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Abstract

Rationale for this manuscript is to investigate the optimality for NxN non cooperative
parabolic systems involving operators with an infinite number of variables under conjugation
conditions. By employing Green’s formula and, we drive the existence and uniqueness for
the stats of these systems by Lax-Milgram lemma. Moreover, we examine the essential
conditions for the solutions to be considered optimal.
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1. Context and Motivation

The sufficient and necessary criteria for the optimality of systems
regulated by various forms of partial differential operators, specified
within finite-dimensional variable spaces, are explored in references [2-7].
Gali et al. initiated and formalized the study of optimal control problems
for such systems in [7, 8], focusing on systems characterized by a single
equation. Optimal control approaches for both deterministic and stochastic
systems have since been developed, as outlined in references [1-15]. In
Section 2, we investigate the optimal boundary control of an NxN non-
cooperative elliptic system subject to Dirichlet boundary conditions and
conjugation constraints. Initially, we demonstrate the existence of a
solution to system (1); subsequently, we derive the necessary and sufficient
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conditions for optimality. Section 3 extends the analysis to the case
involving Neumann boundary conditions.

2. Boundary control of an NxN parabolic system governed by
operators in infinite-dimensional spaces, subject to Dirichlet and
conjugation conditions

This section is devoted to the study of the following NxN parabolic
system

2(D2>y +z %

y,=0 VlSmSN on B

’”+Za WY, =h in R” 1

and conjugation conditions

o, | ., Py
{av } (¥l {av } =Ry, 1 D, o

1 >
Our model is defined on (Wol(Rw))N ,a,. ={ , " n, Y represents
-1 m<n

x-axis or y-axis. Now we define a continuous bilinear form on (WO] (R*)HN
by
by, x)= Z Z I (-Dgy, )X, dp

+ Z J B Y X AP+ Z ! Ry, 1lx,1dy
1.1. Well-Posedness Solution
The two chains under consideration are as follows
W' R ) < (C(R™)Y < (W (R™))Y,
Wy RN < (C(R™) < (W, (R™))Y,
we define the following bilinear form on (W, (R*))"

by, x)= 5 Z | -Diy,)x, dp

m=1k=1p=

+y JamnyxdmZIR[y x,1dy

m,n=1p=» m,n=ly
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L(x)— [ h, X;dp, dp =dx, xdx, xdx, x.

m=1p=

For y=(,, ¥, Y5 - Yy) €W (R")", with the help of the Lax-
Milgram lemma, it can be proved that.

Proposition 1: For h=(h,h,,h,,.,h,)e(L’(R*))", there exists a unique
state ye(WO] R*NN of the system (1).

Verification

It is possible to represent the bilinear form as:

b(]/ Z)_ZZID k%m dp+ z .[amn ym% dp

m=1k=1p= m,n=1

> [Rly, 1,1y

m,n=1y

b(y, x)—zz I Dy, D.x,dp

m=1k=1p=

> Iym X, dp+ 5 [ Y, x,dp

m,n=1 m>n g

+ Y Ry, 1x,1dy - 5 [y, x,4dp

m,n=1y m<n g

b(CC)—ZZIIDC Fdp+ 3 f1C, Fdp

m=1k=1 R* m=1 R”

+ZI(R[C 1)’dy

m=1

N o 2 N 2
BE2 X SIDS, I ey + 2 I, I

(R")
b > N 2 N 2
(¢, 8)= E,lll ¢, ||W0‘(R°°) +mZ:ll|| ¢ &)
N
b, 0)> CZﬂII - IZ,V[}(Rw) [Coerciveness] V{ e [W(}(Rw)]w (2)

Since (R[z,])* 20, c=const, b({,n) < C ”C”wg(m IInIIW&(Rm) v{,
neW, (R*) and L(n) is continuous on (W, (R*))" then by Lax-Milgram
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lemma there exist a unique solution {=(,, ¢,, &,, ..., &) € W, (R™))",
such that b(,n) = L(n) for all ne (W, (R™))".

2.2 Presentation of the control problem
Consider (I*(B))" as the space of controls.
The energy function
¢(0) = b(y,v)—2L(n) (3)

for a control w=(w,, w,, w,, .., w,) € (*(B))" the state of the system
v={y,, ¥, Y5, - Yy} € (C(B))" is obtained by solving the following
system:-

Z(Dz)]/ +z aym +zamny1=hm in R (4)

y,=w VlSmSN onB

m

Conjugation condition (*). The observation equation takes the form

Zm :{ZI’ZZ’ZB""ZN}Eym'

The cost functional is given by:

C(w) =(@w, W) v+ 11 Y(@) =0, Iy, H < L*(B) ®)

@By

Cw) = (@0,0) 5 + X [(4() =0, dp

(2B)N

Where 0,=1{0,.0,,,0

1d7 247 ~3d7""

Oy, te(L*(B)),

@ is a positive definite self-adjoint operator on (I*(B))" for which:

(@w,w)>y || wl|] )N,7>0 (6)

(*(B
The control problem reduces to finding:
weW, St
C(w)=infC(v) Yoe W~

where W, is a convex, closed set within (L*(B))Y, given the form of the
cost function (5)
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N
C(U) = (wv’v)(Lz(B)x...Lz(B)) + Zl .[B(ym(v) - ym(o)’ ym (0) - Omd )2 dp

=b(v,v)-2L(0)+|0,, -y, (0)I*,m=1,2.

Where
bo,o)=@0,0)  +(y,@)-,0,y,0-y,0)
(L*(B)x...L”(B)) (L*(B)x...L”(B))
N—times N-—times
L@®=©,,-v,0.y,@©-y,0) ,m=12.N.
(L*(B)x...L”(B))
N—times

Under the conditions specified in (2) and (6), and with the cost
function from (5), w is optimal if the following relations are met

B N Os N
- (D})s, +¥ —2+>a,s, =0in R”
k=1 m=1 n=1
s, =y, (w)-0 , VI<m<N onB
0s
m =15 1=0 , , (7)
LVJ [s,] xXey
A
0s ’
— + =R][s ,Xe
{avA,} [s,] 14

s={s,,s,,s,,..,5,} is referred to as the adjoint state.

Overview of the proof
Given the differentiability of C(v) and the boundedness of W, the

optimal control w is defined as follows % c’ O)v,-w, )>0 YVoeW
m=1
which is equivalent to
(wmwm ’vm - wm )(LZ(B))N + (ym(w) - Omd’ ym (v) - ym(w)) 20 (8)

Since (A’s,y)=(s, Ay) where A is defined by:

w0 N
AY = AW Y YY) == 2 (DY, + 24,9,

then (SrAy): %(Sml_i(D}f)ym—i_%amnym j
m=1 k=1 m=1

@)Y
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Employing Green’s formula or interpreting derivatives in the weak
sense

. © N
(A's,y)= (—kZl(D,f)sm + éa”msm , ymj

As(u) + N's(u) =0, N" is transpose of N,s(u) adjoint state

© N
A=->D})+ Xa,, N=a,, n,m=12,.,N, (8)is equivalent to
k=1 n=1

nm’

0 5 N
(a)-mwm 4 vm - wm )(LZ(B))N + (_I(Z:—l (Dk )Sm +"Z::] anmsm ’ym (U) - ym (7/()) 20

From (7), we obtain

(a’mwm 4 Um - wm )(LZ(B))N

+| % s (v, —w )dp=0.
B m=1

In the absence of constraints, that is, when u, = u the identity s (w)

“Sm (w)

solving for the vector-function (ym,sm)T

+o,w, =0 ie, =w, accordingly the differential problem of
o N OS N

->(D})s, +> —"+Ya, s, =0in R”
k=1 m=1 at n=1

_i (le)ym + g" amnym = hm in Rw
k=1 m=1

Y +%=0me -y (w)-O,, V1<m<N  onB

j

0
{a‘s/ml:[sm]:O ,X€ey

A

0s ’
m =R ,
{av‘} (5, rer

A

Insight 1: The optimality system, in case of N=2, is formulated as
(@w,,v, —w, )(LZ(B))N + (aizwz )0, W, )(LZ(B))N .

+£51(01 —wl)dp+l£sz(v2 ~w,)dp=0
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_é(D:)% +y,(w)-y,(w) =h, in R”
_é(Df )Y, +y,(w)+y,(w)=h, in R”
_g(D:)sl +5,(w)+s,(w)=0in R”
é(Dbsz —5,(w)+s,(w)=0 in R”

Y =W,,8 :yl(w)_old’yz =W,,5, :yz(w)_ozd on B

0s 0s :
Pu | —0,42m L _R[s 1,m=1,2,
LV,:I 15, {aVA} 15,,],m ¥<¥

A

3. Boundary control of an NxN parabolic system with operators
having an infinite number of variables, subject to Neumann and
conjugation conditions

We now turn to the following NxN elliptic system in this section

0 2 N 6]/ N
> Dy, +>X—="*+Xa,y, =h inR”
k=1 ' m=1 at m=1 e "

’ 9)
Yy _ V1<m<N B
=g, <m< on
ov,
-1
and conjugation conditions (*), g € H 2 (B), Now we define a continuous

bilinear form on (W;(R”))" by
N o
b(y/ 6) = Zlkz:l j Dkykaéjdp
m=1k=1p>

N N
2 [(a,, v,)5,.d4p+ le R[y, 1S, 1dy
m,n=1p= mn=1y
3.1 Well-Posedness Solution

We have the following two chains
W' R = (CR™)Y =W R,
Wy R = (PR = (W, (R7))Y,

we define the following bilinear form on (W, (R*))"
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+ %1,‘- mn nrnénldp+ Z JRTI ][5
R®

m, n=1

LE=3[g & dB+z 118, dp, dp=de xdx, xx, .
m=1B

For C = (gll Czl C3/ A §N) € (Wol(Rw))Nl n = (nll nzl n3/ sy TIN)
e (W;(R”))" with the help of lax- Milgram lemma, we derive that:

Proposition 2: For h=(h, h,, h,) € (Z(R*)Y, there exists a

unique solution y=(y,, v,, ¥,, - yN) e (W (R"))
have

N of system (1). We

Mz

S [ -(D})y,&,dp+ 3 [RIy, IIE, 1y

k=10

b(y,8) =
N N
+ Z J-amn ymgm dp:z J hmgmdp
m,n=1g= m=1g»

I
—
—

Through Green's formula, we get

Wy, =3 % | Dy, Dé,dp+ 5 [Rly,IIE 1y

£y 10, 3,60~ b 6‘f (x )édB

m,n=1

1,o-3 1 %e ap=3 | n,8,dp

Hence Z |

m=1B

(%( Y _ Jn (x)dB=0—>g | = ay *) vm,..,N
B
3.2 Description of the control problem

Let (LI*(B))" be defined as the space of controls.

The energy form
$(v) =b(y,v) - 2L(m) (10)
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with control w=(w,, w,, w,, .., w,) € ((B))" the system’ state y(w) =
{y,(w), y,(w), y,(), ..., y(w)} e (Z(B)" is given by the solution of the
following system:-

Z(Dz)ynl+z ay — mnym_h in Rw
oy - , (11)
=g tw Vi<m<N onB

v,

Conjugation condition (¥)
The observation equation takes the form

Z]. (w) = {Zl (w)/ Z, (w)/ Z, (w)r o Zy (w)} = yi (ZU)
The cost functional is given by:

C(w) = (@w, w) +ly(w) - Od I, H < L*(B) (12)

@@~
Cw) =(@w,w) ,, %i(y(w)—Omd)zdp

Where o,={0,,0,,,0,,,..0,}e(B)",
assuming @ is hermitian positive definite operator on (L*(B))", we have:

@w, )2y w5, ¥ >0 (13)

The control problem is thus to find:
weW, St
C(w)=infC(v) Yoe W~

given that W, is a closed convex subset of (I*(B))", the cost function (12)
can be expressed as

C(0)=(@,0) ;3 5 +ﬂ%f3(]/m (v)-y,(0),y,(0)-0, ) dp
=b(v,v)-2L(v)+|O,, -y, (0)|*,m=1,2.

Where b(o,0) = (@0,0) s, (1, (0= 1,,(0),,0) =, O)) s,

L(©) =0, = ¥, (0), 1,(0) = ¥,,(0) 1z, 11 =1,2,-, N.
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Under the assumptions of (2) and (13) and with the cost function
defined in (12), the necessary and sufficient conditions for w to be an
optimal control are that the following equations and inequalities hold.

o NQJs N
_Z(le)sm+z_m+zan1nsm:0 ian
k=1 m=1 Of n=1
0

B g v B _y @)-0, VismsN onB
ov, " " 5VA. " "

; .
|:a‘s/”l*:|:[sm]:0 ,xe/}/

A

a +
{37} ~He o

s=1{s,,s,,s,,..,5,} is referred to as the adjoint state.

Overview of the proof

Given the differentiability of C(v) and the boundedness of W ,, the
optimal control w is defined as follows % C'() (v, -w,) =20 VoeW,
which is equivalent to "

@,w,,0,~10,) 2y, (@) =0, y,@)-y,@)=0 (13)
Since (A's,y)=(s, Ay) where A is defined by:

) N
AY =A{y1,yz,y3,--/yN} =_kZ::l(D:)]/m +nZ::lamnym 4

N 0 N
then (S’ Ay) = Z (Sm 4 _Z (le )ym + z amnym j(LZ(B))N
j=1 k=1 m=1

Employing Green’s formula or interpreting derivatives in the weak
sense

. 0 N
(A S, y) = (_};(D:)sm +§anmsm’ymj
A s(w) + N's(w) =0, N" is transpose of N, s(w) adjoint state

A = -S(D)+ Xa., N=a_, m, n=1, 2, ., N, (15) is
k=1 n=1

equivalent to
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0 N
(a)-mw"’ ’U h wm)(Lz(B))N +(_1§1 (D: )Sm + 21 amnsm 4 ym(v) - ]/m (W)j > O
Using Green's formula
0 N
(wmwm’v w )(LZ BHY +Z( m’_kgl(le)ym +r§1amnym)

L4 [S ’aym(v)—aym(w)j
m=t| " oV (12(B))

A

- 0s,
+ % Sm/ aym(,v) aym(u]) + %’: ] ,ym (,v) _ ym(w) > O
m=1 GVA (I*(B)) m=1 6VA (I2(B))
We obtain (@, w, ,v, —w,) ) j Z s, (v, —w, )dp=0.

In the absence of constraints, that is, when u, =y the identity s (w)

+ow =0 ie, ﬁg’yi(w):w then the task of solving the differential

m m m
m

problem for the vector-function

(ym’Sm)T
_Z(Dz)s +Z m+zamnsm Oln Rw
m=1
_Z(D}f)ym+zamnynz:h;n in R”
k=1 m=1
1%
W Su 0, B _y ()0, V1<j<N on B
o, @, v, 7 j
0Os
—n = :0 7
{8Vl 5.} ey
A
0Os :
H :R 7
{avA.} o -

Insight 2: For N=2, the optimality system takes the form
(wl 1/ wl)(Lz(B )N+(a)-2 zr wz)

+£sl(vl —wl)dp+ljgsz(v2 —w,)dp >0.

@)Y
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-é (D), +y,(w)—y,(w)=h, in R
—é (D), +v, (W) +y,(w)=h, in R”
—3 (D2)s, +5,(w)+s,(w) =0 in R”
k=1
fj(D,f)s2 —s,(w)+s,(w)=0 in R”
k=1
oy 0s oy 0s
6V: =& I’GV; :yl(w)_old’avi =8+t ZIQV; :yz(w)_Ozd on B
S 0s :
m — — 0/ m — R ,
{av } Ls] {avA,} 15, ] rey
Conclusion

The existence and uniqueness of the solution (state of the system)

were determined, and the necessary and sufficient conditions for the
system’s optimality were established in the 2x2 case, with a generalization
to the NxN case, for both distributed and boundary controls.
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