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Abstract

This paper present a development of new multivariate optimal stopping problems
which associated the discrete time or continuous time stochastic processes with a fractional
reward criterion. By applying the established reasoning approach in mathematical
programming theory, the existence of an optimal stopping time for these problems will be
established by assuming certain regularity conditions on the stochastic processes.
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1. Introduction

Let N={1,2,--} and N = N U {o}. Suppose (Q,F,P) is a probability
space and {F,,t € N} is a filtration of F and F, = 0(Usey F). 0:Q > N is
called a stopping time if for each t € N, {o = t} € F,, and we use X to denote
the collection of all stopping times. &:Q x [0,1] —» N is called a randomized
stopping time if for each t €N, {&=t}€ F, x X([0,1]), where ([0,1],
X ([0,1]),L) denotes the Lebesgue measure space. For each randomized stopping
time &, a unique randomized stopping time &:Q x [0,1] = N exists for which

L{al§(w,a) = t}) = L{al{(w,a) = t})

for every w € Q and t €N, and for which for every w € Q &(w,”) is an
increasing and left-continuous function. We use Z to denote the collection of all
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randomized stopping times which are increasing and left-continuous in the
variable v.
The topology on E known as the Baxter-Chacon topology is defined.

Definition 1.1: ([2], [3]). The weakest topology on =, for which the following
condition holds; for t € N, ¢ € £,

£o [ h(@)L({alE(a) =tHdP tE€N,h € L'(QF,P)

is continuous, is called the Baxter-Chacon topology on Z.

Theorem 1.1: ([2], [3]). & is compact relative to the Baxter-Chacon topology.

We take (X,||-]])as a Banach space as well as {V(t),t € N} as an
{F;, t € N}-adapted X -valued integrable ( in the sense of Bochner) stochastic
process with

[IV(t) =V ()|| » 0a.e.ast — oo.

Moreover we take ®: X — R as a convex and continuous function, as well
as W: X — R as a concave and continuous function such that ¥ > 0.

Proposition 1.1: If E[sup,g||V(®)|]] < o, then the set {E[V(£)][¢ € £} is
compact.

Proof: Since V(t) — V(o) strongly a.e. and E[sup,g||V (£)]]|] < o, we have

E[V(i)] = E[V(E)] (k = )
for each &, ¢ € E such that &, — £(BC).
Hence the map G:& — X defined by G(&) = E[V()] is continuous.
Therefore G (&) = {E[V(£)]|€ € E} is compact.
Now we consider the following problems:
PEVED
(Pe) R REVE©)D’
PEWV ()]
(Px) S S Ev @D’

(Po) d(0) = sup{®@(E[V(0)]) = 6 (E[V(2)]}. 6 € R.

Many authors have studied mathematical optimization problems under
fractional costs/rewards. For example, Aggarwal et al. [1], Iwamoto and Fujita
[4], and Ren and Krogh [6] studied Markov decision processes under fractional
criteira. Morimoto [5], Tanaka [9, 10] studied one-parameter or multiparameter
optimal stopping problems under fractional criteira. Sawasaki, Kimura and
Tanaka [7] studied a two-player zero-sum game under fractional criteira in the
subject of game theory. Stancu-Minasian [8] treated fractional programming in
the subject of mathematical programming.

This paper present a development of new multivariate optimal stopping
problems which combined the discrete tme or continuous time stochastic
processes with a fractional reward criterion. By applying the established
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reasoning approach in mathematical programming theory, especially, fractional
programming, and the Baxter-Chacon topology on Z, we shall show the existence
of optimal stopping times for these problems by assuming certain regularity
conditions on the stochastic processes.

2. Parametric problem (Pg)
In this section we study properties of the optimal value function d(8).

Proposition 2.1: The function 8 — d(6) is convex.
Proof: For all 8; < 6, and L € [0,1], we have
d(L6, + (1= L)8,) = sup{P(E[V(0)]) — (L6, + (1 = L)8)P(E[V (o) D}
OEX
= fflég{ﬁ(CD(E[V(G)]) — 6, Y(E[V(a)])
+(A =D (@EV(a)]) — 0, Y(E[V(0)]D)}
=L igg{q’(E[V(ff)]) — 6, Y(E[V(a)]D}
+(1 - ﬁ)ilég{‘b(E[V(U)]) - 6,¥Y(E[V(a)D}
= Ld(6,) + (1 — £)d(6,).
In order to prove the next result, we prepare the theorem.

Theorem 2.1: If E[sup,glIV(@®)||]] <o and n:X - R is convex and
continuous, it follows that there is T € X for which

nEVQ@)D = sup nEWV@©@)D = ?ég nEV )] <

Proposition 2.2: The function 8 — d(6) is strictly decreasing.

Proof: Because W is concave and by applying —¥ to Theorem 2.1, we can find
T € X for whcih

PYEVOD = inf YEW(@)]) = inf ¥EV D) > —co.
By E[V(7)] € X, W(E[V(7)]) > 0. Then we obtain inf, s W(E[V (0)]) >
For all 6, < 6,, we have
d(81) = sup{@(E[V(9)]) = 6, ¥ (E[V(a)])}
SUp{®(E[V(0)]) = 0 P(E[V(0)]) + (82 = 6)P(E[V (o)D)}
sup(@(E [V (0)]) ~ 6, ¥(ELV (0)]) + (6, — 1) inf W(EIV (o))

o€

= sup(®(E[V (@)]) — 0, ¥(EV (@)D} + (0, - 6,) inf W(EV (9)])

OEX

v
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> f;lég{q’(E V(o)D) — 6;¥(E[V(a)D}
= d(6y).
Proposition 2.3: limg_,d(0) = —o and limg_,_,d(0) = oo.

Proof: Note that inf,csW(E[V(0)]) >0 from the proof of the previous
proposition. We assume that 6 > 0.

d(6) = ilég{‘D(E[V(G)]) — 0P (E[V(0)D}
= sup ®(E[V(9)]) + sup{=6%(E[V ()]}
==gg¢wwwﬂy—%gwwwwﬂ)
— —o0 (8 - ).
Next we assume that 8 < 0.
) = ilég{q’(E[V(G)]) —0¥(E[V(o)D}
2 inf (P(E[V(9)]) — 6¥(E[V()D}
2 inf®(E[V (o)D) + inf{-6W(E[V(a)])}
= Infe(E[V(0)]) — 0 Inf{¥(E[V(0)])}
- o (8 - —0).
Proposition 2.4: There exists only one 8* € R for wheih d(6*) = 0.
Proposition 2.5: The function 8 — d(6) is Lipschitz continuous.

Proof: For any 0, 0,, we have

|d(61) —d(62)] = Iilég{q)(E[V(a)]) — 6, Y(E[V ()]}
—ilég{q’(E[V(U)]) — 6P (EV (0D}

ilégl{d)(E[V(G)]) — 6, Y(EV()D} —{PEV ()] — 6;Y(E[V (DI

= ilél;l% = 6|Y(E[V(a)D

< 16, — Ozlsalég Y(E[V(a)]).

IA

By Proposition 1.1, {E[V(&)]|§ € £} is compact. Because W is
continuous, we obtain

‘?EIE YEVE] < oo,

and
sup ‘P(E[V(G)])Sflég‘P(E[V(f)]) < oo.

OEX
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@(E[V(0)

.. ) _ D
Proposition 2.6: We set 8 = YET @D forany o € X. Then d(6) = 0.

Proof: For any o € Z, we get
d@) = P(E[V(0)]) —OY(E[V(a)]) =0.

@(E[Z(aD)])

Th 22: 0" € is opti P =
eorem o is optimal for (Py) and 6 Y(E[Z(aM)])

o € X is optimal for (Pg~) and d(8™) = 0.

if and only if

Proof: Let * € ¥ be optimal for (Ps). Then for any o € ¥ we obtain

+ _ PE[Z@)]) PEV ()]
W(E[Z(aM)]) P(E[V ()]

and hence
P(E[Z(a)D - 0" P(E[Z(a7)]D =0,
D(E[V(a)]) — 0"Y(E[V(0)])0foro € .
Therefore we have d(8*) = ®(E[Z(c")]) — 8"V (E[Z(c")]) = 0.
Next let 0" € £ be optimal for (Py+) and d(8*) = 0. Then for any o € X
we obtain
PEV(a)]) - "P(E[V (o)D) < ®(E[Z(0)]D — 6"V(E[Z(a7)]) = 0,
and hence

. _ OE[Z(M)
W(E[Z(cM])'
» 2EF (DD for o € X.
Y(E[V (o))

Therefore we have the conclusions.

3. Fractional problems (P;) and (Py)
In this section we assume that
020,
d=0.

Remark 3.1:
(1) If 8 =0,then & — Y is convex.
(2) If ® =0, 6 in Proposition 2.4 is nonnegative.

Before stating the main results, we prepare the useful result.

Theorem 3.1: ([3]). If E[sup,xl|V(D)|]] < and n:X - R is continuous,
then there is § € E for whcih

nEWVED = sup nEWVED-

Theorem 3.2: If E[sup, 5|V (£)||] < oo, then
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W PEV@D _ SEVED
e EV(D)]) ek $ENV @D

Proof: We set d(9) = supgez{P(E[V(§)]) — OP(E[V ()]}, 0 = 0. Since
® — Q¥ is convex and Theorem 2.1, we have d(8)=d(6),6=0. By
Proposition 2.4, there exists only one 8* = 0 for wheih d(8*) = d(8*) = 0.
Moreover by Theorem 2.1, we can find ¢* € ¥ such that
0=d(0") = ®E[V(a)]) — 6"V(E[V ().
Hence we obtain

« _ ®EV(EID
W(EV (@M

And also
0=d(0") 2 ®(E[V(0)]) —0"Y(E[V(0)]),0 €X
and then
g+ > LEVE@D
— YEV (@D
Therefore we obtain
2 SEVEID _ o SEV @D
YEV(@©@I]) ey YEV@D

Next, since ® — 6*W is continuous and Theorem 3.1, we can obtain
&* € E such that 0 = d(8*) = ®(E[V(§¥)]) — O*W(E[V(§*)]). Hence we get
. = ®EVEID
WEVEID

And also
0=d(8") =2 PEVE] —PE[V(ED, S EE
and then
. > PEVED
T WEEZEOD
Therefore we obtain
« _ PEEZEDD _ sup <1>(E[V(f)])_

COWEZED)  gep YEVED

Corollary 3.1: If E[sup,5l|V(t)||] < oo, it follows that there is o™ € X for
which
P _ OEV@EID) _  EV©@D
WEV©@N) ey PEVOD
Corollary 3.2: If E[sup,gl||V()|[]] < oo, it follows that there is £ € E for
which
P L PEVED _  PEVED
YEVEID gex WEVED
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4. Dinkelbach algorithm
We consider the following algorithm. Let § > 0 be fixed.
(1) Set 6, =0.

(2) For oy €EZ,set 6, = D(EV(9)D

Y(EV (o)D)
(3) Find o, € X so that d(6,) = ®(E[V(a,)]) — 0,P(E[V (a2)]).
(i) If d(6;) <6, then stop. In particular, o, is exactly optimal if
d(8,) = 0.
_ P(E[V(s2)

(i) If d(6,) = &, then set 6; = W(U)g and go to (4).
2

(4) Find o5 € X so that d(65) = ®(E[V(a3)]) — sV (E[V(03)]).
(1) If d(83) <&, then stop. In particular, o3 is exactly optimal if
d(6s) = 0.
. _ PEV©ED 4. _
(i) If d(63) = 6, thenset 0, = YEV @]’ k:= 4 and go to (k).
(k) Find oy € Z sothat d(6y) = ®(E[V(0,)]) — 0,V (E[V(a:)])-
(i) If d(6y) <&, then stop. In particular, o;, is exactly optimal if
d(g,) =0.
.. _ PEV@RD 4. _
(i) If d(6y) =6, thenset O 1 = PEV 0D’ k:=k+ 1 and go to (k).
Proposition 4.1: For any k such that d(68;) = &, we have 0., > 6.

Proof:
0<d(6) = f,‘;g{‘"(E[V(“)D = 0 Y(E[V (o)}
= ®E[V (gD — 6 Y(E[V(a)])
= O V(E[V (01)]) — 0 V(E[V ()]
= (Ok+1 = O)Y(E[V (01D
From W(E[V(oy)]) > 0, we obtain 0y, > 6.

Proposition 4.2: lim;_,0, = 6"

Proof: By Proposition 4.1, there exists 6: = limy_o,0;. Suppose that 8* > 6.
From the proof of Proposition 4.1, we have

0 <d(8x) = (Oks1 — O)P(EV (01D < (Brers — O1) sup YVIVED,

and supgesW(E[V(§)]) <o from Proposition 1.1. Hence we have
lim;_,d(6;) = 0. Since d is continuous, we obtain d(6) = 0. On the other
hand, from 6* > 6 and Proposition 2.2, we have d(6*) < d(8). This is a
contradiction. By the same arguments, we can conclude 8 = 0.
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5. Continuous time case

Suppose (£, F,P) is a probability space equipped with a filtration
{F;,t € [0,0]} of F, which is assumed to satisfy the usual conditions. o: Q —
[0, 0] is called a stopping time if for each t € [0, ], {¢ = t} € F; for each
t € [0,00], and we use X to denote the collection of all stopping times. &: Q X
[0,1] = [0,0] is called a randomized stopping time if for each t € [0, 0],
{¢ <t} e F, xX([0,1]), and for each w € Q, &(w,) is an increasing and
left-continuous function. We use E to denote the collection of all randomized
stopping times.

Definition 5.1: ([2], [3]). The weakest topology for which the following
condition holds ; for each f € C([0,]) and h € L'(2, F, P)

£ Joxpor) M@)f (@, ))P(dw)L(da)

is continuous, is called the Baxter-Chacon topology on E.

Theorem 5.1: ([3]). & is compact relative to the Baxter-Chacon topology.

We take (X, || -||) as a Banach space as well as {V(t),t € [0,00]} as an
{F;,t € [0, o]}-adapted X -valued integrable ( in the sense of Bochner) stochastic
process with

[lV(t) =V (0)|| > 0a.e.ast = oo,
Moreover we take ®: X — R as a convex and continuous function, as well

as ¥: X — R asa concave and continuous function such that ¥ > 0.
We consider the following problems:

SEVED
P —,
(Pe) ek WEV©)D

SEV (@)
P 7’
(Pe)  SUP GG

(Pg)  d(8) = ilég{q)(E[V(ff)]) — 0W(E[V(a)D}, 6 € R.

Theorem 5.2: ([3]). If E[sup¢eo,co)| [V ()]]] < 00, the map t € [0,0] » V() €
X is right-continuous a.e., and 1n: X — R is convex and continuous, it follows
that

f,‘gg"(E[WW = .?ég nEWVED.

Theorem 5.3: ([3]). Suppose that E[supieio o)l |[V(®)||] < oo, t € [0,0] »
V(t) € X is right-continuous a.e., and for each o, € X, 0, 7 g, V(g,) = V(o)
a.e.. For all &,,& € Z such that &, converges to ¢ with repect to the
Baxter-Chacon topology, and A € F,

E[1,V (O] = lim E[1,Z($,)D)-
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Theorem 5.4: Suppose that E[supiejo,eo)l [V (£)]]] < 0, t € [0,00] » V(t) € X
is right-continuous a.e., and for each o, € X,0, 7 0, V(0,) = V(o) a.e., and
1n: X = R is convex and continuous. Then there is T € X for whcih

nEV@D = sup nEWV©)D = Sup nEWVEOD <o

By taking into account these theorems, we get the similar results to those
described in section 2 and section 3. Therefore we omit the proofs.

Proposition 5.1: If E[sup;ejo,eo1 ||V (£)]]] < o0, the map t € [0,00] » V(t) € X
is right-continuous a.e., and for each o, € X, 0, 7 g, V(0,) = V(o) a.e., then
the set {E[V(§)]|€ € E} is compact.

Proposition 5.2: The function 6 — d(6) is convex.

Proposition 5.3: The function 8 = d(8) is strictly decreasing.
Proposition 5.4: limg_,,,d(0) = —o0 and limg_,_,d(8) = oo.
Proposition 5.5: There is only one 8* € R for which d(6*) = 0.

Proposition 5.6: The function 8 +— d(6) is Lipschitz continuous.

" . _ 2EV©@D >
Proposition 5.7: We set 6 PET @D forall o € 2. Then d(6) Z 0.

* ; . « _ PENV@ID . .
Th S:07€eX l P 0" = ——== /
eorem 5.5: o is optimal for (Py) and PETED if and only if

o* € X is optimal for (Pg+) and d(8*) = 0.
Throughout the remainder of this section, we make the assumptions that

6=0,
® 0.

Theorem 5.6: If E[supicioo)l V(D] < oo, t €[0,00] » V(¢) €X is right-
continuous a.e., and for each o, € X,0, 7 a, Z(o,) = V(o) a.e., it follows that

PEV@D _ ) PEVEOD
oex YEV©@D  reg YEVED

Corollary 5.1: If E[supte[o,m]HV(t)IH < oo, t €[0,0] » V(t) €EX is right-
continuous a.e., and for each o, € X,0, 7 0, V(a,) = V(o) a.e., it follows that
there is a* € X for which

. _SEVED _ _ SEVO)]

TWEve) P wEve)
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