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Abstract

This work investigates optimal control problems governed by an elliptic system
featuring a Helmholtz operator, Robin boundary conditions, and time delays. The aim is to
decrease the cost function while complying with the state equation and constraints.

We investigate whether there are solutions and whether they are exclusive to the
equation of state, and then verify the existence of optimal controls. Furthermore, we derive
necessary optimality conditions using adjoint techniques.
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Keywords: Existence theories for optimal control problems involving partial differential equations,
Second-order elliptic systems.

1. Introduction

Time-delayed optimal control problems arise naturally in various
physical and engineering systems where the control action is influenced
by paststates. These problems are particularly relevant in wave propagation
models governed by Helmholtz systems, which describe phenomena such
as acoustics, electromagnetics, and quantum mechanics. The presence of
Robin boundary conditions allows for a more realistic modeling of wave
reflections and impedance effects, while conjugation conditions account
for interface continuity in multi-domain settings. We aim to establish the
well-posedness of the Helmholtz system under these conditions, formulate
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the associated optimal control problem, and derive necessary optimality
conditions.

Furthermore, the impact of time delays on system performance and
control strategies is investigated, providing insights into practical
implementations in engineering applications in [1-13]. In section two; we
take a look at the most advantageous manipulate for N x N optimal
distributed control of non cooperative Helmholtz elliptic system with
Robin conditions under conjugation conditions. Our first step is to prove
that there is a solution for system (1), and then we provide the necessary
and sufficient conditions for the control to be optimal for the system. The
control problem under conjugation conditions is also studied in section
three.

2. Optimization for NxN Non-Cooperative Elliptic Systems involving
Helmholtz operators with Robin’s Boundary Conditions and time
delay

The NxN non cooperative elliptic system is governed by Robin
boundary conditions and conjugation conditions, as we consider it.

N 5 N N . N
—E[(AJrk, )y,}rl X 4y, =XLf;+ Ay (t-Dlin QcR

N N (1)
Z|:ﬂl—l+061yl:|22gl, I[#m on o€
=1 on i1
and Conjugation Conditions
N Oy . N Oy ) N
R<Y—Lt +R{>—=LL =
g sida) el
N oy,
AT
Lzl avj v onr

where y.(x,t) are the state variable (Solution to the Helmholtz Operator),
k? is the Helmholtz Operator (small relative to the other terms), k, is the
wave number, 4, >0 is the delay coefficient (bounded) , 7 >0 is the delay
2
time, o, >0 is the Robin coefficient and Ay = %a—z

is the Laplacian
1=1 0]

-1
operator. Our model is defined on (H'(Q))’, a,, = {1_1 g, e HX(Q),

% = Ay, .n is the Normal Derivative on 0Q, 7 is the outward unit Normal.
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For I,m=1,2,.,Nand a, >0 for I#m systems are considered
cooperative. If not, the systems are deemed non- cooperative.

1.1 Existence and uniqueness of Solution

The chains we have are as follows:

(H (Q)x.xH' (Q)) € (12 (Q)x..xI2(Q)) € (W L (Q)xxW Q)
N—times N—times N—times

we define the following continuous bilinear form on (H'())"

b8 = [ $9096 -k vt + 3,5 i

Al

The Linear Functional

LE)= [ X1, + Ay (-0 dr— | zmé

for all

( ,0 - 8) .
¥, e(Hl(Q)x...le(Q)).
N —times

For y=,, ¥, ¥, Yy)E (Hl(g)x,,,le(Q)) and by lax- Milligram
~ N-times
lemma can be used to prove that:-

Theorem 1 : For f,=(f,, f,, f;,- fy) € (H (Qx..xH (@) , there is a unique
N—times
solution y, € (' (Q)x..xH () of system (1).
N—times
Proof: The bilinear form can be translated as
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[y, I’
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yiA R,

small enough to maintain stability

by, y)| > z||Vyl<x>

2@ l: k12 "yz(x) ;(Q) +g%"yl(x) ’

2 (6Q)

Z||[y,( )

R +R 2w

For sufficiently large o, >0 this term stabilizes the system further
and counteracts any negative contributions from the Helmholtz term,
k! <c,c where is a constant depending on the domain and boundary
coefficients.

b(y, y)>CZ||y1( )" [Coerciveness] Vy, e(H'(Q))". (2) According to

(H' (@M

the Cauchy Schwartz inequality, the linear form is continuous on (H Q)

N N 2
({Z‘iy,(t—r)fldx Sc1’:21||yl(t—1) e 1@ 6
Lipschitz constant.
N 2
s'.;lg fiedx|< Z”f’ 2@ & 2@
N
&|] 8L dsf< 3|8 l&f.. . tel-7.0)
il B E| B [y !
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Using Poincare inequality |L(§)| <C, || &, | C,C, are constants. L(§)

[H @’
is continuous on (H'(Q))’ then by Lax-Milgram lemma there exist a unique

solution y=(y,, ¥, Y, yy) €(H'(Q)", such that b(y,§)=L(§) V&e(

2.2 Formulation of the distributed control problem

Let (L7 (Q))" being the space of controls.
The energy function ¢(&)=0b(y,&)-2L(E) (3) for a control

u=(u)), e(F(Q)x..x[*(Q)) the state of the system y(u)={y,w)}\, e
N —times
(I’ (Q)x...x[}(Q)) is given by the solution of the following system:-
N —times

N 5 N N i
—Z[(A+kl 1+ Z: a,y. =lmZ:1[f, + Ay, (t=1)]+u, in Q

, 4)
{ﬂ,%JrOC } Zgl, I#m on &Q

the same conjugation condition (*). It is given that the observation equation
is z (u)={z, (u)}::1 =y, (u). Minimize the cost function as

- H < (@) (5)

Cly, )=, u) g

id

Clu) = (1) g + 3 (y(0) =0, Vi
=l

Where O, ={0,,,0

1d’

0,,,.,0,,} e (Z(Q)".

2d7’

On, y can be defined as a hermitian positive-definite operator. on

(IX(Q)x...x[*(Q)) such that:
N —times

w2 ElNulP g >0 (6)

The control problem summarizes is to find:
uel , St
C(y,u)=infC(y,v) Voel,, ’
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(L (Q)x...x[*(Q)),
N —times

U, represents a closed convex subset from since it

is possible to describe the cost function (5) as
N
C(]// U) = (XU/ U)(LZ(Q))N + Z::l .[Q (]/m (U) - ym (O)' ym (0) - Omd )2 d'x

2,m:1,2,..,N.

Omd - ym (0)

= b(0,0)-2L(0) + 3|
m=1
Where

N
b(0,0) = (10,0) g+ X (1,00 =101, (0= ¥,,(0) s

N
L(©0) = 3 (0, =, 04, )= Y, 0) g 1 =12, N.

Assuming that (2) and (6) are valid, the cost function provided (5) is
necessary and sufficient for u to be an optimal control.

N N N N
> [(A+k})s ]+ > a,s —>As(t+1)=2y, W)-0,, inQ

1=1 1,m=1 =1 m=1
N 03,
Y| B—++aos, |=0, I#m on 0Q, (7)
=1 on

[ﬁ
* S
N 851 1=1 l:| N aSl
= ’ = 0
{I-Zlav.} R +R, Lgav. ony
A A

s(u) = {51(”)}ﬁ , is the state that is adjacent.

Overview of proof

Since C(v) can be differentiable and U, can be bound, optimal

control u is defined by % c’ (0)(v,, —u,)=0 Voel,, which is equivalent
to m=1

N
2:1 Q10 = W) e + W, ()= 0,1, y,(©) =y, (1)) 2 0 (8)
Since (A's,y)=(s, Ay) where A is defined by:

Ag = Aly,(10,y,(0), ;1) 0} = ~2[A+ KDy 1+ > 0,1,
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N N ) N
then (s, Ay) = zl(sm,—lzl[(A +k)y,] * Zlalmym)

@)y

the sense of distribution, Green’s formula or derivative can be used.
. N 5 N
(A S/]/)= _5[(A+kl )yl]+lz‘;1almym’ym

As(u)+N"s(u)=0, N" is transpose of N, s(u) adjoint state

A:—%[(A+k12)]+ % a,,N=a,, 1,m=12,.,N, (8)is the same as
1=1 I,m=1

M=z

1

3
I

N N
(Zm m’ _um )(LZ(Q))N +(_§[(A +k12)sl]+l zlzlalmsm’ym(v)_ym (T/l)) 2 0

From (7), we obtain

Z“(xm m’ _u +st (U —u )dx>0

<LZ =)
If constraints are absent i.e. when i, = the equality

Sﬂl(u) + Zmum = 0

ie, "=y subsequently, the differential problem of determining the

m

. T
vector-function (v, ,s, )

—%[(AJrkf)Sl]Jrliam,sm s (t+7) = ;y u)-0,, inQ
—%[(A+kf)yl]+]§: a,y, =12[fl +/llyl(t—r)]+l—’ in Q
= ,m=1 =1 |
%{ﬁ,%wc } Zg,,g{ﬁ,%+alsl}20 I#m onoQ
=1 on 1 on

% 0s, : ZS} % 0s, 0 on
Hov.| “R+R,|Gov. | Y

9, %, _{N } Y, | _
R {/Z;'@V } +R {:u’;‘V = ’;yl +eg, E&VA =m, ony

Remark 1: Let N=2, the optimality system is given by
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Gty 0y = 1h) o g+ (Halh Uy =1y} 2 g

+[s, (v, —u)dx+ [s,(v, —u,)dx >0
Q Q

~(A+k2)s, +a,s, - As,(t+7)=y,(u)-0,, inQ
—(A+kD)s, +a,s, — A, (t+T)=y,(u)-0,, inQ
—(A+k)y, +apoy, =[f, + Ay, -]+, inQ
—(A+KD)y, +ay1Y, =1f, + Ay, (- 1)]+u, inQ

%Y 0s

|:ﬁ1 6111 +oY, :gl’ﬁl 61; T8, =0 onoQ
oy as

|:Bz 81’[2 +a,Y, :gz'ﬁz 8112 T .5, =0 onoQ

oy, | | d, |_
] ] o] ] o

v, |, [y, | oy
R, 6Vi +R, 6Vi =[y,l+e¢, 6Vi =m, ony
Bl -
ov . R +R,’| 8V,
a52 _= [Sz] ayz =0 ony
v.| R+R|ov,

3. Control under conjugation conditions for NxN elliptic system that
involves a Helmholtz operator

In this section, we consider the following NxN elliptic system (1)
with Conjugation conditions

N%Jr Nayl __|:N }
Rl{z-lavA} +R2{z—Z16VA} LA e ony

Ny,
=0, +u,,
L}‘i GVJ L+, ony

)

are two chains listed below:-
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W )" <@ cW ()Y,
Wy @) =W, ()"

3.2 The control problem’s formulation

The space for controls can be referred to as (L*(y))"
The energy function

¢(v) = b(y,v)-2L(n) (10)
The solution of the following system determines the state of system

y(u)={y, W)}, e (IZ(Q)x...x [*(Q))

N—times

for a control u=(u,),, e (LC(y)".

N ) N N ' N
—;[(A+k, Wy, 1+ Z: a,y, =E[fl +2y,(t-1)]in QcR

{&§&+a } Zg, 1#m onoQ
(11)
Y, N 9y,
R {l lﬁ} +R2{]§ﬁ} |:§yl:| ony

Llaé\y/’} o, +u,, ony

It is given that the observation equation is

z, ) ={z, W}, =y, w.

Minimize the cost function as

N Mz

C(y,u)=(ou,u)

(@)

. HeE@) (12)

N
C(]// 1/[) = (O'M, u)(LZ(Q))N + Zl ,[ (y(u) - Omd )zdy
m=ly

Where O, ={0,,,0,,,0,,,.,0,,} e ()"

On, @ can be defined as a hermitian positive-definite operator

on (I*(Q)x...x [*(Q)) such that:
N—times
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(ou, u)>g||u ,6>0 (13)

@@y
The challenge lies in identifying:
uel St
{C(u) =infC(v) Yoel

as the cost function (12) can be interpreted as

Cy,0)=(ou,1) ZI ¥,(©-y,0),y,0-0,,)dy

U , is a closed convex subset from (I*(y))",

ad

md_ym Imzlfz,...,N.

Where

b(0,0) = (011, 1) g+ 2 (1, (0=, 01, @) =¥, (0)

N
L(v)= Z:l(Omd -y, 0)y, @)~y (0))(L2(9)), m=1,2,..,N.

Assuming that (2) and (13) are valid, the cost function provided (12)
is necessary and sufficient for u to be an optimal control.

—Z[(A+k2)s I+ z a, =3 As (t+7)in QCRY
1=1
%{ﬁ,—ﬂxs} 0, I#m on éQ
1=1 on
' ) (14)
N 0, [x
e n i) -M
{Haa‘y/z:| (6+Z_:[ym(u)] O, ony

s(u) = {sl(u)}ﬁ , is the state that is adjacent,

Overview of proof
Since C(v) can be differentiable and U, can be bound, optimal

control u is defined by Z c’ (v)(v,—u,)>0 Yoel , which is equivalent
to "

(wmum’ vm - um )(LZ(Q))N + (ym(u) - Omd’ ym (v) - ym(u)) 20 (15)
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Since (A’s,y) = (s, Ay) where A is defined by:

A9 = Ay, (0,0, y, (1) y, (0} =~ (DD, +2,,1,,

m=1

N - N
then (S,Ay) = Z (Smr_lé(D]f)y;n +I§amlym j

@@

In the sense of distribution, Green’s formula or derivative can be
used.

. N N
(A S’ y) = (_z (le)sm +z almsm’ymj’ A S(M) + NTS(”) = O/ NT
k=1 i=1
is transpose of N, s(u) adjoint state
N N
A=-Y(D})+Xxa, , N=a,, lm=12,.,N
k=1 1=1
(15) is equivalent to

N N
@u v —u), N+(—Z(Df)s +xa,s, .,y (©0)-y (u))ZO
m m m m (L (Q)) k:l m =1 mom m m

Utilizing Green's formula, we have

- % %, +—V % %, 7+§‘,a‘iu U —uU >0
H =10V . =m0V . o Tl Tm m =Y.
A 4 2 N
(I(Q))
ye R R

"R +R’ R +R

Remark 2: Let N=2, the optimality system is given by

as, | os, |
-y =+ } —v{ ! } +ou )y, v, —u,) >0,
{GVA, ov,.

@@

as, | Os
-u —2} —v{—z} +ou, ), v, —u,) >0.
{8VA, v,

(D
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(A+kD)s, +a,5,=As (t+7) inQcRY
(A+kD)s, +a,s, =As,(t+7) inQcRY
0
{@%mlsl}:o onoQ
n
0
[ﬁz%ﬂxzsz}:o onoQ
n
0s o, |
Rl{avl } +R2{87;,} =[s,] ony
as, | os, |
Rl{ 52} +R2{ Sz} =[s,] ony
ov . ov .
A A
oy
{GVL =o, +[y,w)]-0,, , ony
{23/2 }:mz +ly,w)]-0,, , ony
A

Conclusion

Finding the existence and uniqueness for solution (state of the system)
and necessary and sufficient condition for optimality of the system in
NxN and special case 2x2 in the case of distributed and boundary control
on conditions.
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