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Abstract
In this correspondent, obtain to bounds of covering radius of DNA codes in R = ℤ2 + 

vℤ2, v
2 = v by using different distance. Construct of various Repetition DNA codes and its 

covering radius of codes, Simplex Repetition DNA code for Unit Type and Zero divisor Type 
and finally MacDonald Repetition DNA codes of both type over R are determined. 

Subject Classification (2020):  11T71, 11T30, 68P30, 94B05.

Keywords: Finite ring, DNA code, Different distance, Covering radius, Simplex codes.

1.  Introduction

Deoxyribonucleic acid (DNA) is a double helical structure of two 
strands that twist around each other in an antiparallel orientation to form 
a helix. Each DNA strand is composed of nucleotides that form a chain. 
Hydrogen bonds hold the strands together between nitrogenous bases: 
Adenine (Ae), Thymine (Te), Cytosine (Ce), and Guanine (Ge). A double 
strand of DNA is formed when the respective bases are complementary to 
each other according to Watson - Crick base pairing: Adenine (Ae) pairing 
by Thymine (Te), and Cytosine (Ce) pairing by Guanine (Ge). In base 
pairing, Adenine (Ae) forms two hydrogen bonds with Thymine (Te), 
while Cytosine (C) forms three hydrogen bonds with Guanine (Ge). The 
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Ae - Te and Ce - Ge pairs occur in such a way that, on the 5’ to 3’ strand, 
Adenine (Ae) pairing by Thymine (Te), and Cytosine (Ce) pairing by 
Guanine (Ge) on the opposite strand, which runs in the 3’ to 5’ direction 
[1, 25].

The most challenging aspect of constructing DNA codes is creating 
sets of codeword for the constant length n in the nucleotide Alphabets (Ae, 
Te, Ce, Ge) that satisfy specific joined constraints. This has applications for 
reliably storing with restores tidings in synthetic DNA strands, particularly 
DNA chips and other molecular bar-codes.

The researchers working as on the codes over 4  in [2, 4, 5, 6, 16, 17, 
19, 22, 23, 24] and also on code over 3

2  [9]. The binary linear codes with 
covering radius are studied [13, 14]. In [2], the authors given some results 
of bounds from the code in 4  by using various distances. By using this 
ring 2  +  2 ,v  

2 =v v  and 2 2 ,u+   
2 = 0,u  found the covering radii of 

some repetition code and also a DNA codes in the above ring [11, 12].
In 2

2 2 , =v v v+   and 2 2 ,u+   
2 = 0u  for covering radius of some 

block repetition code in 4  had been determined in [10, 6, 7, 8] and also 
are obtained [11, 12].

2. Preliminary

In Genetics and Bioengineering is the one of main application of 
Algebraic Coding Theory. Design of the problem with DNA codes has 
applications for reliably storing and retrieving information in synthetic 
DNA strands in Alphabet = { , , , }.R Ae Ce Ge Te

Let ( )iy  with ,n
iy R∈  = 1, 2, ,i n  be the set of codewords, that is 

represent the four nucleotides in DNA, here n is a length. In [25], a 
nucleotide is denoted to Ae  match by Te  and Ce  match by .Ge  The DNA 
codewords is the fixed length n in the alphabet R and it is well known that 
the elements 0,1, ,1v v+  of the finite ring 2 2v+   with 2 =v v  are in one 
to one correspondence with the nucleotide DNA basis Ae Ce Te Ge 
respectively such that the map 0,Ae →  1,Ce →  Te v→  and 1 .Ge v→ +

So, the DNA codes problem is compatible to problematic in R-vector 
codes. The deportation do not assail the Ge Ce-weight of the word. The 
work of the correspondent is the alphabet R with above map and by using 
with different weights(such as, Lee(Le), Euclidean(En), Chinese 
Euclidean(CE) and Bachoc(Bc)).

In ( )kw l
 

=
 
|{ | = }|,jj z k

 
here ,nl R n∈  be a length of code and the 

element k from {Ae, Ce, Ge, Te}, where ( )kw l  is the weight of l at k. 
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Let C be a DNA linear code in R is a additive subgroup of ,nR  where 
n length. An the member of C is said to be a DNA codeword of C. The 
codewords C is generator matrix if form of a matrix whose rows generate 
C, it is denoted by G. 

The weight are define to Lee(Le), Euclidean(En), Chinese 
Euclidean(CE) and Bachoc(Bc) is given 

R  Le  En  CE  Bc 
 0 0 0 0 0
1 1 1 2 1
v 2 4 4 2

1 + v 1 1 2 2

in [21, 3].
Let 2

2: Rj →  be a linear gray map is defined by ( 2 )a bj +  =  ( , ),b a b+  
a∀  +  2b  ∈  .R  In ref. [23], 2

2[ ( )]Cj   be a image of linear code C underneath 
R of a length n. From Gray map with 2  code of length 2n  with same 
cardinality.

Let 0

1
0 2 2

= ,k

k

I X Y

I Z
G

 
 
 
  

 

where X, Y and Z are matrices in R. be a generator 

matrix of DNA linear code .C R∈
Let 0 1[ , ]c c  be a codewords of C and so, C contain all DNA codewords 

0 1[ , ] ,c c G  here 0c  is a linear of length 1k  over R and 1c  is a linear of length 

2k  over 2 .  Therefore, the cardinality of codewords of C is 1 24 2 .k k  Then, 
the parameters of 1 2: [ , 4 2 , ].k kC n d

So, the DNA code contained plenary DNA words of 0 1[ , ] ,c c G  where 

0 1,c c  are the linear of length 1 2,k k  atop 2, .R   Hence, the code C contains 
a aggregate of 1 24 2k k  codewords. So the code C are given 1 2[ , 4 2 , ].k kn d

Thus, a DNA linear code : [ , , ]C n k d  atop R, here n, k and d are the 
length, dimension and minimum distance(such as, Le, En, CE, Bc) of code.

3.  DNA Repetition Code with Covering Radius in R

A Covering Radius of code C is 

( ) = {min{ ( , )}},maxd c Cnu R
cr C d c u

∈∈

here d is a minimum distance of code and n is the length of code in R.
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Let 0= { = 0,q u 1 = 1,u 2 ,u 3 ,u , 1}qu −  be a finite field with a q 

element and let = {C u| },qu∈  where = ( , , , )u u u u  be a q-ary repetition 

code. In [20], the covering radii of C is ( 1) ,n q
q

 − 
  

 here C is a [ ,1, ]n n  code.

Let = [11 1
n

G


 2 2 2

n

u u u


 3 3 3

n

u u u


  1 1 1]
n

q q qu u u− − −



  be a generator 

matrix for the block of size n repetition code [ ( 1),n q − 1, ( 1)]n q −  and a 

covering radius is 2( 1) ,n q
q

 − 
  

 since it will be equivalent to a repetition code of 

length ( 1)q n−  by using the above it.

In DNA repetition code over R. So, two type are 
1.	� A code uC R∈  is an [ ,1, , , , ]n n n n n  code is generated by =uG

[ ]
n

Ce Ce Ce


  is said to be an Cytosine repetition code. 

2.	� A code zdC R∈  is an , , ( )( , 2, Le En Bc CEn d = 2 (4 ))n n  code is generated by 

zdG = [ ]
n

Te Te Te


  is said to be an Thymine repetition code. 

Theorem 3.1: 
5
32

3
2

2

1. ( ) 2 ( ) ,

2. ( ) = 2 ( ) ,

3. ( ) = 2 ( ) = 2 ,

4. 2 ( ) 2 ( ) 2 ,

Le zd Le u

En zd En u

CE zd CE u

Bc u Bc u

nn

n

n

cr C n and n cr C

cr C n and cr C

cr C n and cr C n

cr C n and n cr C n

 
  

 
  

≤ ≤ ≤ ≤

≤

≤ ≤ ≤ ≤

where uC  and zdC  are the DNA repetition code for unit type and zero divisors 
type in generator matrices uG  and .zdG  

Proof: Let = {C Ae Ae  Te Te  }Te  be a code in R and if y =
2
n

Te Te Te
 





2
n

Ae Ae Ae
 



 ∈ .nR  So, ( ,Led y AeAe  )Ae = (Lew y − AeAe  )Ae =
2
n 
 
 

 

and ( ,Led y TeTe  )Te = (Lewt y − TeTe  )Te =
2

.n 
 
 

 So, ( , )Le zdd y C =

,
2 2

min .n n     
    
     

 From the definition: 
2

( ) n
Le ucr C  

 
 

≥
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If y be any codeword in nR  and take it of y has 0u  coordinated as 0’s, 
1u  coordinated as 1’s, 2u  coordinated as 2’s, 3u  coordinated as 3’s, then 
0u + 1u + 2u + 3u = .n  Since uC = {AeAe  ,Ae TeTe  }Te  and using by 

lee weight of R. Therefore, ( ,Led y 00 0) = 0n u− + 1 2u u+ + 3u  and ( ,Led y
TeTe  )Te = 2n u− + 1 0u u+ + 3u  and so, ( , )Le zdd y C = 0min{n u− +

1 2u u+ + 3 ,u 2n u− + 1u + 0 3 }u u+  and hence, ( , )Le zdd y C ≤ n n+ = 2 .n  
Thus, 

2
n 
 
 

≤ ( )Le ucr C ≤ 2 .n

For any codeword ,y R∈  then 

0 1 2 3,( , ) =Led y AeAe Ae n u u u u− + + +

1 0 2 3,( , ) =Led y CeCe Ce n u u u u− + + +

2 1 3 0( , ) =Led y TeTe Te n u u u u− + + +

3 1 0 2( , ) = .Led y GeGe Ge n u u u u− + + +

This implies ( , )Le ud y C = min{n − 0u + 1u + 2u + 3 ,u 1n u− + 0 2u u+
+ 3 ,u 2n u− + 1u + 3 0 ,u u+ 3n u− + 1 0u u+ + 2 }u ≤ 5

3
n  and hence 

5
3( ) .n

ucr C ≤

Let 
3

= ,
p p p n p

y AeAe AeCeCe CeTeTe TeGeGe Ge
−

   

     here 
4

= .np  
 
 

 

Thus, ( ,Led y AeAe  )Ae = ,n ( ,Led y CeCe  )Ce = 2 4 ,n t− ( ,Led y
TeTe  )Te = n  and ( ,Led y GeGe  )Ge = 4 .p  Therefore ( )Le ucr C ≥
min{2 ,n 2 4 ,n p− 4 } .p n≥  The remaining part of proof is follows from 
above. 

Block DNA Repetition Code

Let 0= { ,B c 1 ,c 2 ,c 3 }c  be a Block DNA Repetition Code in R with 

length 3n is generated by G = [
n

Ce Ce Ce




n

Te Te Te


 ],
n

Ge Ge Ge


  where 
0c = Ae Ae Ae Ae ,Ae Ae 1c = Ce Ce Te Te ,Ge Ge 2c =

Te Te Ae Ae ,Te Te 3c = Ge Ge Te Te .Ce Ce  The Parameter of 
this code is given:

The length of all the weight are 3n  with one dimension and distance 
, = 4Le Bcd n  but = 6End n  and = 8 .CEd n
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Theorem 3.2 

3

3

3

3

7
21. 3 ( )

2. ( ) = 5 .
3. ( ) = 6 ,
4. ( ) = 4 .

n
Le

n
En

n
CE

n
Bc

nn cr B

cr B n
cr B n
cr B n

≤ ≤

Proof: Take =y Ae  3 .nAe R∈  Then, 3( , )n
Led y B = 3n  and so, 3( )n

LEcr B
≥ 3 .n

If 3= ( | | ) ny a b c R∈  with ,a b  and c have compositions 0 ,i 1 ,i 2 ,i 3 ,i  

0 ,j 1 ,j 2 ,j 3j  and 0 ,k 1 ,k 2 ,k 3k  respectively such that 
3

=0
= ,x

x
i n∑

3

=0
=x

x
j n∑  

and 
3

=0
= ,x

x
k n∑  then 

0 0 1 2 3 0 1 2 3 0 1 2 3( , ) = 3 ,Led y c n i i i i j j j j k k k k− + + + − + + + − + + +

1 1 0 2 3 2 0 1 0 3 0 1 2( , ) = 3 ,Led y c n i i i i j j j j k k k k− + + + − + + + − + + +

2 2 1 0 3 0 1 3 2 0 1 3( , ) = 3Le jd y c n i i i i j j s j k k k k− + + + − + + + − + + +

and

3 3 1 0 2 2 0 1 3 1 3 0 2( , ) = 3 .Led y c n i i i i j j j j k k k k− + + + − + + + − + + +

So, 3( , )n
Led y B  =  0min{ ( , ),Led y c  1( , ),Led y c  2( , ),Led y c  3( , )}Led y c  ≤

7
2
n  

and hence, 3( )n
Lecr B ≤ 7

2 .n  The proof of other part is follows from above 
way. 

Two Block DNA Repetition Code:

Let G = [
n

CeCe Ce


 ]
n

TeTe Te


  be a generator matrix is given the 
following parameters:

The length of all the weight are 2n with one dimension and distance 
, , = 2Le En Bcd n  but = 4 .CEd n

Theorem 3.3: 

2

2

2

2

11
3

7
2

2

2

1. 2 ( )

2. ( ) = .

3. 4 2 ( ) 4 ,

4. 2 ( ) 4 .

n
Le

n
En

n
CE

n
Bc

n

n

n

n

n cr B

cr B

n cr B n

n cr B n

 
  
 
  

≤ ≤

+ ≤ ≤

+ ≤ ≤
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2

2

2

11
3

7
2

2

2

1. 2 ( )

2. ( ) = .

3. 4 2 ( ) 4 ,

4. 2 ( ) 4 .

n
Le

n
En

n
CE

n
Bc

n

n

n

n

n cr B

cr B

n cr B n

n cr B n

 
  
 
  

≤ ≤

+ ≤ ≤

+ ≤ ≤

Proof: Use the above theorem of proof with two block of same length. 

Let G = [
m

Ce Ce Ce




1

]

m

Te Te Te


  be the generator matrix for m and m1 
block DNA repetition code of length are m and m1 respectively. The 
following table are denoted by the parameters of m and m1 block repetition 
code 1( ) :m mB +  

 R  Le  En  CE  Bc 
 l m + m1 m + m1 m + m1 m + m1

 d 1 1 1 1
 d(w) w* w* min{4m, 3m + 3m1} w*

 
where 1* = {2 , }w min m m m+  

Theorem 3.4: 

11
1

1
1

11
1

21
1

5
3

3
2

2

2

1. ( ) 2 ,

2. ( ) 2

3. 2 4 ( ) 2 2 ,

4. 2 ( ) 2 2 .

m m
Le

m m
En

m m
CE

n
Bc

m

m

m

m

m m cr B m

cr B m

m cr B m m

m cr B m m

+

+

+ 
  

 
  

+ ≤ ≤ +

≤ +

+ ≤ ≤ +

+ + ≤ ≤ +
 

Proof: By Theorem 3.3 with 1,m m  block length. 

4. � DNA Repetition code of Simplex Code for Unit Type and Zero  
divisor Type in R 

In this section, the studies of Quaternary simplex codes of type u and 
type zd, ref. [4], but i will consider for unit type and zero divisor type in 
this paper.
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Unit Type Simplex code u
kS :

Let 

1 1 1 1
= (4.1)u

u u u uk
k k k k

Ae Ae Ce Ce Te Te Ge Ge

G G G G
G

− − − −

 
 
  

   

be a generator matrix for unit type simplex code of DNA repetition code 
in R. The parameter of this code [4 , ].k k  If = 2,k  then 1 = [ ].uM Ae Ce Te Ge

Zero Divisor Type Simplex code zd
kS :

Let zd
kS  be a zero divisor Type Simplex code is a punctures version of 

.u
kS  Then the parameter 1[2 ,(2 1), ].k k k− −

The generator matrix of Zero Divisor Type Simplex code with = 2k  is 

2 = (4.2)zd Ce Ce Ce Ce Ae Te
Ae Ce Te Ge Ce Ce

G
 
 
  

and > 2k  is 

1 1 1
= (4.3)zd

u zd zdk
k k k

CeCe Ce AeAe Ae TeTe Te

G G G
G

− − −

 
 
  

  

, where 1
u
kG −  is the generator matrix of 1.u

kS −  Further is referred to [4].

Theorem 4.1 

2

2 1

2( 1)

5 4 5
3

2 1
3

1. ( ) 2 1,

2. ( ) ,

3. ( ) 2 3,

4. ( ) .

u k
Le k

u
En k

u k
CE k

k
u

Bc k

k

cr S

cr S

cr S

cr S

+

+

⋅ +

−

≤ +

≤

≤ −

≤  

Proof: Let = .ny CeCe Ce R∈  By equation(4.1), ref. [13], Theorem 3.3.


1
( 1)

4 ( 1) ( 1) 1
1 1

1

( ) ( ) (< ** * * * * >), here * = ,** = ,
* ** = and = 4

( ) 3.4 3[4 4 ] ( )
( ) 4 1 (since, (S ) 5)

pp p
u u

Le k Le k Le
k

k k u
Le k Le

u k u
Le k Le

cr S cr S cr CeCe Ce TeTe Te
GeGe Ge p

cr S cr S
cr S cr

−
−

− −
−

≤ +

≤ + ≤ + + +

≤ + =



 





The other part is alike way from 1. 
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Theorem 4.2: 

2

2 2 3 3

5 4 6 2 8
6

(2 3 2 9 2 10)
3

1. ( ) 2 (2 1) 1,

2. ( ) ,

3. ( ) (2 2 ) 7,

4. ( )

zd k k
Le k

k k
zd

En k

zd k k
CE k

k k k
zd

Bc k

cr S

cr S

cr S

cr S
− −

⋅ − ⋅ −

+ ⋅ − ⋅ −

≤ − −

≤

≤ − −

≤
 

Proof: From eqn. (4.3), ref. [13], Theorem 3.4, so 
 

2( 1) (2 3) ( 2)2 2 2

1
(2 2) (2 3) ( 2)

1
( 2) ( 2) 2 (2 3) (2 5) 3

( 2) ( 3)
2

( ) ( ) (< * * * >), where * = ,** =
= ( ) 2 2 2

2(4 4 4 ) (4 4 4 )
(4 4 4) ( )

( )

k k k

zd zd
Le k Le k Le

zd k k k
Le k

k k k k

k k zd
Le

zd
Le k

cr S cr S cr Ce Ce Te Te
cr S

cr S
cr S

− − −−

−
− − −

−
− − − −

− −

≤ +

+ + −

≤ + + + + + + + −

+ + + +

 

 



1
22 (2 1) 1 (since ( ) = 5).k k zd

Lecr S−≤ − −

The other part is the same arguments to 1. 

5. � DNA Repetition code of MacDonald Code for Unit Type and Zero 
divisor Type in R 

Let qF  be a finite field, and let , ( )k tM q  be a q-ary MacDonald code in 

.qF  So a unique parameter of this code is a 1 1
1 , ,

k tq q k tk q q− − −
−

 − q  code. In 

particular, the , ( )k tM q  weight code is either 1kq −  or 1 1k tq q− −−  from [18].
In [20] the authors were working to cover the radius of the code in qF  

and also gave one or more exact values for the small dimension of the 
code. Define a MacDonald code in the ring with generator matrices of 
simplex codes [15].

, ( )k tM q  Unit Type:

,
0= \ (5.1)u u

kk t u
tG

G G
 
 
  

here 0 is a 2( ) 2 ,tk t− ×  for 2 1.t k≤ ≤ −

, ( )k tM q  Zero Divisor Type:

,
0= \ (5.2)zd zd

kk t zd
tG

G G
 
 
  
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here 0 is a ( )k t− × 12 (2 ),t t− −  for 2 1.t k≤ ≤ −  From the above, the parameter 
of ,

u
k tM  code is 2 2[2 2 , ]k t k−  code and ,

zd
k tM  code is 1 1[(2 2 )k t− −− (2 2 1),k t+ −

]k  code in R. The above these code from u
kS  and zd

kS  code. 

Theorem 5.1: 
2 2

, ,

2 2
, ,

2 1 2 1
, ,

1 1

, ,

5
3

4 4
3

1. ( ) 2 2 ( ),

2. ( ) (2 2 ) ( ),

3. ( ) 2 2 ( ) and

4. ( ) ( ), for < .

u k r u
Le k t Le r t

u k r u
En k t En r t

u k r u
CE k t CEn r t

k r
u u

Bc k t Bc r t

cr M cr M

cr M cr M

cr M cr M

cr M cr M t r k

+ +

+ +−

≤ − +

≤ − +

≤ − +

≤ + ≤
 

Proof: By using, Eqn.(5.1), ref. [13] and Theorem 3.2, so
2( 1) 2( 1) 2( 1)2 2 2

, ,
1

1,
2( 1) 2( 2) 2

,
2 2

, ,

( ) (< >) ( )
= 3.4 ( ), for > .

3 3 3 ( ) for >
( ) 2 2 ( ), for

k k k

u u
Le k t Le Le r t

k u
Le k t

k k r u
Le r t

u k r u
Le k t Le r t

cr M cr CeCe CeTeTe TeGeGe Ge cr M
cr M k r t

cr M k r t
cr M cr M k r

− − −

−
−

− −

≤ +

+ ≥

≤ + + + + ≥

≤ − + ≥



  



> .t

The remaining part is suitable arguments to 1. 

Theorem 5.2: 

( 1) ( 1)
, ,

2 2

, ,

, ,
2( 1) 2( 1) 2( 1) 2( 1)

,

(5 2 6) (6 5 2 )
6

2 2 3(2 2 )

1. ( ) 2 (2 1) 2 (1 2 ) ( ),

2. ( ) ( ),

3. ( ) (4 2 ) (2 4 ) ( ) and

4. ( )

zd k k r r zd
Le k t Le r t

k r
zd zd

En k t En r t

zd k k r r zd
CE k t CEn r t

k r k r
zd

Bc k t

cr M cr M

cr M cr M

cr M cr M

cr M

− −

+ + − −

⋅ − + − ⋅

− + − +

≤ − + − +

≤ +

≤ − + − +

≤
1 1

,
9(2 2 )

6 ( ),

for < .

r k
zd

Bc r tcr M

t r k

− −− +

≤  

Proof: Ref. [13], eqn. (5.2), Theorem 3.4.
 

2( 1) 2( 1) 1 ( 1) 12 2 2

, 1,

(2 1) 1 ( 1) 2 1
, ,

( ) (< * * * >) ( ),
where * = ,** =

( ) 2 (2 ) 2 (2 ) ( ), for < .

k k k

zd zd
Le k t Le Le k t

zd k k r r zd
Le k t Le r t

cr M cr cr M
CeCe Ce TeTe Te

cr M cr M t r k

− − − − −−

−

− − − −

≤ +

≤ − + − + ≤

 
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The remaining part is quasi idea to 1. 
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