
time domain to implement this method, which is computationally efficient, less
complex, and offers greater flexibility compared to non-middle-grid point
methods. By adjusting the parameters of this method, we can adapt it to a wide
range of equations. We have conducted numerical comparisons with other
methods in several cases, and the findings show that our method produces smaller
error rates than the other methods presented in the paper. This demonstrates the
successful application of our method in modeling traffic flow problems
represented by differential equations. Moreover, this method can be easily
extended to higher dimensions and applied to more complex problems.
Furthermore, our method can be combined with the Fourier pseudo-spectrum for
certain modeling scenarios, which further reduces fluctuations. Additionally,
techniques such as using filter midpoints can enhance the resolution of the
method. Further research can focus on adapting and refining our method to
enhance its precision and minimize computational costs. In conclusion, the
central-upwind schemes and filter method provide a reliable and efficient
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approach for modeling traffic flow problems described by differential equations.
With its flexibility and ease of use, this method holds promise for a wide range of
applications and can be enhanced to achieve higher accuracy while reducing
computational demands.
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