
©

Multivariate fractional optimal stopping problems

Teruo Tanaka 
Department of Systems Engineering
Graduate School of Information Sciences
Hiroshima City University
3-4-1 Ozuka-higashi
Asaminami-ku
Hiroshima 731-3194
Japan

Abstract
This paper present a development of new multivariate optimal stopping problems 

which associated the discrete time or continuous time stochastic processes with a fractional 
reward criterion. By applying the established reasoning approach in mathematical 
programming theory, the existence of an optimal stopping time for these problems will be 
established by assuming certain regularity conditions on the stochastic processes. 

Subject Classification:  60G40, 93E20.

Keywords: Fractional reward, Optimal stopping, Parametric method, Stopping time.

E-mail: teruo@hiroshima-cu.ac.jp

Journal of Information & Optimization Sciences
ISSN  0252-2667 (Print), ISSN  2169-0103 (Online)
Vol. 47 (2026), No. 3, pp. 941–950
DOI : 10.47974/JIOS-1601

Multivariate fractional optimal stopping problems 
Teruo Tanaka i  
 
 
 
This paper present a development of new multivariate optimal stopping 
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reasoning approach in mathematical programming theory, the existence of an 
optimal stopping time for these problems will be established by assuming certain 
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1. Introduction 
Let           and        . Suppose         is a probability 

space and          is a filtration of   and             .       is 
called a stopping time if for each    ,         , and we use   to denote 
the collection of all stopping times.             is called a randomized 
stopping time if for each                         where         
            denotes the Lebesgue measure space. For each randomized stopping 
time  , a unique randomized stopping time  ̃           exists for which  
                        ̃          
for every     and    , and for which for every      ̃      is an 
increasing and left-continuous function. We use   to denote the collection of all 
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randomized stopping times which are increasing and left-continuous in the 
variable  . 

The topology on   known as the Baxter-Chacon topology is defined. 

Definition 1.1: ([2], [3]). The weakest topology on  , for which the following 
condition holds; for        ,    
    ∫                                       

         
is continuous, is called the Baxter-Chacon topology on  . 

Theorem 1.1: ([2], [3]).   is compact relative to the Baxter-Chacon topology.  
We take          as a Banach space as well as            as an 

        -adapted  -valued integrable ( in the sense of Bochner) stochastic 
process with  

                            
Moreover we take       as a convex and continuous function, as well 

as       as a concave and continuous function such that    . 

Proposition 1.1: If                    , then the set               is 
compact.  

Proof: Since           strongly a.e. and                    , we have  
                       

for each        such that         . 
Hence the map       defined by              is continuous. 

Therefore                    is compact.  
Now we consider the following problems: 

  

                  
   

          
           

                  
   

          
           

                       
   
                             

 

Many authors have studied mathematical optimization problems under 
fractional costs/rewards. For example, Aggarwal et al. [1], Iwamoto and Fujita 
[4], and Ren and Krogh [6] studied Markov decision processes under fractional 
criteira. Morimoto [5], Tanaka [9, 10] studied one-parameter or multiparameter 
optimal stopping problems under fractional criteira. Sawasaki, Kimura and 
Tanaka [7] studied a two-player zero-sum game under fractional criteira in the 
subject of game theory. Stancu-Minasian [8] treated fractional programming in 
the subject of mathematical programming. 

This paper present a development of new multivariate optimal stopping 
problems which combined the discrete tme or continuous time stochastic 
processes with a fractional reward criterion. By applying the established 
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reasoning approach in mathematical programming theory, especially, fractional 
programming, and the Baxter-Chacon topology on  , we shall show the existence 
of optimal stopping times for these problems by assuming certain regularity 
conditions on the stochastic processes. 

2. Parametric problem (  )  
In this section we study properties of the optimal value function     . 

Proposition 2.1: The function        is convex.  

Proof: For all       and        , we have  

                    
   
                                     

                
   
                            

                                                   
            

   
                          

                       
   
                          

                                           
In order to prove the next result, we prepare the theorem. 

Theorem 2.1: If                     and       is convex and 
continuous, it follows that there is     for which  

              
   
               

   
              

Proposition 2.2: The function        is strictly decreasing.  

Proof: Because   is concave and by applying    to Theorem 2.1, we can find 
    for whcih  

              
   
               

   
                

By          ,             . Then we obtain                  
 . 

For all      , we have  
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Proposition 2.3:               and              .  

Proof: Note that                    from the proof of the previous 
proposition. We assume that    .  

         
   

                        
                

   
               

   
              

               
   

                
   

          
                   

 

Next we assume that    .  
          

   
                        

               
   

                         
               

   
              

   
              

               
   

               
   

            
                    

 

Proposition 2.4: There exists only one      for whcih        .  

Proposition 2.5: The function        is Lipschitz continuous.  

Proof: For any      , we have  
                    

   
                          

        
   

                           

      
   

                                                     
      

   
                 

             
   

            
 

By Proposition 1.1,               is compact. Because   is 
continuous, we obtain  

   
   

               

and  
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Proposition 2.6: We set             
           for any    . Then        .  

Proof: For any    , we get  
                                   

Theorem 2.2:      is optimal for      and               
            if and only if 

     is optimal for       and        .  

Proof: Let      be optimal for     . Then for any     we obtain  

                
            

          
            

and hence  
                             
                                    

Therefore we have                                  . 
Next let      be optimal for       and        . Then for any     

we obtain  
                                                      

and hence  

  
               

            

                                 
 

Therefore we have the conclusions.  

3. Fractional problems      and      
In this section we assume that  

      
       

Remark 3.1:  
(1)  If     , then      is convex.  
(2)  If     ,    in Proposition 2.4 is nonnegative.  

 
Before stating the main results, we prepare the useful result. 

Theorem 3.1: ([3]). If                     and       is continuous, 
then there is     for whcih  

               
   
            

Theorem 3.2: If                    , then  
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Proof: We set                                           Since 
     is convex and Theorem 2.1, we have               . By 
Proposition 2.4, there exists only one       for whcih              . 
Moreover by Theorem 2.1, we can find      such that  

                                   
Hence we obtain  

                
             

And also  
                                       
and then  

                            
Therefore we obtain  

                
               

   

          
            

Next, since       is continuous and Theorem 3.1, we can obtain 
     such that                                  . Hence we get  

                
             

And also  
                                       
and then  

                            
Therefore we obtain  

                
               

   

          
            

Corollary 3.1: If                    , it follows that there is      for 
which  

                
               

   

          
            

Corollary 3.2: If                    , it follows that there is      for 
which  
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4. Dinkelbach algorithm 
We consider the following algorithm. Let     be fixed. 
(1)  Set     .  
(2)  For     , set    

           
           

. 

(3)  Find      so that                                .  
(i)  If        , then stop. In particular,    is exactly optimal if 

       .  
(ii)  If         , then set    

           
           

 and go to (4).  

(4)  Find      so that                                .  
(i)  If        , then stop. In particular,    is exactly optimal if 

       .  
(ii)  If        , then set    

           
           

,      and go to (k).  

(k)  Find      so that                                .  
(i)  If        , then stop. In particular,    is exactly optimal if 

       .  
(ii)  If        , then set      

           
           

,        and go to (k).  

Proposition 4.1: For any   such that        , we have        .  

Proof:  
             

   
                         

                                                
                                                    
                                            

 

From              , we obtain        .  

Proposition 4.2:            .  

Proof: By Proposition 4.1, there exists            . Suppose that     . 
From the proof of Proposition 4.1, we have  

                                           
   

             
and                    from Proposition 1.1. Hence we have 
             . Since   is continuous, we obtain       . On the other 
hand, from      and Proposition 2.2, we have           . This is a 
contradiction. By the same arguments, we can conclude    .  
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5. Continuous time case 
Suppose         is a probability space equipped with a filtration 

             of  , which is assumed to satisfy the usual conditions.     
      is called a stopping time if for each        ,          for each 
       , and we use   to denote the collection of all stopping times.     
            is called a randomized stopping time if for each        , 
                   and for each    ,        is an increasing and 
left-continuous function. We use   to denote the collection of all randomized 
stopping times. 

Definition 5.1: ([2], [3]). The weakest topology for which the following 
condition holds ; for each            and              
    ∫                                 
is continuous, is called the Baxter-Chacon topology on  .  

Theorem 5.1: ([3]).   is compact relative to the Baxter-Chacon topology.  
We take           as a Banach space as well as                as an 

            -adapted  -valued integrable ( in the sense of Bochner) stochastic 
process with  

                            
Moreover we take       as a convex and continuous function, as well 

as       as a concave and continuous function such that    . 
We consider the following problems: 

  

               
   

          
           

               
   

          
           

                    
   
                             

 

Theorem 5.2: ([3]). If                        , the map              
  is right-continuous a.e., and       is convex and continuous, it follows 
that  

   
   
               

   
             

Theorem 5.3: ([3]). Suppose that                        ,         
       is right-continuous a.e., and for each          ,            
a.e.. For all        such that    converges to   with repect to the 
Baxter-Chacon topology, and    ,  
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Theorem 5.4: Suppose that                        ,                
is right-continuous a.e., and for each          ,            a.e., and 
      is convex and continuous. Then there is     for whcih  

               
   
              

   
              

By taking into account these theorems, we get the similar results to those 
described in section 2 and section 3. Therefore we omit the proofs. 

Proposition 5.1: If                        , the map                
is right-continuous a.e., and for each          ,            a.e., then 
the set               is compact.  

Proposition 5.2: The function        is convex.  

Proposition 5.3: The function        is strictly decreasing.  

Proposition 5.4:               and              .  

Proposition 5.5: There is only one      for which        .  

Proposition 5.6: The function        is Lipschitz continuous.  

Proposition 5.7: We set             
           for all    . Then        .  

Theorem 5.5:      is optimal for      and               
            if and only if 

     is optimal for       and        .  
Throughout the remainder of this section, we make the assumptions that 

      
       

Theorem 5.6: If                        ,                is right- 
continuous a.e., and for each          ,            a.e., it follows that  

     
   

          
                 

          
            

Corollary 5.1: If  [          |      |]                   is right- 
continuous a.e., and for each          ,            a.e., it follows that 
there is      for which  

                
                  

          
            

 



950� T. TANAKA

References

	 [1]	 V. K. Aggarwal, R. Chandrasekaran, and K. P. K. Nair, “Markov ratio 
decision processes,” Journal of Optimization Theory and Applications, 
vol. 21, pp. 27–37 (1977).

	 [2]	 J. R. Baxter and R. V. Chacon, “Compactness of stopping times,” 
Zeitschrift für Wahrscheinlichkeitstheorie und verwandte Gebiete, 
vol. 40, pp. 169–181 (1977).

	 [3]	 G. A. Edgar, A. Millet, and L. Sucheston, “On compactness and opti-
mality of stopping times,” in Martingale Theory in Harmonic Anal-
ysis and Banach Spaces, Lecture Notes in Math., vol. 939, pp. 36–61 
(1981).

	 [4]	 S. Iwamoto and T. Fujita, “Markov decision processes under frac-
tional criteria,” Kyoto University, RIMS, Kokyuroku, no. 1079, pp. 
153–163  (1999). (In Japanese)

	 [5]	 H. Morimoto, “On average cost stopping time problems,” Probability 
Theory Related Fields, vol. 90, pp. 469–490 (1991).

	 [6]	 Z. Ren and B. Krogh, “Markov decision processes with fractional 
costs,” IEEE Transactions on Automatic Control, vol. 50, pp. 646–650 
(2005).

	 [7]	 Y. Sawasaki, Y. Kimura, and K. Tanaka, “A two-person zero-sum 
game with fractional loss function,” Journal of the Operations Research 
Society of Japan, vol. 43, pp. 209–218 (2000).

	 [8]	 I. M. Stancu-Minasian, Fractional Programming. Dordrecht: Kluwer 
Academic Publishers (1997).

	 [9]	 T. Tanaka, “Fakeev’s necessary conditions for optimality in multipa-
rameter optimal stopping problems,” Journal of Information and Opti-
mization Sciences, vol. 39, no. 8, pp. 1627–1636 (2018).

[10]	 T. Tanaka, “Optimal stochastic sequential control with fractional re-
wards,” Journal of Statistics and Management Systems, vol. 21, no. 7, pp. 
1173–1188 (2018).

		  Received February, 2023	


