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Abstract

This article introduces a systematic, symbolic, and pure algebraic technique called
the “Extraction and Combination Method” for minimizing Boolean expressions. This
method simplifies Boolean expressions through a sequence of algebraic manipulations
that methodically extract factors and combine terms to reduce the complexity of redundant
literal terms and operations. The algorithmic process involves the breakdown of the complex
Boolean expression into distinct components, applying the natural and fundamental
laws of Boolean algebra. Systematic ordering and generalization of Boolean operations/
subexpressions ensure that we can invariably reach termination and achieve a unique
minimized form for any given Boolean expression. The set of processes of decomposition
of the expression into subexpressions, parallel minimization, and recombination is repeated
iteratively until we get an optimized form. The minimization process avoids exhaustive
truth table generation. We proposed to seamlessly transform the algebraic form used in our
framework into a Boolean graph-a simple undirected graph in the graph-theoretic sense
that allows Boolean expressions to be studied and manipulated through graph operations
such as union and intersection, and establishes a natural bridge between algebraic logic and
classical graph theory. The method enables tautology detection, construction of Boolean
graph and camouflaged graph, identification and removal of auxiliary vertices and auxiliary
subgraphs, and derivation of simplified Boolean graphs representing minimal expressions.

Subject Classification (2020): 05C25, 06E30, 94C10, 68Q25.

Keywords: Boolean graph, Algebraic graph theory, Tautology, Simplification, Obfuscation, Logic
minimization.

1. Introduction

Boolean minimization refers to the techniques/processes that reduce the
number of gates in a logic circuit, vital for efficient hardware implementation,
decreasing power consumption, lowering hardware costs, and enhancing overall
performance. This optimization minimizes the heat generated by the chip,
enhances computational speed, and reduces algorithmic and computational
complexity. Some of the most common minimizing techniques are tabular or map
methods and classical algebraic methods [26, 27]. The algebraic methods use
Boolean algebraic axioms and theorems to simplify expressions step-by-step.
However, this minimization procedure is not unique because it lacks specific rules
to predict the succeeding step in the manipulative process. Rudeanu [27] suggests
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that algebraic techniques should be considered powerful tools alongside
traditional map methods in solving Boolean equations and optimizing logical
systems. Map methods include the classical Karnaugh map (in short, K-map)
method [19, 33]-initially developed as a manual and visual method, and the
variable-entered Karnaugh map (VEKM) [29]. VEKM combines graphical
representation with algebraic principles, significantly improving over the
classical K-map method. The steps for minimization using a K-map include
plotting the map, grouping cells of 1s or 0s, and forming the simplified expression
based on the grouped cells. The comparative study of different Boolean
minimization techniques, including algebraic methods due to Rudeanu, VEKM,
Quine-MacCluskey algorithm, Petrik's method and leveraging truth table, and
K-map in various combinational logic designs, circuit simplification or hardware
reduction, etc. can be seen in [13, 17, 21, 26, 27, 28].

Brayton et al.[5] introduce the Espresso algorithm, a heuristic-based
approach that combines heuristic rules, tabular methods, and cube representation
to optimize Boolean expressions. Quine [25] introduces the Quine-McCluskey
algorithm, a tabular method for finding prime implicants and essential prime
implicants, which is a systematic way to minimize Boolean functions and
simplify digital functions. The prime implicants are the simplest product terms
covering minterms, and essential prime implicants are those prime implicants
uniquely covering at least one minterm not covered by any other implicants
(product terms that can cover minterms). The classical algebraic manipulation
method grows exponentially with the increasing size of the problems. It requires a
solution to NP-Complete or coNP-Complete problems [14] to determine whether
there exists any assignment of input variables such that the expressions evaluate
to 1 (satisfiability) or denote the same functions (equivalence). The classical
K-map is a pictorial method for minimising Boolean expressions, but its
effectiveness in reducing Boolean expressions decreases drastically beyond four
variables.

Considering the superiority of visual notations over classical algebraic
manipulations, Alharbi [3] has proposed a technique for representing and
minimizing a Boolean expression by a truth graph. It converts the Boolean
expression into a visual representation, however, this visual technique would be
difficult in minimizing the complex Boolean expressions. It focuses on
visualizing Boolean expressions with a few variables. The terminology "'truth
graph" is also used by Ma [23], who visually represents the truth table by
circumference of the circles using the truth value coordinates; however, such
representations are not effective in the Boolean minimization process. Based on
Binary-Decision Programs [22], subsequently improved as Binary Decision
Diagrams [2], a popular technique of graph-based algorithms for Boolean
function manipulation was introduced by Bryant [6]. In the class of algorithms for
manipulating Boolean functions introduced by Bryant, the Boolean functions are
represented as directed acyclic graphs having several advantages; like all the
symmetric functions are represented by graphs where the number of vertices
grows at most as the square of the number of arguments, reduced graphs give a
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canonical form that makes testing of equivalence and satisfiability easy.
However, a particular ordering of arguments has to be chosen at the start of the
algorithm, which is a complex problem. Haghparast and Mohammadi [16] present
an efficient quantum-inspired genetic algorithm for Boolean function
minimization, combining optimization techniques with quantum-inspired
computing. Ghosh [15] uses the Boolean minimization technique to explore and
optimize reversible logic circuit synthesis for FPGA (Field-Programmable Gate
Array). The work of Das, and Mandal [11] discusses algorithms for minimizing
Binary Decision Diagrams (BDDs), a vital data structure in Boolean function
manipulation. Further readings including recent works describing Boolean
minimization as a vital field, especially in circuit complexity and digital logic
design can be seen in [9, 12, 18, 24, 35].

An important technique to reduce logic minimization's complexity is
breaking down the expression into simpler sub-expressions. Some of the methods
mentioned above have now evolved into parallel or adopted approaches from
purely sequential to parallel algorithms, such as parallel Quine-MacCluskey for
splitting minterms into groups and processing in parallel; Parallel Espresso for
VLSI synthesis; MapReduce for extensive data (digital design verification), and
more exclusive parallel processing design such as GPU-based minimizers for
massive parallel speed. However, these parallel processing techniques also
encounter exponential growth due to an increase in variables, load balancing in
parallel (some processors finish early, while others lag), exponential growth in the
truth table size, and, above all, no algorithm guarantees an optimal solution. One
of the inspirations for our approach is the Shannon expansion or decomposition
that allows breaking a Boolean expression into two sub-expressions based on a
chosen variable, and the fullest reduction could be achieved by repeating
Shannon's expansion theorem for each variable in the expression [32].

We employ a series of reduction axioms in a systematically predefined
sequence to simplify Boolean expressions until a saturation point is reached. By
convention, the precedence of the operations from NOT (highest) to AND, then
OR (lowest) equipped with clausal subsumption naturally ensures the conversion
of a given Boolean expression into Minimal Disjunctive Normal Form (MDNF).
Clausal subsumption referred to as product term subsumption, is treated as the
highest iteration precedence in the proposed algorithm (for details on the
subsumption theorems, see [8]). However, the product term subsumption alone
cannot fully minimize a general Boolean expression. Thus, we incorporate
various Boolean axioms in sequence in the algorithm, including absorption and
distributivity. By iteratively breaking down into smaller sub-expressions,
simplifying individually, and re-combining the sub-expressions, we ensure a
simplified expression and termination of the algorithm after a finite number of
iterations. Here, a simplified expression of a Boolean function means a form that
cannot be further reduced, i.e., a saturation point is attained. In the following
section, we define the notion of a saturation point, which guarantees the simplest
form of the expression. Nevertheless, some of the existing techniques, including
MinBlog [31] are reported to be fast and possess high runtime efficiency, faster
than Espresso. MinBlog approach uses a Graph Attention Network (GAT) by



NOVEL BOOLEAN LOGIC MANIPULATION 5

constructing a graph representation of Boolean functions and their subsequent
simplification through training of a Machine Learning model that identifies the
prime implicants. Our current approach is focused on a pure algebraic approach
that will be ideal for classroom teaching, and suitable for further development of
formal proofs, theoretical analysis, and delivers a deterministic, unique minimal
expression.

We introduced a novel approach to transitioning from symbolic Boolean
algebra to a graphical representation in the classical graph-theoretic sense in
Section 5, and introduced auxiliary vertices/subgraphs and a camouflaged graph.
This approach opens a new possibility of exploring graph-based cryptographic
methods or secure circuit representations through obfuscated graphs. We formally
introduced the concept of Boolean graph in [34]. Recent publications have
inspired the idea of a transition between symbolic algebra and graph theory [7,
30], as well as the construction of a camouflaged graph from [20].

2. Preliminaries

For the ease of representation, we will represent logical symbols —
(negation) as (complement), V (disjunction) as + (addition), A (conjunction) as
- (product), and = (equivalence). Further, the logical equivalence (=) refers to
transformed expressions while maintaining the same behaviour in truth values,
while the equality (=) denotes exact structural equivalence. A ferm is either a
variable or a product of literals, and a literal means a variable or the complement
of the variable. Two literals x and X are complementary. The number of literals
present in a product term is called literal count. We know that the De Morgan's
laws of complement of a conjunction and complement of a disjunction are
expressed as: X -y =X +y and X + y = X - y, respectively.

. Disjunctive Normal Form (DNF): A Boolean expression in DNF is
represented as a sum of products (logical OR of logical ANDs). Each term
corresponds to a minterm of the Boolean function, evaluating it to be true if
any minterm is true. Note that a minterm refers to a product term in which all
the variables of a Boolean function appear either as the variable or its
complement.

. Product term: For a Boolean function F(xq, x5, ..., Xy), a product term is a
conjunction of Boolean variables. Examples include x;x, and X;. Product
terms in a Boolean expression are free from the operation + and De
Morgan's laws, such as X; and x;x3, but not X;x, or x; + x,.

. Minimal Disjunctive Normal Form (MDNF): A Boolean expression

F(xq,%3,...,Xy) is called minimal disjunctive normal form if each of its
terms is a product term, separated by logical sum + or V if no product is
repeated and no product subsumes another. No variable within a product
term is repeated. Terms like x; + x; reduce to x;, meaning x; + x; = x;.
. Subsumption: A relationship between two clauses or terms, where one term
subsumes the other. For example, in abc + abcd, the product term abc
subsumes the other product term abcd, hence abc + abcd = abc.
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*  Saturation Point: In this step, we reorder and delete subsumed product
terms. Arrange the pair of product terms separated by + so that one product
subsumes the other. Organize the product terms of a Boolean expression in
pairs of the form (X +Y), where X and Y are product terms, and one
subsumes the other. We will call the expression (X + Y) a par of product
terms X and Y. Specifically, in each pair, one product term subsumes the
other if all literals in one term are contained within the other. Create a sum of
such pairs across the Boolean expression as F = (X; +¥;) + (X, +Y,) +
---. In the first pair, we select the product term with the highest literal count
as Y and pair it with the product term X with the least literal count that
subsumes Y. This ensures that the first pair includes the most complex term
(in terms of the number of literals) and the simplest subsuming term. The
pairing proceeds similarly for subsequent terms, with each pair consisting of
a subsuming relationship between the two terms. Hence, the terms with the
highest and most minor literal counts are selected according to the
subsumption relationship in each pair. This ordering is beneficial in rapidly
eliminating the complex product terms with many literals and consequently
contributes to a faster simplification process. Furthermore, we avoid
repeating the same product terms when pairing within a current loop.

For instance, we extract Fl(o) from a Boolean expression F =ab +

ghijklm + abc + abcd + abcde and reorder as Fl(o) = (ab + abcde) +
(abc + abcd), and the remaining disjoint or independent term here is
FZ(O) = ghijkim. To generalize this process, we consider the indices of the
literal counts for each term within the pair as a;; and f;; such that
a;; < Bij (see Step 0(3)).

3. Main Results

Let F(xq,x,, ..., X,) be the given Boolean expression in n variables, and
for brevity, we denote it by F. In the extraction process, each loop iteratively
breaks F into four distinct components, labeled F,,, G,,, H,,, and I, where m
represents the current loop (m™ step of algorithm). The choice or the extraction
of E,, G, and H,, is independent, and hence they can be computationally
processed and simplified in parallel symbolically without going through
tabulation. The overall processes of parallel processing and recombination are
iterative, finally leading to an optimized form. The initial state of the expression
in the zero loops is defined as follows:

Step 0: The initialisation sets up and clarifies each term and prevents redundancy
before entering the central iterative reduction.

1. Extraction: Define the initial segments of F as follows:
Fob=0=F); Go,=0=G,; Hy=0=H,; I, =F =1,
2. Combination: To reconstruct the initial Form of F , the extracted
components are recombined:
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F=F)/+G, +Hy,+1,.
3. Saturation Point: Let a;; < f;j, and set F = F ©, We extract FI(O) from
F© as follows:

0
Fl( ) = (X11%12 " X1gy, T X11X12 "‘xmn) + (x21%22 Xogy, T
X21X22 "'xzﬁlz) +t (xrlxrz U Xrag, + X1 Vr2 "'xT,B’”)'

Here, each x;; represents the j™ literal in the i*" pair of product terms,
which are either variable x; or its negation X;. And each a;; and f;; represent
the literal counts within the j™ pair of product terms in the current i*' loop. Let
F” = FO — E© then the subsequent loop gives:

0 — r© 0
FO® =F" +F,

= (X191 %12 " Xigy, T X112 - Xag, ) + (X21X02 -+ Xog,, +

X21Y22 " xzﬁlz)

(0)

+oet (xrlxrz “Xray, T Xr1Yr2 xrﬁlr) +F
- 0
= T2y (U T2 ) o+ T2 2y (14 T ) + B
— 0
= 1104 oy + 1572 o + -+ 1 xy + B

After this first round of the subsumption process, new pairs of terms may be
generated in which one subsumes the other. Therefore, this process repeats,
setting F(O =F® | a,; and B,;; FY =F@® | a;; and B;; and so on,
similarly for subsequent loops. However, after a finite number of loops, we will
reach a point where no term subsumes the other because we have only a finite
number of terms. Hence, this loop will reach a saturation point as follows:

F&D =0+ E*
= FOU = F71,
This shows that F attains its saturation point of the subsumption denoted by

F=F60 = FZ(Sl), where s; is the subsumption iteration number at 0™ step of
the algorithm.

Step 1: Decompose the expression F2(Sl) into Fy,G;,H;, and I, thereby

simplifying the complexity of the extraction process. If F; =0, G; =0, and

H, =0, then I, = F6V = Fz(sl), indicating the loop saturation. Else, proceed

with the further extraction process as follows:

1. Extract the Boolean expression F; from FZ(Sl).' In this step, we order the
pair of product terms differ by precisely one complementary variable a;
and @;, and subsequently, the complementary variables are eliminated from

each pair. The literal a; is some x;, and p; is the literal count of each
product term such that p; > p;,4.



G. UMBREY ET AL.

F = (a1x11 Xpp, T QX xlpl) + (azle  Xop, T 0pXp "'x2p2)
+ -+ (a[Xgl X[pe + d[X[l X[pe).
We can write F; compactly as:
— P = P P = TP
F =(a 12, xy +a 1L, xy;) + (a, 152, x5 + @ I1Z, Xy;) +
P -~ P
© T+ (ae Hjil Xej + ayp Hjil x{’j)

= TP — P = P -

= Hjil x1j(a1 +a)+ Hji1 xzj(az +a)+ -+ Hjil xfj(af + )

— TP P P —

= Hji1 X5+ Hjil Xpjt et ji1 Xej = Fi.
The iteration process in this step will repeat until £ = 0 such that F," = 0.
For example, the expression x;X,X; + X1X,X3 + x;X, is reduced to

X1X, + x1%, in the first iteration. After the second iteration, the expression
is reduced to x;.

Extract the Boolean expression G, from Fz(sl): In this step, we order the
pair of product terms differ by one complementary variable b; and b;, and
the remaining literals conjunction with b; subsumes the remaining literals
in conjunction with b;. Subsequently, b; is eliminated from each pair.

Gy = (b1x11%12 X1, T byx11%15 *+ x1ﬁ1) +
(bax21%X25 =" Xaq, + baXp1Xpp * Xpp,) + o+ +
(bsxslxsz  Xsag + bsxslxsz xsﬁs)'
where a; and f; are non-negative integers, and a; < f;; 1 <i <s.
The Boolean expression G; in a compact generalized Form is:

G = (bl H?il X5+ 51 Hfil x1j) + (bz H?il Xy + 52 Hfil xzj) + -
+(bs T2, x5y + b I, x5)

(b TI72, 1y + 172, 1) + (b T2, g + 1172, xp5) +
+(bs T2, 2y + 1172, x45) = G

The iteration process in this step will repeat until s = 0 such that G," = 0.

Extract the Boolean expression H; from Fz(sl): In this step, we order the
pair of product terms differ by one complementary variable c¢; and ¢;, and
the remaining literals conjunction with ¢; subsumes the remaining literals
in conjunction with ¢;. Subsequently, c¢; is eliminated from each pair.
Hy = (C12%11%2 X1y, tC1X11X12 "'x161) +
(Coxp1255 ++ Xy, T CaXp1Xp5 * x262) + -
+(Cexer Xz Xy, T CeXe1Xep o xtb‘t):
where, y; and §; are non-negative integers, and y; < §;; 1 < i <t.
The Boolean expression H; in a compact generalized Form is:
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H = (Cl Lxjitog Hfil xlj) + (C_z H}Zl X5+ C; H;Zl xzj) +
+(c‘t H};l Xj + ¢ ]'[;Ll xtj)

= (& H}q:l X1+ Hfil ;) + (& H}Q:l Xpj + Hfil Xoj) +

+(C_t Hyil Xej + Hfil xtj) =H,"

The iteration process in this step will repeat until ¢ = 0 such that H,' = 0.

4. Let I be the remaining portion of F(xq,x,, ..., X,) after F;,G;, and Hy
have been extracted:

L =F*Y —(F, +G, +H) =1,
5. Continue the extraction and combination process:
FO = F(l) + F( ). Considering ¥y < .
FO = (V1112 Uy, T V11V V1611) +
+ (Vo1Vez *** Vgy,e + 17917792 Vgs,,) T EY

— 1
FO = [0 v (4TI, o) + o+ 112 v, L+ ve,) + BV

j= V o+l
FO = 1’11 v+t “1’19 v + F( )

By s1m1lar extraction, and setting F(V = F®)_ we have:

— @ 2
F® =F“ +F

2) _
F® = (W1ywyp - Wiy,, + WiiWyp - W1621) +

2
-+ (W¢1W¢2 Wwymp + W¢1W¢2 W¢52¢) + FZ( )
2) = V Y2y @)
F@ =1 Sowy(1+ ] y21+1 wyj) + et H] 1 Wl/U(l + H} =Yap+l W',DJ') )

F@ = j’21 Wy + - _l_Hyzw wy, +F(2)

This iterative process continues until:
— Sk
F6O =0+F,
— Sk
FG© = Fk,
This shows that F attains its saturation point of the subsumption denoted by
F = FO0 = 0,

If F, =0, G,=0, and H, = 0, then I,' = F&© = E°¥ | showing the
overall saturation of the loop, which is the required simplest form. Else, we
proceed with the subsequent loops similarly until I, = F©®) = E, where s is
the number of the subsumption iteration at m™ step of the algorithm.

The above algorithm is summarized as follows:
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4. Algorithm

1. Check for Minimal Disjunctive Normal Form (MDNF) : If F(xq, %5, ..., Xp)
is not in MNDF, ensure that each term is a product and apply subsumption
iterations at the 0™ outer loop to obtain F = F(1) = FZ(Sl). Otherwise,

proceed to the next step (Step 1) to obtain F = F©K) = FZ(S").

2. IfF,=0,G,=0, and H, =0, then I, = F&K) = Fz(sk), showing the
overall saturation of the loop, which is the required simplest form. Else, we
proceed with the subsequent loops similarly until I,," = F© = £, which
is the saturation of overall iterations at s™ iteration and m™ step of the
algorithm.

Remark 4.1: In the above algorithms, we have not mentioned the Boolean
function F containing the expressions like x;x, + X;x3, where the pair of terms
contain the complementary variables and the remaining literals or products are
disjoint. However, this case is covered by the subsumption iterations as the
subsumption iterations search for all the possible pairs based on subsumption
relations. We will pair the term x;x, with a term subsumed by it, and similarly
for Xx;x;. If we have an expression x;x, + X;X3 + X,X3, how will subsumption
iteration work? Here, the term x,x; can be made to be subsumed by the terms
XX, and X;x3; by the Consensus theorem or Redundancy theorem [1, 4] as
follows: x;x, + X1x3 + X3 = X%, + Xy X3 + Xx3 (% + %) = (X%, + X1%,%3)
+ (0 x5 + X1 X5X3) = X1X, + X1 X3

Definition 4.1: A Boolean function F said to be in its simplest form if:
1. F isin minimal disjunctive normal form.

2. There is no pair of product terms that differ by exactly one complementary
variable a; and a;.

3. There is no pair of product terms differ by complementary variables b; and
b; such that the remaining literals either conjunction with b; subsumes the
remaining literals conjunction with b; or conjunction with b; subsumes the
remaining literals conjunction with b;.

Theorem 4.1: If I, = FZ(S), where s is the number of iterations of the
subsumption process and m is the number of steps of extraction and combination
algorithm, then the Boolean function F on n variables is in its simplest form.

Proof: Setting F = F at m'™ step of the algorithm, we have
FO = £ 4 £, )
Where FZ(S) =F,, + Gy + Hy, + I, and Fl(s) is the sub-expression of
F® containing the subsuming pairs. But I, = FZ(S) implies that the value of
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Fz(s) is solely decided by the value of I,,, therefore, the expressions Fy,, G,

and H,,, areredundant. Thus F,,, G,,, and H,, must all be false (0) whenever

FZ(S) is true (1) ie, F, =0,G, =0 and H,, = 0. Next, we have the

following observations:

1. FE, = 0 shows that after the m™® step of the iteration, no pair of product
terms differ by exactly one complementary variable a; and a;.

2. Gy =0 and H,,, = 0 shows that there is no pair of product terms differ by
complementary variables b; and b; such that the remaining literals either
conjunction with b; subsumes the remaining literals conjunction with b; or
conjunction with b; subsumes the remaining literals conjunction with b.

3. We have F® = Fl(s) + FZ(S). We wish to show that the value of F© is

entirely decided by the value of Fz(s) at s, a finite number of subsumption
iteration processes. The potential subsuming terms will be decided by the
presence of common literals, leading to a finite number of pairings. Thus,
the finite number of product terms in F directly implies that there are only a
finite number of subsuming pairs of product terms in any Boolean
expression with n variables. Thus, the process will reach a saturation point
ata finite s™ subsumption iteration i.e., Fl(s) = 0. Consequently, F attains
the minimal disjunctive normal form.

Hence, the Conditions 1,2 and 3 ensure that F is in its simplest form.

Proposition 4.2: For any Boolean expression F, the simplified form F®
obtained through the extraction and combination method is unique.

The proof is simple as the extraction and combination method involves a
systematic sequence of steps where the finite number of literals or product terms
are extracted, subsumed, or substantially reduced repeatedly until the saturation
point, and all the operations are deterministic. The same initial expression and
sequence of steps will always result in the same simplified form.

Theorem 4.3: Let R be the set of algebraic minimization rewrite rules for the
extraction and combination algorithm, then, for every Boolean expression F,
rewriting under R has the following properties:

1. Every transformation is logically equivalent.

2. The process terminates in a finite number of steps.

3. Theirreducible form is unique irrespective of reduction order.
4. The irreducible form is a minimal in sum-of-products.

Proof:

1.  Each rewrite rule in R is derived from a Boolean tautology in step 0(3),
where the matching pattern of the form X + Y, where X and Y are product
terms, and one of them subsumes the other. Here, the tautology of the form

(1+ e LX) (1 + P | %) is iteratively removed.

j=ai1+ j=air+
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Further, the extraction of the Boolean expression F; from Fz(sl) instep 1(1)
removes the contradiction using the matching pattern of the form aq; + @;,
where a; and a; are complement to each other. Here, contradiction of the
type: v; = (a, +a;),v, = (a, +a,),-,v; = (aq; + a;); are iteratively
removed till =0 . Overall steps 0—4 of the algorithm cover
idempotence, consensus, and absorption of the types X + XY =X, X +
XY =X+Y and XY + X =Y + X. Hence, every step preserves the logical
equivalence of the original expression.

2. Let M(F) be a measure of the total number of literals in all product terms.
Each reduction strictly decreases M(F), since the rules either remove
redundant terms or simplify products. Since M (F) is a nonnegative integer,
infinite descent is impossible. This guarantees termination.

3. If F->F, and F = F, are two different reductions. Because the two rules
preserve equivalence and are directed toward irreducibility, the two
resultant expressions are logically equivalent. By Church-Rosser theorem
[10], there is a common expression F* derivable from both F; and F,. All
reduction paths therefore point to a unique irreducible normal form.

4. Upon termination, each remaining product term is a prime implicant: no
term can be further reduced, subsumed, or eliminated. Further, all redundant
prime implicants have been eliminated, and thus the final expression is an
irredundant prime cover. The normal form is therefore a minimal
sum-of-products representation.

With all these properties, the algorithm follows the rewrite system R
proving the correctness of the Boolean minimization procedure.

While it may be too soon to say this method is better than current state of art
methods, it presents a new and easy approach. It provides new ways for
visualization, algebraic reasoning, and logical obscuring, rather than quick
efficiency improvements. Therefore, the proposed comparison of our method
with existing methods in Table 1 should be viewed as intuitive and exploratory. It
demonstrates the new interpretive and structural aspects of the algebraic-graph
method, creating a new transitional avenue in symbolic logic and classical graph
theory.

Table 1
A brief exploratory comparison of the proposed method with some classical methods
Method Approach Strengths Limitations
Karnaugh |Graphical Visual and effectively |Impractical beyond 6
Map representation using  |fast forup to 4 — 6 variables due to
(K-Map) grids of 1s and Osto |variables, and exponential cell growth,
group adjacent guarantees minimal and manual grouping not
minterms. SOP. automatable for large
maps.
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Quine— Tabular method of Systematic, algorithmic [High computational
McCluskey |finding all prime and exact-guarantying |complexity-grows
QM) implicants by group  [minimal form; exponentially with increase
minterms, improvement over in variable; infeasible for
constructing prime K-map in handling large variable counts
implicant table or chart|more variables (n12).
to select minimal effectively.
cover.
Espresso  [Iterative heuristic Produces a minimal or |Greedy approach to find
(Heuristic  |two-level cover near minimal set of good solutions quickly that
Minimizer) |minimization-avoiding|product terms; may not guarantee absolute
exhaustive search over [efficiently handles minimum; depends on
assuring absolute large-scale circuits; initialization and
optimality; takes compatible with heuristics; some sequential
expansion, reduction, |don't-cares; extensively |dependencies limit
irredundant stages used in CAD/EDA parallelism.
tools; scalable to
hundreds of variables.
Shannon  [Recursive Foundation for Exponential recursion in
Expansion |decomposition using (recursive algorithms, |the worst case; efficiency
identity: f = xfy—, + |basis for BDDs (Binary |relies on variable ordering;
Xfx=0, Where the Decision Diagrams),  |not directly a minimization
original function f is |and SAT solving; algorithm, but a
represented as decomposes problem |decomposition technique,
combination of systematically and well |hence no guarantee of
simpler functions suited for parallel minimum circuit
Xfy=1 and Xfy—q. processing. implementation, and not
suitable for logic design
problems.
Proposed  |Truth-table-free Deterministic and Requires experimental
Symbolic |rewrite system using |unique minimal SOP; |validation against the state
Algebraic |Boolean axioms with |inherently of art methods; worst-case
Method parallel simplification |parallelizable; avoids |combinatorial blow-up
(this work) |of extracted exponential truth-table |possible if not efficiently
subexpressions. Pure |enumeration; creates  |implemented.
algebraic manipulation|new avenue for
and visual seamless transition
representation of between symbolic
Boolean expression in |Boolean algebra and
classical graph classical graph theory;
theoretic setting. creating camouflaged or
obfuscated
graphs-setting
foundation for
developing graph-based
cryptographic methods
or secure circuit
representations.
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5. Construction of Boolean Graph

By the Boolean graph, we mean a simple graph representing a Boolean
expression. In our work on Boolean graphs, we utilize concepts similar to those
implemented in computational tools like Wolfram Research's BooleanGraph
function, which allows for the representation and manipulation of Boolean
expressions as graph structures [36].

5.1 Determination and Removal of Auxiliary Vertices in Boolean Graph Induced
by OR (+)

The auxiliary vertex v is an additional vertex to represent Boolean
operations in graph form. A vertex in a Boolean graph may be a single literal or a
term in a Boolean expression. This auxiliary vertex plays a crucial role in
distinguishing between the OR (+) and AND (-) operations in visual form. This
vertex allows for a clear visual and structural differentiation between the AND
and OR operations.

*  AND Operation (-): Direct edge between vertices indicates both conditions
must be met.

. OR Operation (+): Auxiliary vertex v connects to either of the vertices,
indicating at least one condition must be met.

The auxiliary vertex ensures that the graph representation of Boolean
expressions is unambiguous. It helps to visually differentiate between the strict
condition of AND and the loose condition of OR. Consider the Boolean
expressions x -y and x + y and their graph representations as follows.

Figure 1 Figure 2
A simple graph representing the A simple graph representing the
Boolean expression x -y Boolean expression x +y

The Boolean expression (x - y) is an edge with end vertices x and y, and
the expression x + y represents the presence of at least one edge involving x or
y as shown in Figures 1 and 2, respectively.

Consider another Boolean expression x; - (x, + x3) and X; - x, + x3 and
their graph representation as follows.

In Figure 4, x5 is connected to X; and x, through an auxiliary vertex v. In
general, the auxiliary vertex v induced by OR (+) will always be a tautology or
evaluate to true (1), which does not change the logical value of the original
expression when combined with the expression by the AND operation (-). For
example, in the Figure 4, by considering the auxiliary vertex v as a symbolic
representation of tautology, we have the following equivalence expression:
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X1 X+ X3 =V X"V Xy +V"X3
=v- (k%) + (V- x3)
=v- (X xy + x3).

@

Figure 3 Figure 4
A simple graph of X - (x; + x3) A simple graph of x; - x; + x3.

An auxiliary vertex is a literal or a term in the basic atomic canonical form as
follows:

A: 1+ Z, where Z is a sub-expression of the subsumed term X or Y of
X +Y. For example, the expression abc + abcde can be written as
abc + abcde = abc(1 + de). Here, the auxiliary vertex is 1+ de and
Z = de from the subsumed term abcde.

B: a4+ a, where a and a are literal singular symbols that are complement of
each other.

Since the auxiliary vertices are tautologies, all its other forms eventually
collapse to either form A or form B. A fixed constant truth value 1 is called a
trivial auxiliary vertex. Therefore, a Boolean graph representing a minimal
disjunctive normal form having no pair of product terms differing by precisely
one complementary variable a; and @; has no auxiliary vertices (except,
trivially 1), and each minterm of such a Boolean expression will be a clique (the
proof is trivial due to commutative property of AND (+)). Therefore, the process
of identification and removal of auxiliary vertices leads to the determination of all
possible cliques in a Boolean graph. Suppose G; and G, are two simplified
Boolean graphs, then the product G - G, gives the sum of common cliques of G;
and G, , representing the common minterms of the Boolean expression
corresponding to G; and G,. Furthermore, a Boolean graph representing a
simplified or minimized Boolean expression will contain only trivial auxiliary
vertices, i.e., 1 or 0, hence in Figure 4, the auxiliary vertex v = 1. Similarly,
Figure 3 is a representation of a simplified Boolean expression; we have just
omitted the trivial auxiliary vertex 1 connecting x;,x, and x3 as 1-{X; -
(xz +x3)} = % - (X2 + x3).
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1. Saturation Point in step 0(3) is a process of determining and removing the
auxiliary vertices using the matching pattern of the form X + Y, where X
and Y are product terms, and one of them subsumes the other. Here, the
auxiliary vertices are of the form:

(1+ Hf;}mﬂ xg5),, (1 + Hfifxlrﬂ x;;).  The Boolean  graph
corresponding to the saturated form of the expression will be free from the

auxiliary vertices of this form.

2. Extracting the Boolean expression F; from FZ(Sl) in step 1(1) is a technique
to determine and remove the auxiliary vertices using the matching pattern of
the form a; + @;, where a; and a; are complement to each other. Here, the
auxiliary vertices are of the form: v, = (a; + @;),v, = (a, + @), +,v; =
(a; + @y); if 1 = 0, then there is no auxiliary vertices of this form.

The Boolean graph corresponding to the simplified Boolean expression is
called the simplified Boolean graph, denoted by Gz. Hence, Gz does not contain
any non-trivial auxiliary vertices.

5.2 Auxiliary Vertices Induced by AND (+)

The auxiliary vertices induced by AND (-) in a Boolean graph are
contradictions of type v - ¥. Since adding a literal v - ¥ to any term in a Boolean
expression will not change its logical value, the auxiliary vertices induced by (+)
can be added to any vertex in a Boolean graph. The symbol 0 is a trivial auxiliary
vertex in this case.

Suppose literals a and b complement each other such that a - b = 0, then
a simple expression y; - y, representing an edge with vertices y; and y, canbe
camouflaged as complicated by the addition of auxiliary vertices such as
a-b-(xyx, - x,). The following is an illustration with n = 10.

Y1'Y2 EVi Y+ 0=y -y, ta-b=y -y, +a-b- (X x50 Xq0)
S1--y2)+1-{(a-b) (x1-x5x10)}
S1-y-y2ta-b-(xg x5 %)}

(a) Graph of y; - y; (b) Graphof 1-{y; -ya+a-b- (g x3 - x10)}

Figure S
Graphs y; -y, and 1-{y; -y, +a-b-(x1-x,--Xx19)} are logically equivalent
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In a complete Boolean graph, if a literal a and its complement b are its
vertices, then the complete graph is equivalent to 1-0-an edge with trivial
auxiliary vertices 1 and 0.

Definition 5.1: In a Boolean graph G(F) of a Boolean function F, if an auxiliary
vertex v is a vertex of a clique C,then C will be called an auxiliary clique ( AC)
of G(F). The largest possible clique with v as one of its vertices will be called
the maximal auxiliary clique ( MAC) of G (F). Any other subgraphs representing
a tautology or a contradiction will be called auxiliary subgraphs ( AS). For
example, the graph 1-0 with distinct vertices 1 and 0 is a trivial auxiliary
subgraph of every Boolean graph. A Boolean graph containing a non-trivial
auxiliary vertex or an auxiliary subgraph will be called camouflaged graph.

(a) Graph of xq - x5 - x3

(b) Graph of x1 - x5 - x3 - (1 4+ x4 - X5 - X3¢)

Figure 6
Graphs xq - x5 - x3 - (1 + x4 - X5 - X30) is a camouflaged graph of xq - x5 - x3

The graph in Figure 6b is a camouflaged graph of the graph in Figure 6a,
they are logically equivalent graphs. Similarly, the graph in Figure 5b is a
camouflaged graph of the graph in Figure 5a. For instance, ]'[j.‘;i Xq j(l +

fi;‘xnﬂ Xp) 4+ ]'[7;; x(1+ § LX)+ FZ(O) can be a very

J=ar+



18 G. UMBREY ET AL.

complex as a camouflaged graph of its simpler form H?ill X5+ H?izl X+

e T + B

5.3 Complement of a simplified Boolean Graph

Is the complement of a simplified Boolean graph equivalent to the usual
graph complement? In this section, we will define the simplified Boolean graph
complement with an illustrative example, and see that the simplified Boolean
complement and the usual graph complements are the same. However, the hidden
technique for obtaining a simplified Boolean graph complement differs from
determining the usual graph complements. Consider a simplified Boolean graph
G (Fpin) with vertices x4, x5, X3, and x, and edges representing the simplified
Boolean expression I = x; + (x;, - x3) + (x5 - x4). Figure 7 represents I = x; +
(x5 - x3) + (x5 - x4) and Figure 8 is the usual graph complement of the Boolean
graph in Figure 7.

Figure 7 Figure 8
Boolean Graph I Usual Graph Complement T

The Boolean complement of this graph expression is:

I'=x+ (- x3) + (x5 x4)
Using De Morgan's laws, we get:
[=3 (% + %) (5 + %)
Breaking it down further:
['= (% %)+ (% % %) + (% - H - %) + (Xy - Hz - %)
The corresponding complement graph is drawn in Figure 9 as follows:

(fh—i i)

Figure 9 Figure 10
Complement Graph T Simplified T
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We observe that the complement of a simplified Boolean graph differs from
the conventional graph complement. However, this graph is just an intermediate
graph as the expression I = (X; - %) + (X, - %, - %4) + (X1 - X3 - %) + (%, - X5 -
%,) is not in its simplest form. The simplest form of I is %; - ¥, + %; - X3 - X,.
Therefore, the corresponding Boolean complement graph in simplified form is
given by Figure 10.

Replacing each Boolean variable in the simplified I by its complement, we
get the Boolean complement graph of I, which is the same as the usual graph
complement /. By Boolean graph complement, we mean the complement of the
graph without non-trivial auxiliary vertices or auxiliary subgraphs. In other
words, we discuss only the complements of a simplified Boolean graph.
Enumerating the complement of a camouflaged graph is computationally an
unnecessary burden; instead, the camouflaged graph must first be reduced to its
simplified form by removing the auxiliary vertices or auxiliary subgraphs before
applying the complement rule.

Theorem 5.1: If F is a Boolean expression in variables x, ..., x, and G(F) is
its Boolean graph, then the graph complement G(F) is isomorphic to G(F)-the
Boolean graph of the complement expression F, up to replacing every vertex by
its complement (i.e. x = X and X = Xx).

Proof: Consider a vertex x representing a variable in G(F). In the Boolean
complement F, the role of x is taken by X, so under the mapping x = ¥ (and
X & x), every vertex is replaced by its complement.

In G(F), an edge between any pair of literals x; and x, means Xx; - x,
appears in F.In G(F), two vertices are connected when they were not connected
in G(F).But this is exactly what happens in F: a conjunction that does not satisfy
F will satisfy F.

Thus, after relabeling each vertex by its complement, the edges of G(F)
match exactly the edges of G(F). Therefore, G(F) = G(F).

6. Conclusion and Future Direction

Extraction and Combination is a systematic and parallel approach to
minimize Boolean expressions through algebraic manipulations. The method is
designed to simplify complex Boolean expressions by breaking into four
sub-expressions of predefined rules so that those sub-expressions can be easily
searched and simplified individually and recombined. The overall iteration
repeats until the extraction process exhausts, creating a unique, simplified form.
This systematic and predictable approach is easy to use, and visualizes the
Boolean algebraic simplification process. It is potentially an excellent educational
tool for teaching digital logic minimization, providing practical knowledge of
logic reduction techniques, and visualizing the sequence of logical operations. On
further refinement, this method can also be highly beneficial in Al for optimizing
logical decision processes that rely on complex Boolean logic and rule-based
systems.
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Our proposed symbolic approach provides an additional conceptual
advantage beyond conventional Boolean minimization and such a transformation
also opens the possibility of constructing camouflaged or obfuscated graphs,
which can conceal logical structure while preserving functional equivalence.
These features open a potential basis for developing graph-based cryptographic
methods or secure circuit representations, especially where symbolic expressions
and their corresponding graphs exist as two forms of the same logical system.
Particularly, we will present a conceptual framework for a Camouflaged-Graph
Cryptosystem (CGC), building on the symbolic Boolean to graph representation
created in this work. Confluent rewrite rules of Theorem 4.3/algebraic
minimization or similar algorithms may be used during the decryption process to
restore the graph's canonical form after a cryptographic obfuscation or a
camouflaged Boolean graph has been created during encryption.
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