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Abstract

We consider a discrete-time Markov decision process with a state space and an action
space in general setting, evaluated according to a fractional discounting reward criterion.
For the sake of discussing an optimal control for this model, we transform this model to a
Markov decision model under the usual discounted reward criterion by using the parametric
method. We discuss the existence of an optimal policy as well as the continuity of the
corresponding optimal value function for our model.
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1. Introduction

As the performance criteria in the fields of Markov decision processes and
stochastic control problems, the finite horizon criterion, the infinite horizon
discounted criterion and the time average criterion are well-known. For example,
the finite horizon criterion has been studied by [2, 3, 4, 10], the infinite horizon
discounted criterion has been studied by [2, 3, 4, 10], and the time average
criterion has been studied by [3, 4, 10].

In this paper, we focus on the fractional criterion which has not been well
studied in these fields so far.

However, in the fractional programming in the field of mathematical
programming, fractional functions are treated as objective functions and
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optimization theory for fractional functions is developed in [14]. In game theory,
fractional games, which treats fractional functions as payoff functions, have been
studied by [7, 12]. In optimal stopping problems and stochastic control problems,
a fractional cost criterion has been treated by [8, 13, 15, 16, 17].

In completely observable Markov decision processes with a finite state
space and an action space, an optimal policy and its algorithm under the fractional
criterion have been studied by [1, 5]. On the other hand, in partially observable
Markov decision processes, the model with a discrete (or countable) state space
and a control (or action) space under a fractional time average criterion has been
given and an optimal policy and its algorithm have been studied by [9, 11]. Also
in [19], the most efficient escape route in the event of a fire is studied within the
Markov decision process setting, and new criteria are proposed for defining an
optimal evacuation policy.

Our purpose in this paper, we shall give a completely observable Markov
decision process with a general state space and an action(control) space, under the
fractional discounted criterion. And then we shall discuss an optimality equation
and an optimal policy for our model. In partially observable Markov decision
processes, the model with a state space and an action space in general setting, as
well as the fractional discounted criterion has been been studied by [18].

This paper is organized as follows; in the rest of this section, we give the
formulation of a completely observable discrete time Markov decision model
with the general state space and action space, under the fractional discounted
criterion. As for the notations and formulation of Markov decision processes, we
refer to [2, 3]. In section 2, by applying a parametric method commonly used in
fractional programming, we convert the discrete time Markov decision model
according to a fractional discounted criterion into an equivalent model under the
standard discounted criterion. In section 3, we discuss an optimality equation and
an optimal policy for the model given in section 1, and give an optimal policy for
our model given in section 2 by using the parametric method in section 2. In
section 4, the continuity property of an optimal value function for the model given
in section 1 is discussed. In section 5, the Dinkelbach algorithm for searching an
optimal policy and an optimal value is discussed.

This paper follows the notations and definition presented in [3] closely. By a
Borel space, we mean a Borel subset of a complete separable metric space. Let Z
a Borel space. Denote by B(Z) the Borel o-field of S, by B(Z) the set of all
bounded R -valued B(Z) -measurable functions on Z equipped with the
supremum norm ||v|| = supyez|v(x)|, and by C(Z) the set of all bounded
R-valued continuous functions on Z also equipped with the supremum norm
[|v||. For Borel spaces Z and W, if, for all w € W, P(- | w) is a probability
measure on Z, and for all D€ B(Z), the map wwm P(D|w) is
B(W)-measurable from W to [0,1], then P is called a stochastic kernel on Z
given W. Weset AB = A X B.

A discrete time Markov decision process with the general state space and
action (or control) space under the fractional discounted criterion, denoted by
(S, A,p, f;(i = 1,2)), is characterized by the following factors.
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* We denote by S the state space of our process, which is assumed to be a Borel
space. A state is represented by an element x € S.

* We denote by A an action (or control) space, which is assumed to be a Borel
space. An action (or control) is represented by an element a € A. We assume
that for all x €S, A(x) is non-empty B(A)-measurable, and the set K
defined by

L={(x,a)|a€A(x),x €S}
is B(SA)-measurable.
» We denote by p(dx’ | x,a) a state transition law, which defines a stochastic
kernel on S given L.
* We denote by f; € B(L)(i=1,2) Il-step reward functions such that
[fil <R; and Ry; < f, < R,, forsome R; > 0,R,, = R,; > 0.
* Wedenote by 0 <y < 1 the discount factor.

We set L = (SA)® which denotes a sample space and (xg, ag, X1, a4,**) €
QO a sample. Let Hy=X,H,,1 =KH,. (r=0), and hy, =x, € Hy,h, =
(%0, ag, ***, Xr_1, Qr_1, X,) € H, be histories.

A policy (or atrategy) consists of a sequence § = {§,,7 = 0} of stochastic
kernels &, on A given H, satisfying, for r>0 and h, €H,
6 (A(x;) | h,) =1, and A denotes the set of all policies. A stationary policy
consists of a sequence & = {¢,§,---} of a B(X)-measurable function &: X — A
satisfying, for every x € S, f(x) € A(x).

The pair consisting of a policy § € A and an initial state x € S determine a
probability measure P on Q given by

PS(dxydaydx,da; -++)
= px(dxo)So(dag | x0)p(dxy | X0, a9)81(day | xo, a0, X1) -,
where p, is the Dirac probability measure at x on X.

Then our control problem is, for an initial state x € S, to find a policy

6" = §"(x) € A such that

EY S0 AGOUE] _ - EEER oy ASMUT)]

ES 320V 2SOV sep EX SRV (ST
where {S(r),r = 0}, defined as the projection from Q to S, is the stochastic
process representing the state process, and {U(r),r = 0}, defined as the
projection from  to A, is the stochastic process representing the control
process.

2. Parametric method
Forall ¢ € R and x € S, we denote

d(d,x) = sup EX[E7%0 YA, UM) = 0f(S@), U,

which means the optimal value function for the discounted Markov decision
process.
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Proposition 2.1: For all x €S, d(:,x) is Lipschitz continuous : for any
b, 0 ER,

R
|d(,x) —d(6,x)| < f; lp — 6.
Proof: We get

|d(d,x) —d(6,x)|
= |Sc$lég EZ (X720 v {A(S(), U) — f2(S(1), U()}]

—sup EX (X0 v {A(S(M), U() — 8£2(S(), UM
gléEIEf (X720 YH{AGSELU@) — 0L(SM), UM

IA

—ES[S2, v A, UM) = 8£(S@), UM
= suplEZ 370 ' (= + 0)f2(S(), U]
< supES[| — ¢ + 6] -2]
SeA 1-y
= Z|p - 0l.

Proposition 2.2: For all x € S, d(-,x) is convex.

Proof: For any ¢, < ¢,, 6 € [0,1], we have
d(0¢; + (1= 0)d,,x)
= ?EIEE}? (X720 YHAGE),U@) — (001 + (1 = 8)2)f2(S(), U())]]

= fsléIA)E;‘f (X720 YH{O/1(S(), U(r) — 01 /(Y (), B(1))

+(1=60)fi(S(r), U) — (1 = 0)d2f2(S(r), U(M))]]
sup EX (X720 vHOAS (), UM) — 001 £2(Y (1), BID)]

Fsup EJ (X720 vH{(1 = 0)A(S(M), U() — (1 = 0o fo(S(r), U(r))3]
= 0d(dy, %) + (1 = 6)d (P2, x).

Proposition 2.3: For each x € S, d(:, x) is strictly decreasing.

IA

Proof: For any ¢, < ¢, and r, we have
[i(S), U) = b1f2(S(r), U(r))
= LE@),U@) = &2f2(S(), U() + (2 = d1)f(S(), U(M)
= fi(S(r), U()) — d2£f2(S(r), U(r)) + (d2 — d1)R21,

and then

EX (X720 v A(S(M), U() — 1 f2(S(), U())]
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> E2[S720 Y AL UM) = 0ofo (ST, UEN] + 2Ry,
Hence we get

d(b1, %) 2 d(4,) + P2 Ryy > d(, ).

1—

Proposition 2.4: For each x €S, limq,_)wd(c]), X) = —oo, lim¢_>_ood(c|>, x) =
0.

Proof:
d(d,x) = sup EJ (X720 YH{AS M), UM) = df(S(r), U}

< sup E2[X70 Y'{Ry — ®Rz1}]

= Rl%’f“ — —oo (¢ = ),
d(p,x) = fgléEE;‘S (X520 YH{—R: — OR;,}]

= _R%T/Rzz—>+oo(¢—>—oo).

Proposition 2.5: For each x €S, there is uniquely ¢(x) € R with
d($(x),x) = 0.

3. Optimal value and optimal policy

We impose the following additional assumptions :

* Forevery x €S, A(x) € A and A(x) is compact.

* Forevery x €S, a € A(x) » f;(x,a) € R is continuous.

* For every x €S and v € B(S), aw fs v(y)p(dy | x,a) is a continuous
function from A(x) to R.

Theorem 3.1: For any x € S, there is a stationary policy %X, which depends
on ¢(x), such that

$(x)
B2 v AGOUE] _ B B v ASMUE)]

sup = _
sed BRZFEoV RGOV g yep, sru )
Moreover
EZ[NR v AGSMLUT)]
X) =su .
*() o I Y S U )]

Proof: According to the results of [3], the value function d(d,y) satisfies the
following equation

(b, y) = ar&a?y(){fl(y, a) = of2(y,a) + [; d(d, 2)p(dz | y, @)}
for any d €ER and y € X. Let x €S be fixed and ¢ = ¢p(x) which is in

Proposition 2.5. Then we get
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d(d(x),y) = max {f;(y,a) — () f,(v,a) + [; d(d(x), 2)p(dz | y,a)}

a€A(y)
for each y € S. Let §*™)(y) be the function that attains the maximum on the
right-hand side of the above equation. The stationary policy {£#®), &%) ...} is
optimal in that

0 = sup B2 (X720 ¥ {A(S(), U) = $COL(S@), UED)]
= B30 vHAS M), UE)) — b (S, U]

For each § € A, we have

0 = ESYV N2 yHASE), UM) — 60O £(S(), UE)
> B[ Y AGE), UE)) — dGOLSE), UENI,

from which we get for each § € A,

P (x)
) = BB AU o EIER oy AU

R vt o)) R eI

4. Continuity of ¢

Here, we introduce further supplementary assumptions :

* The multivalued map x € S = A(x) is continuous.

e Fori=12r,eC(L).

* Foreach v € B(S), (x,a) » fS v(y)p(dy | x,a) is a continuous map from L
to R.

Theorem 4.1: ([3]) For each ¢ € R, d(¢,") is bounded continuous.

Lemma 4.1: Let a function g(s,t) be defined on a set ST which is assumed that
* Foreach t €T, s €S — g(s,t) € R is a continuous function.

* There exists a constant C, which is independent of s € S, such that, for any
tut, €T, |g(s,t1) — g(s, t2)| < Clty — L.
Then g(s,t) is continuous on ST.

Proof: Let (sqy,ty) € ST be fixed. Then we have

19(s0,t0) — g(s, 1)
< 19(so0,to) — g(s, o)l +19(s, to) — g(s, )|
< 19(s0.t0) = g(s,to)| + Clt — tol.
For any € > 0, we can find 8" = §'(sg, to, €) > 0 satisfying if |s — so] <
&', then

&
|9 (s0,to) —9(s,t)| < >
Now we set 6" = % Then we get

if [t — to] < 8", then C|t — to| <.
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Therefore we set § = min{§’,6"'} so that
if|s —so| <&, |t —ty| < d,then |g(sy, ty) — g(s, )| < e.

Theorem 4.2: Let X = R™, A = RY. Then ¢:R™ = R is continuous.

Proof: By Proposition 2.1, Theorem 4.1 and Lemma 4.1, d(:,)):R X R™ - R is
continuous. From Proposition 2.3, for each x € R™, the function ¢ — d(¢, x) is
injective. By the virtue of Proposition 2.5 and the arguments of [6], we have the
conclusion.

5. Dinkelbach Algorithm

In what follows, we demonstrate the computational effectiveness of the
Dinkelbach algorithm for both our fractional Markov decision process and a
deterministic fractional optimal control problem.

Firstly we shall consider the Dinkelbach algorithm. Suppose € > 0 and
x € S are given.

(0.1) Forevery & € A, we calculate
b, : = EEZ AEOUE)
ER[E720 Y (S U@)]
(0.2) We compute the optimal value d(¢4,x) and obtain the optimal policy
E®1) for this problem.
(0.3) If d(¢d4,x) < ¢, then we come to end. Therefore we have the optimal value
¢, and policy é®1™®) for our fractional problem.
(0.4) If d(¢d4,x) = ¢, then we go on. In this situation, we compute
E§¢1(X)

= 2o ¥ A(SMUE)]
$2:= 0100 o )
Ex ErZo v f2(SMU )]
set k to 2 and move on to step (k.1).
(k.1) For &®x-1(*) e calculate

Pr—1(x)
BT R v A LU

E52o ¥ 2 (SMLU))]

(k.2) We compute the optimal value d(¢y,x) and obtain the optimal policy
&P for this problem.

(k.3) If d(dg,x) < &, then we come to end. In this situation, we have the
optimal value ¢, and policy ®x™) for our fractional problem.

(k4) If d(dpg,x) = €, then we go on. In this situation, we set k to k + 1 and
move on to step (k.1).

CI)kI = €9)
§¢k_—1 X,
Ey

Secondly we shall examine the convergence of the above algorithm.

Lemma 5.1 For each § € A, we set
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b: = ERE20 v A(S(MU)]
T RIS v (ST
Then we have d(¢,x) = 0.

Proof: For any 6§ € A, we have

d(d,x) = glégEff (720 YH{AS M), UT) — df2(S(), U]
EJ (X0 v AT, UE) — ¢f2(S(1), U)}]
0.

v

Proposition 5.1: For every k with d(¢y,x) = €, we have ¢y, < 1.
Proof: According to the definition of ¢, we get
0 < d(dg,x)
= BV 5 v A O, UE) - (S0, UGN
= s — GBS 520 Y L UGN

Hence this concludes the proof.

Proposition 5.2: For x € S, let ¢ = Pp(x) such that d(¢p,x) = 0. For each k
with d(dy, x) > 0, we have

lim ¢y, = .

k—oo

Proof: Let limy_, ), = $ It follows from the proof of Proposition 5.1 that

0 < d(dpx) < (Prar = Pi) 122 = 0 (k = o).

Then we obtain
d(p,x) =0 = limd(¢y, x) = d(lim dy., x) = d(¢, ).
By the uniqueness of ¢(x), limy_ b, = .

Lemma 5.2: For the sequence of policies {f%®) k} generated by the
Dinkelbach algorithm,

EL IR, v (S, U@ 2 B T 1S5, v (S, U],
Proof: We have for each k,
ES 52, yHLASE), U) — difa (S, UMY
> B[ 150, YA, UM) = difs(SE, U,
EL 5 v S, UM) = bt fo(S(), U]
> B[ 1320 VAT, UM) = bran oS U,

and then
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(@res — DEE 7 I35 Y £(S(), UG))]
—EL "5 v (), UE) = 0.

The result is obtained by Proposition 5.1.

Lemma 5.3: For the sequence {¢y, k} generated by the Dinkelbach algorithm,
By OBy MU
fq)k( )

(E2ovife (S(T)'U(T))]

P ~Prers|
S(x)—dk

Proof: We have for each k,
EF O, vHAGE), UM) — difa(ST), U} =

B OIS0 YHASE), UG — GfoaS), UL

Hence
5 () ¢ §* (X)) yo0 -t
Erzo Y AGSMUEN] By [Brzo¥' oMU _
;¢k( ) . k@ L, < Ors1 — b
Ey DAL AN RUG)]| E, Erlo Y f2(8MU )]
and

§* (X)) yo0 -t
Eyx T ErEo¥ AASMUM)]
G(x) — b1 < d(x) — b — ;fl)k(x) rooo .
E (X7 v f(STLUM)]

X

5 ) t
(520 o (S),U))]
+¢k €¢k( ) rw
SISyt (s u )]
D30yt (), U(rm)
B0 VL (SELUE]

(d(x) — di) (1 - ;‘Dk(

X

Since ¢(x) = d; , we obtain the result.

Proposition 5.3: For the sequence of policies {£#4®) k} generated by the

Dinkelbach algorithm,
§¢k, (x)

$Cx) = lim §¢k( %)

X

o ¥ AGSMUE)]
(25220 VL f2(S().U )]

Proof: In the above Dinkelbach algorithm, we have
. E§¢k( )
¢k+1 . §¢k( )

X

By Proposition 5.1, we have the conclusion.

[Er2o Y ASELUE)]
[(E520 vt (SELUE)]
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