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Abstract

The importance of the operations defined in graph theory is determined by finding
applications for them in other sciences, including chemistry, for example: If we have a simple
connected graph whose edge set is non-empty and we want to define an operation in graph
theory, such as a square operation, then the resulting new graph will be more realistic in
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chemistry, this is done by connecting edges between two vertices whose distance is one or
two.

In addition to the importance of finding the sum of thedistances betweenvertices,
which represents the “Wiener’s index”, our interest in this research was to find the Wiener’s
index for some special graphs after performing a squaring operation on it.

Subject Classification: 05C09, 05C38, 05C92.
Keywords: Wiener index, Square path graph, Square cycle graph.

1. Introduction:

A simple connected graph @ = (V(@), E(®)) is knows to an-ordered pair
of a set of object that is non-empty which denominated a set of vertex V (@), and
a set of unordered pairs of vertices is denominated the set of edges E (@), such
that the graph @ is consists of only one compound, [1]. "The distance,
dy(u, v),between any two u, v € V(@) distinct vertices in @ is the shortest path
between them" and a greatest distance of these distances is called the diameter
of a graph @, diam(®), [2]. Distance is of great importance in many cognitive
sciences, for example, distance in mathematics, especially in graph theory-
chemical applications, represents the bounds that connect between carbon
atoms, as the number of bonds between carbon atoms has a significant impact on
the structure of molecules and chemical compounds, [3]. The sum of distances
in any connected graph @ is called “Wiener index”, [4], that is,

WI(®) = Xixyrevo) do(x,Y).
"The Wiener index of a single vertex,x" is defined as:

WI(x,D) = Xyew@) - do (X, ).
Then,
WI(@) =0.5 ZXEV(@) W[(x, @)

The Wiener index was created in 1947, [4] by Wiener and had application
in finding the boiling points of paraffin. It has received great attention from
researchers in the mathematics, especially in graph theory, where many articles
have been presented, ([5],[6],[7],[8]). Just as Wiener index was found for many
of the special graphs and operations specified in graph theory by different
methods ([9],[10],[11]), many topological indices were later found that had a
major impact in determining many physical and chemical properties,
([12],[13],[14],[15]).Also, there are many relations between the topological
indices and Wiener index due to its importance,([16],[17],[18],[19]). It is worth
noting here the recent research that has dealt with the calculation of the Wiener
index as well as its development due to its great importance, where in 2024, both
Meenakshi and Bramila found Wiener index for a special type of graphs called
Abid-Waheed graph [20], while other researchers have found Wiener index
for prime ideal sum graph [21], Subashini, Kannan and others also presented
applied research on silicate networks by providing a definition exponential
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Wiener index ,[22,23,24] and Hua and Liu also obtained some new results with
respect to Wiener-type indices [25].
Therefore, our goal in this article to find a Wiener index for a knowledge
operation (Square graph) on some graph related to the iterative formula method.
The mean distance y(9) is defined as the follwing form:

u(@) =252 |y (@)| = p, see [26].

()

Definition 1.1: If @ denotes to a non-trivial graph which is connected and
simple. Then the square @2 of the graph @ is a graph has V(@?) = V(@) and
E(@?) ={e ={u,v}:1 < (dp(w,v)) < 2,u,v € V(B)}. This idea was presented
by both Harary and Ross in 1960, [24]. To clarify definition, we take the
following example.

Assume that the graph @ has vertices set V(@) = {¢;:a = 1,2, ...,6} and
E@) ={eg:f=12,..,5} such that e; =¢%, e, =tt;,e35=1tz8,e, =
tats, € = %, then the graph @2 has the edges set

E(0?) = E(@) UE,, where E, = {es = t1t3, 6, = £,8,,85 = £k, 89 =
t3ts, €10 = £45}. See Figure 1.

(a): Graph @ (b): Graph ¢?
Figure 1
The Graph and Square Graph

Remark 1.2: From Definition 1.1, the square of each of the following graphs:
complete, star, wheel and complete bipartite graphs are complete graphs K, and

WI(KP) = %P(P - 1), Where |V(Kp)| = p

2. Wiener index of the square path graph

Let B, be the path graph which has V(Pp) = {v, V3, ..., Uy },to explain the
squre path graph sz firstly, we divide V(Pp) in to two subsets , V; and V, such
that v, € Vy, if @ =1,35,..,2 [g] —1 and vy €V,, if a=246,..,2 E]

secondly, rename the vertices of V; and V, as, V; = {xl,xz,...,x[g]} and
2

Vo = {31, V20 oo ylgl}, Thus, V(B?) = V,(B,) UVy(B,) and E(B?) = {XqXg41,
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XoVar VaXas+1 YaVasr1, & = 1,2, ...,g — 1} U {xpyp} when p be an even and
2 2
-3
E(PPZ) = {xaxa+1ﬂxaym YaXa+1 YaVa+r1 @ = 1,2, ... 'pT} U {XpT—l xPTH ,XPT—l
yp-1,Yp-1xp+1}, when p be an odd, therefore p is the order of B} and its size is
2 2 2

2p — 3, and has diam(P?) = EJ Figure 2 shows that

! [ V3 Uy Up—1 Vr
L @ & *— —e———
(a): Path Graph P,
meg Ele |

2. ye
yl yz y3 2 it 2
(b): Graph P,ZJ when p is an even number
X1 X2 X3 Xp—1 Xp+1
-1
¥ Y, Y3 VS

(¢): Graph P,z, when p is an odd number

Figure 2
Graphs P, and P

Theorem 2.1: Let p is an even number, then for all p = 6 we have :
WI(P?) = =p(2p - D(p +2).

Proof:

WI(PE) = 222+ {dns (e Yern) + o Vs Yars) + g s ) +

drg Car Vo)) + drg (i ) + B3, (221 (dpg (s rnp) +
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453 Ot Ve ) + Zicn” g (i Varp-1)} + g Gay)
+ Z%;lz Zg:i dp2 (Yar Xarp)
S L T D L4 DB+ T )
+eyatyitp
N I TS A T ES U O8
=1+ 244043 28 (- 8) +8 (4 1-6))
+TAC— )
-3+ z%;lz {Bp—282 +5pp+p - B2} + Z,%:z(%pﬁ - %)
~ 34 550280 — 462 + )
= —(2p® + 3p* — 62p + 60p — 72 + 72)
= —p2p—1)(p+2).

Remark 2.2: WI(PZ) = 7.

Corollary: 2.3: Let p is an even number, then the mean distance of a graph PZ,
p = 6as:

,Ll(Pz) 2p+5 + 4(p1_1) )

Theorem 2.4: For all odd number p = 7 we have:
1
wi(R?) =, ®* - 1(2p +3)

Proof:

WI(PZ) Za 1{(1P2 (Xa Xg41) + d:Pz (X0 Ya)}

p=3

+ Za2=1{‘1P§ Ve Yar1) + CIPg Ve X1} + ‘1P§ (yPT‘l' xPT“)

p-3  p+1 p-1

w3 B B
+Z,82:2{Za2=1 QPﬁ(xa!xa+B)+Za2=1 QP%(ya:.Va+B)
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1

p+1_
+Z QPp(xwya+ﬁ 1)+Za 1 QPp(yaﬁxaﬁﬁ)}

+dpz (%1, xp+1) + dpz (X1, Yp-1) + dp2 (¥y, Xp+1)
P 2 P 2 p 2

p-1 p-3

=1+32,1+13+3 2 (1+1}
+ZB2{ IES RSl ¥ 'ﬁﬂ}
p+1

—1+p—1+p—3+2322{3[?(

+;(P— D

- B +BE=- )

p=3 _
2p=3+3(p— 1)+ 57,00 - 367+ FE — g

4p-6+3p—3 6+3p 3

- FE 28D — 467 + )
= ? +——(2p* + 3p? — 86p + 105)
_ Y2

= Lp*-D2p+3).

Remark 2.5:
1. WI(P?) =3.
2. WI(P?) =13.

Corollary 2.6: Let p is an odd number.The mean distance of a graph sz, p=7

as:

u(pp) =224

3. Wiener index of the square cycle graphs
The order and the size of a square cycle graph sz of a cycle graph C,, for
all p = 5 are equal to p and 2p respectivly .The diameter of C,f depends to the

value of p,that is, diam(sz) = E] for all p > 5 except when p odd and

(p = 1 (mod 4)) in this case diam(Cg) = EJ Figure 3 shows that
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Vg

(a): Cycle Graph C,, (b): Square Cycle Graph C3
Figure 3
Cycle Graph and Square Cycle Graph

Theorem 3.1: For all p = 5,we have:
p—1D(@p+3),if ——=€Z* (p odd),
1 —_
p(p+2), pisaneven.

Proof: One must first we must determine the Wiener index for a vertex v,
multiplied by the order of the graph Cg and then divided by 2 due to symmetry.
We take two statuses:

Status 1: If p is an odd, then there are two substatuses:

Substatus 1.1: If(z;l) € Z%, then

p-1
W[(fli Cﬁ) = 234:1{‘%13 (8(1'52,8) + ch(fp 8(2[3+1) + ‘icg(fpfp—zﬁn)
+QC§ (1 $p—2p+1)}

=43, B =10 - D +3)

Substatus 1.2: If(’%) ¢ Z*. then

p-3
Wl(fp C;?) = Zﬁil{ch (51'52,8) + ch(fp Stzﬁ+1) + ch('fp'fp—zﬁn)
+QC§ (f1ffp—2ﬁ+1)} + chq@l;&%l) + QCg (3;1'5177”)

2 1 1
=43t B+ =(p+1)?
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Status 2 : If p is an even, then there are two substatuses:
Substatus 2.1 : If p = 0(mod 4), then
B4
wiI(&, Cﬁ) = Z;;zl{clcg G é2p) + Clcg (f1:§2ﬂ+1) + (icg ('fl'fp—zﬁu)
+CIC§ (1, &p—2pr1)} + 2o ‘icg (¢ fgw)
i1 2 P
= 4Zﬁ=1ﬁ + ZLI:OZ
-1 _ 3p_1
=plp-H+ =-p(p+2)
Substatus 2.2 : If p £ 0(mod 4), then

p-2
Wl(fp C;) = 234:1{(1@3(51’52[)’) + ch(fp Ezﬁ+1) + dcg(fpfp—zﬁn)
+C1C§d(€1l€p—2[3+1)} + ‘icg(fp &Tﬂ)'

2 p+2
— 4 p+2
- 4Zﬁ=1‘8 +
2 1
=~ - +E2=-p(p+2).
Hence
((lo-DE+3),if ©2ez*, (p odd),
1 . -1
Wi(g,c2) =1 1+, if Z2ezt(p odd),
GP(P +2), if pis an even.
(0 -D@+3),if =2 ezt (p oda),
1 -_
Then, WI(GI) =3Py @+ 12, if Z2¢ 2%, (p odd),
p(p+2), if pis an even.
Remark 3.2:
1. WICE) = WI(K,) = 6.
2. WI(C?) = 10.
3. WI(C?) = 18.
4. WI(C2) = 28.

Corollary 3.3: The mean distance of a graph C2,p =5 is
p-D@+3), if E2ez* (p odd),

1 —_
u(G) = ﬁ{ (p+102, if ©0¢ 7%, (p odd),
kP(P +2), if pis an even.
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4. Conclusion

Through our study of this research and the results we obtained, we
conclude that, the Wiener index for a path and a cycle graphs is larger than the
Wiener index for a square path graph and a square cycle graph, respectively.
The following Table 1 explains that

Table 1
Wiener Indices for Path and Cycle Graphs with their Square

Graph | The Wiener index for a The Wiener index for a square graph ¢?

(0] graph G
(5- (0% = D(2p +3),
1
Z’ép wi(p,) = (p + ) wip?) =1 , when p anodd
= 3 Zp2p—1D)(p +2),
when p an odd
wiI(Cy) wi(c2)
(Los (= D@ +3),if p=1(nod 4),
Cy,p g P when 1 p is an odd,
S5 | = p an odd =1gP| @+ 17, if p £ 1(mod 4),
B 1 (-1 p isanodd,
g PP ' p(p+2), if pis an even.

when p an even

Finally, the importance of the results we have reached in this paper is
indicated by the fact that Wiener indices for this special graphs under the square
operation of graphs is more in touch with reality for chemical applications to
know many properties such as boiling point, melting point, etc. ... through this
operation defined in graph theory.
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