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1. Introduction 
As the performance criteria in the fields of Markov decision processes and 

stochastic control problems, the finite horizon criterion, the infinite horizon 
discounted criterion and the time average criterion are well-known. For example, 
the finite horizon criterion has been studied by [2, 3, 4, 10], the infinite horizon 
discounted criterion has been studied by [2, 3, 4, 10], and the time average 
criterion has been studied by [3, 4, 10]. 

In this paper, we focus on the fractional criterion which has not been well 
studied in these fields so far. 

However, in the fractional programming in the field of mathematical 
programming, fractional functions are treated as objective functions and 
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optimization theory for fractional functions is developed in [14]. In game theory, 
fractional games, which treats fractional functions as payoff functions, have been 
studied by [7, 12]. In optimal stopping problems and stochastic control problems, 
a fractional cost criterion has been treated by [8, 13, 15, 16, 17]. 

In completely observable Markov decision processes with a finite state 
space and an action space, an optimal policy and its algorithm under the fractional 
criterion have been studied by [1, 5]. On the other hand, in partially observable 
Markov decision processes, the model with a discrete (or countable) state space 
and a control (or action) space under a fractional time average criterion has been 
given and an optimal policy and its algorithm have been studied by [9, 11]. Also 
in [19], the most efficient escape route in the event of a fire is studied within the 
Markov decision process setting, and new criteria are proposed for defining an 
optimal evacuation policy. 

Our purpose in this paper, we shall give a completely observable Markov 
decision process with a general state space and an action(control) space, under the 
fractional discounted criterion. And then we shall discuss an optimality equation 
and an optimal policy for our model. In partially observable Markov decision 
processes, the model with a state space and an action space in general setting, as 
well as the fractional discounted criterion has been been studied by [18]. 

This paper is organized as follows; in the rest of this section, we give the 
formulation of a completely observable discrete time Markov decision model 
with the general state space and action space, under the fractional discounted 
criterion. As for the notations and formulation of Markov decision processes, we 
refer to [2, 3]. In section 2, by applying a parametric method commonly used in 
fractional programming, we convert the discrete time Markov decision model 
according to a fractional discounted criterion into an equivalent model under the 
standard discounted criterion. In section 3, we discuss an optimality equation and 
an optimal policy for the model given in section 1, and give an optimal policy for 
our model given in section 2 by using the parametric method in section 2. In 
section 4, the continuity property of an optimal value function for the model given 
in section 1 is discussed. In section 5, the Dinkelbach algorithm for searching an 
optimal policy and an optimal value is discussed. 

This paper follows the notations and definition presented in [3] closely. By a 
Borel space, we mean a Borel subset of a complete separable metric space. Let   
a Borel space. Denote by      the Borel  -field of  , by      the set of all 
bounded  -valued     -measurable functions on   equipped with the 
supremum norm                   , and by      the set of all bounded 
 -valued continuous functions on   also equipped with the supremum norm 
     . For Borel spaces   and  , if, for all    ,          is a probability 
measure on   and for all         the map            is 
    -measurable from   to      , then   is called a stochastic kernel on   
given  . We set       . 

A discrete time Markov decision process with the general state space and 
action (or control) space under the fractional discounted criterion, denoted by 
                 , is characterized by the following factors.  
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•  We denote by   the state space of our process, which is assumed to be a Borel 
space. A state is represented by an element    .  

•  We denote by   an action (or control) space, which is assumed to be a Borel 
space. An action (or control) is represented by an element    . We assume 
that for all    ,      is non-empty     -measurable, and the set   
defined by  

                         
is      -measurable.  

•  We denote by              a state transition law, which defines a stochastic 
kernel on   given  .  

•  We denote by                 1-step reward functions such that 
        and            for some               .  

•  We denote by       the discount factor.  
 
We set         which denotes a sample space and                 

  a sample. Let                    , and             
                          be histories. 

A policy (or atrategy) consists of a sequence            of stochastic 
kernels    on   given    satisfying, for     and        
                , and   denotes the set of all policies. A stationary policy 
consists of a sequence           of a     -measurable function       
satisfying, for every    ,          . 

The pair consisting of a policy     and an initial state     determine a 
probability measure     on   given by  

                           
                                                         

where    is the Dirac probability measure at   on  . 
Then our control problem is, for an initial state    , to find a policy 

           such that  

     
  ∑   

                   
   

  ∑   
                   

    
   

    ∑   
                   

    ∑   
                   

  

where           , defined as the projection from   to  , is the stochastic 
process representing the state process, and           , defined as the 
projection from   to  , is the stochastic process representing the control 
process. 

2. Parametric method 
For all     and    , we denote  

            
   

     ∑   
                                      

which means the optimal value function for the discounted Markov decision 
process. 
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Proposition 2.1: For all    ,        is Lipschitz continuous : for any 
     ,  

                     
          

Proof: We get 
                 
        

   
    ∑   

                                     

          
   

     ∑   
                                      

      
   

     ∑   
                                     

 

 
          ∑   

                                     
      

   
     ∑   

                           

      
   

                 

               

 

Proposition 2.2: For all    ,        is convex.  

Proof: For any      ,        , we have 
                  
      

   
    ∑   

                                                 

      
   

    ∑   
                                      

                                               
      

   
     ∑   

                                        

        
   

     ∑   
                                                

                          

Proposition 2.3: For each    ,        is strictly decreasing.  

Proof: For any       and  , we have 

  
                                    
                                                     
                                            

 

and then  
     ∑   
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      ∑   
                                    

     
        

Hence we get  

                  
     
                

Proposition 2.4: For each    ,                               
 .  

Proof:  

  

            
   

     ∑   
                                    

                     
   

     ∑   
               

                                      
            

   
    ∑   

                

                                        

 

Proposition 2.5: For each      there is uniquely        with 
           .  

3. Optimal value and optimal policy 
We impose the following additional assumptions : 
•  For every    ,        and      is compact.  
•  For every    ,                  is continuous.  
•  For every     and       ,   ∫                   is a continuous 

function from      to  .  

Theorem 3.1: For any    , there is a stationary policy      , which depends 
on     , such that  

     
   

    ∑   
                   

    ∑   
                   

   
      ∑   

                   

  
      ∑   

                   
  

Moreover  

          
   

    ∑   
                   

    ∑   
                   

  

Proof: According to the results of [3], the value function        satisfies the 
following equation  
            

      
                  ∫                      

for any     and    . Let     be fixed and        which is in 
Proposition 2.5. Then we get  
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                     ∫                         

for each    . Let          be the function that attains the maximum on the 
right-hand side of the above equation. The stationary policy                 is 
optimal in that  
        

   
    ∑   

                                        

              
    

 ∑   
                                         

For each    , we have  

       
    

 ∑   
                                        

                ∑   
                                         

from which we get for each    ,  

         
      ∑   

                   

  
      ∑   

                   
     ∑   

                   
    ∑   

                   
  

4. Continuity of   
Here, we introduce further supplementary assumptions : 
•  The multivalued map          is continuous.  
•  For      ,        .  
•  For each       ,       ∫                   is a continuous map from   

to  .  

Theorem 4.1: ([3]) For each    ,        is bounded continuous.  

Lemma 4.1: Let a function        be defined on a set    which is assumed that  
•  For each    ,              is a continuous function.  
•  There exists a constant  , which is independent of    , such that, for any 
       ,                              

Then        is continuous on   .  

Proof: Let            be fixed. Then we have  
                       
                                      
                              

 

For any    , we can find                  satisfying if        
  , then  
                     

 
   

Now we set      
  . Then we get  
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Therefore we set               so that  
                                               

Theorem 4.2: Let     ,     . Then        is continuous.  

Proof: By Proposition 2.1, Theorem 4.1 and Lemma 4.1,               is 
continuous. From Proposition 2.3, for each     , the function          is 
injective. By the virtue of Proposition 2.5 and the arguments of [6], we have the 
conclusion.  

5. Dinkelbach Algorithm 
In what follows, we demonstrate the computational effectiveness of the 

Dinkelbach algorithm for both our fractional Markov decision process and a 
deterministic fractional optimal control problem. 

Firstly we shall consider the Dinkelbach algorithm. Suppose     and 
    are given. 

 
(0.1)  For every    , we calculate  

      
    ∑   

                   
    ∑   

                   
  

(0.2)  We compute the optimal value         and obtain the optimal policy 
       for this problem.  

(0.3)  If          , then we come to end. Therefore we have the optimal value 
   and policy        for our fractional problem.  

(0.4)  If          , then we go on. In this situation, we compute  

      
  
       ∑   

                   

  
       ∑   

                   
  

set   to 2 and move on to step (k.1).  
(k.1)  For         , we calculate  

      
  
         ∑   

                   

  
         ∑   

                   
  

(k.2)  We compute the optimal value         and obtain the optimal policy 
       for this problem.  

(k.3)  If          , then we come to end. In this situation, we have the 
optimal value    and policy        for our fractional problem.  

(k.4)  If          , then we go on. In this situation, we set   to     and 
move on to step (k.1).  

Secondly we shall examine the convergence of the above algorithm. 

Lemma 5.1 For each    , we set  
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         ∑   
                   

    ∑   
                   

  

Then we have         .  

Proof: For any    , we have  

  
            

   
    ∑   

                                    

                      ∑   
                                    

                    
 

Proposition 5.1: For every   with          , we have        .  

Proof: According to the definition of     , we get  

  

           
          

      ∑   
                                     

                  
      ∑   

                    
 

Hence this concludes the proof.  

Proposition 5.2: For    , let        such that         . For each   
with          , we have  
     

   
      

Proof: Let           . It follows from the proof of Proposition 5.1 that  

                     
   
             

Then we obtain  
              

   
                              

By the uniqueness of     ,           .  

Lemma 5.2: For the sequence of policies            generated by the 
Dinkelbach algorithm,  

     
      ∑   

                       
        ∑   

                     

Proof: We have for each  ,  

     
      ∑   

                                      
      

        ∑   
                                       

     
        ∑   

                                        
      

      ∑   
                                         

and then  



A DISCRETE TIME MARKOV DECISION PROCESS� 1245

               
      ∑   

                    

       
        ∑   

                        
The result is obtained by Proposition 5.1.  

Lemma 5.3: For the sequence        generated by the Dinkelbach algorithm,  

  |                
|      

      ∑                      

  
       ∑   

                   
  

Proof: We have for each  ,  

     
     ∑   

                                       

     
      ∑   

                                       
Hence  

    
      ∑                      

  
       ∑   

                   
   

  
      ∑                      

  
       ∑   

                   
          

and  

                      
  
      ∑                      

  
       ∑   

                   
 

                               
  
      ∑                      

  
       ∑   

                   
 

                                   (  
  
      ∑   

                   

  
       ∑   

                   
)   

Since         , we obtain the result.  

Proposition 5.3: For the sequence of policies            generated by the 
Dinkelbach algorithm,  

          
   

  
       ∑   

                   

  
       ∑   

                   
  

Proof: In the above Dinkelbach algorithm, we have  

        
  
       ∑   

                   

  
       ∑   

                   
  

By Proposition 5.1, we have the conclusion.  
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