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1. Introduction

Since real-world systems typically have fractional orders, the
mathematical model and the actual system may differ significantly. This is
especially true for integer-order descriptions of real-world systems that
make anumber of assumptions. The generalization of the typical derivation
and integration to an undetermined real or complex order is the idea
behind non-integer calculus. Although for a long time, fractional calculus
was thought of as a mathematics of the 21" century, its applicability in
numerous domains has solidified its interest.

It has been used in many engineering and scientific fields, such as
biotechnology [1, 2], advanced control [3-7], long transmission line
modeling [8, 9], acoustics [10], electrochemistry [11-13], robotics [14, 15]
and many more. Currently, the bulk of studies on fractional order systems
use the transfer function form because of how simple it is to present,
however it has drawbacks. Only fractional order systems of equal order
can be represented using the transfer function-based technique.

The following is how the paper is set up: A few important definitions
related to fractional integral and derivatives are presented in Section 2.
Sections 3 reviewed the types of mathematical models used to represent
fractional order systems.

The orthogonal hybrid function [16, 17] set has been introduced in
Section 4, which is then used to derive generalized integral operational
matrices and presented in Section 5. The proposed direct solution of the
fractional order systems has been developed and demonstrated in Section
6. Finally, Section 7 applies the HF domain integration operational
matrices in the solution of FDEs. The efficacy of the proposed approach is
discussed in detail in Section 8.

2. Important Definitions of Fractional Integral and Derivatives:

Numerous definitions of fractional derivatives have been produced
by scholars and may be found in publications such as Reimann-Liouville
(R-L) [18], Caputo [19], Grunwald-Letnikov [20], and others. Despite the
fact that they are displayed in various ways, they all contain the same
fundamental components and can, under certain circumstances, be
transferred from one to another.

Recalling the R-L integration of an order o (where « is in between 0
and 1) with,

(t,,t) is the interval considered for integral operation.
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I'(n)=(n-1)!, is a gamma function, and
T be the total time under consideration.

For t, =0, the fractional order integration is symbolically expressed
as I”.

Important features of R-L fractional integration are listed below; these
will bere-proved in Section 5 using orthogonal HF domain and generalized
integral operational matrices. Lastly, these are required here and are,

LI fO =17 £(t) (1)
agn F(ﬂ+1) a+n
It = F(a+n+1)t ’ (2)

where n may be a fraction or an integer
Similarly, a function f(t) can be written as the factional derivative of
order o, which is

DI F(t) = 1D} £ (1), 3)

where a may be a fraction or an integer.
For a condition of (n—-1)<a <n, and ¢ >0.

3. Mathematical Representation of Fractional Order Systems

A differential equation known as a fractional differential equation
(FDE) can be used to represent a fractional order system. On the other
hand, fractional order systems with a single input and a single output
(SISO-LTI) can also be represented in the form of a transfer function.

Let us consider a differential equation for a particular case of
commensurate system,

y(t)+ 21 a,D"y(t) = ilbjD‘*fu(t) (4)
j= j=
where, a].,b]. eR,
o, ﬁ]. eRY,

u(t) e R, is input applied to the above system, and
y(t) e R, is the output of the system.
Applying Laplace transform to equation (4), we obtain
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Y()+ 2 a5"Y(s)= X bs"U(s) (5)
j=1 j=1

The fractional order system of equation (5) can also be written as, in
the form of a transfer function:

an; bsP
MON= ©)
u(s) 1+ i a]-s"‘f

j=1

4. Background of Orthogonal Hybrid Function (HF) Set: [16, 17]

The HF set, often known as a hybrid function set, is a linear
combination of the SHF set S, (t) and the right-handed TF set T, (¢). The (k
+1)-th component of the m-set hybrid function H _ (f) has the following
mathematical definition:

H, (t)=a,S,(t)+b,T (1) for 0<t<T and 0<k<1 @)

(m)

where, a, and b, are the (k +1)-th weighed constants.
The definition of (k +1)-th component of SHF set S, is

S, (t) = {1 whenkh<t <kl g k= 0,1, 2,..., (m—1) (8)
0 elsewhere
So (t) 1 To(t) ht
_|, t — t
0 & 0 &
Si(0) 1} Ty(1) n}
[ 1 , /1 ,
0 h 2h 0 h 2n
Sv(l) 1F Tw(t) h*
I /]
0 2h 3h” 0 2h 3h”
S3(t) 1y |—| T3(t) ht /]
0 3h 4h 0 3h 4h
@ ®)
Figure 1
SHF sets S, and RHTF sets T, with four component functions to create

orthogonal HF sets.
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The definition of (k +1)-th component of right-handed TF set T, is

T.(t) = {(t—kh)/h, when Kh <t <(kDh ¢ 0 p < (m—1) 9)

0, elsewhere

where, T is the observation time, and m components employed, and the
sampling period is denoted by h (= T/ m) in seconds.

Figure 1 displays S, (t) and T, (1), where arbitrarily 4 segments
have been selected. We have created an orthogonal HF set using this
collection of orthogonal functions.

5. Derivation of Generalized HF Domain Operational Matrix for
Integration

The R-L integral, is employed in the HF domain to build the fractional
integration matrices, as following:

I“f(t) = f(t £ f(t)dt, forn=1,2, ..and 0<t<T (10)

The expanded form of the function f(t,) in the HF domain in
equation (10) results in the R-L integral of order o becoming

ft)—r( )J(t £) f(E)dt

~ It t)"CsS (1) + C1T,,, (1)]dt
- g ! i B8, At +ChLL )j(t BT, () d (1)

5-A. Fractional Integration of Sample-and-Hold Functions (SHF):

Letus consider f,(t)=t"" and f,(t)=S5,(t) in the SHF part of equation
(11) for a>0.

Then integration of (k +1)-th component of SHF set in equation (11)
can be shown as

1t . 1t
Wg(t_tl) 'S (1) cltl:ngl(t—tl)fz(tl)dt1 (12)
Taking the Laplace transform of equation (12), we have

[r( =68, @) dt } e EOE®) (13)
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where, E (s) = L[t* 1]-“%, and

E,(s)= L[S, (H)]= %[e—khs_ o]
Therefore, equation (13) can be expressed as

{F @ [(t=)1S, (1) dt } Do) [ootts _ p(ksis] (14)

(a+1) g0+l

Taking the inverse Laplace transform of equation (14), we get

j(t £)* 'S (1) dt, = [A-B] (15)

F(a F(a+l)

where, A—B £ (t—kh)*u(t —kh) - (t — (k + ))h)* u(t — (k + 1)h)
Similarly, t can be expanded as
Eult) = [cy¢, €y IS,y @) + (e, —co)e, =)+ (c,, =€, ) )T, () (16)

with, ¢, £ k“h

Ciany 2(k+1)“h* and so on.

¢, 2[h*(k +1)* —h*k"], for 0 <k <(m—1).

C(k+1)

Using equation (16), the first term A of equation (15) can be shown in
HF domain as
(t=kh)*u(t—kh)~[0 0 -+ 0 ¢, ¢ -+ ¢, 1)]S(,,)(©)
k-terms
F[00--0(c, —¢,) (c,—¢,) - (c(m_l.) —c(m_k_l))]T(m)(t) 17
k-terms
Similarly, the second term B of equation (15) can be presented in HF
domain as
(t=(k+Dh)* u(t—(k+1h)~[0 0 -+ 0 ¢, ¢; =+ ¢,y 1S, ®)
\—N_—J
(k+1) terms
+[00 -0 (c _Co) (c,=¢,) - (C(m—k—l) _C(m-k—Z))]T(m)(t) (18)

(k+1) terms

Finally, equation (15) can be presented as
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a-1 — 1 cee —_ — cee
e )j(t t) 1S, (t) dt, = F(a+1)[00 0¢, (c,—¢,) (¢, —¢,)
h (C(m—k—]) - C(m—k—Z))]S(m) (1)
1
+1"(a+1)[0 0 -0 (c,—c,) {(c, =c,)=(c, —c,)}

”' {(C(Wk) T Clnkn) )— (C(m—k—l) - C(m—k—z))}]T(m) () 19)
where, (C(k+2) - C(k+1)) — (C<k+1) — Ck) =h*[(k+2)" =2(k+1)* +k*]
for0<k<(m-k-2)

Integrating each sample-and-hold component function using
equation (19) and express the first part of equation (11) in following vector-

matrix form:
CT—j(t E)S,, (1) dt,

*T(a)y
~CT[|—% e-c) . 1 _
~Cs Hr(a +1) T(ax+1) T(o+1) (Cont) ~Cnay )H S (®)

T 1 1
+Cs|,m(cl_cg) T« +1){( —c;)—(c, —¢c,)}

1
I +1) {(e, - Cm-1) )~ (C(m—n ~Cln-2) )}]l T(m) (t)
T ]- o
:CS F(OH—l)h IIfo fl fz f(m-l)]]s(m)(t)

+szhaﬂgo 8 & g(mq)}]T(m)(t) (20)

where, f, £h™c, =0, and Jiy =[k+1)% =k%],
8y 2h™(c,—c,)=1, and
Sy =[(k+2)" =2(k +1)* + k%], for 0 <k <(m-2)
As aresult, we are able to create the matrices for fractional integration

using the SHF coefficient’s integration, as Py, and Pg . The following
compact form can be used to express these two square matrices:
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1
Pl s ——
B T(a+1)

hal[fg f1 fz f(m—l):l]

]’la ha « htx e e
:H M) T V7 T -V -m=2) }]| (21)
and B2 s g s o ]
T F(OC + 1) 0 1 2 (m-1)
ha ha . . ha . . )
:|,F<a+1) ST v }H

(22)

5-B: Fractional Integration of Triangular Functions (TF)

Let us consider f,()=t" and f,(t)=T,(t) in the TF part of equation
(11) for a>0.
Like Section 5-A, for the TF set in equation (11) can be written as

r()ytty“T@)dt— éﬂiﬂa—mﬂagdg (23)
From equation (23), we get
a-1 1
{r()ktt) TU)dt} nafygg@) (24)

where, Fa(s):ﬁ[t”'l]:Lf), and
s

L1 iy _ Lo
F(9)= LIT(O]= e ™ e *"] ¢+

Therefore, equation (24) is as

a-1 1 1 ' +2) —khs __~(k+1)hs
{F( )I(t t) T(t)dt} W@ o [e —e ]

_ 1 r(a + 1) —(k+1)h
TMNa+1) s

(25)

Equation (25), yields

Ly d = —[c-D]

hT(a+2) _r(+n (26)

[(a)y
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where, C—D 2 (t - k)™ u(t — ki) — (t — (k + D)™ u(t — (k + Dh), and

E2(t—(k+1)h)* u(t —(k +1)h)
In HF domain #+“*' can be presented as

t”‘*lu(t) ~ [dO dl t d(m—l) ]S(m) (t) + |:(dl - dO) (d2 - dl) o (dm - (m—l))j| (m) (t)

(27)
where,

dk é ka+lha+l

d_ . —d =h""[(k+1)*" —k“"], for 0<k < (m-1).

(k+1)

As a result of equation (27), the HF domain expression for the first
term C in equation (26) is

(t—kh)a+lu(t_kh)=[o O 0 d() dl d(m—k—l)]s(m)(t)

k—terms
+ [O 0--0 (dl _do) (dz _d1) T (d(mfk) _d(m—k—l))]T(m) (t) (28)
| —

k—terms
Similarly, in equation (26), the second term D in HF domain, is as
(t=(k+Dh)*" <[00 --- 0 d, d, - d(mfkfz)]s(m)(t)
%,—/

(k+1) terms

+[0 0--0 (dl _do) (dz _dl) (d(m—k—l) _d(m—k—Z) )]’I‘(m) (t) (29)
[ —

(k+1) terms

The third term E in equation (26), is expressed in HF domain, as
(t=(k+Dh)* =[0 0 - 0¢; ¢ -+ €,y 1S, (D)

(k+1) terms
+[0 0--0 (Cl _Cg) (Cz _Cl) (C(mfkfl) _C(m—k—z))]T(m) (t) (30)
| R —

(k+1) terms

Using equations (28), (29) and (30), equation (26) is expressed as

1 0004

1 1
T2y 0 0 =dy) (dy=dy) - (g =) T (B

k-terms

j(t ) lT(t )dt, = d - d(m—k—l)]s(m)(t)
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1 1

_E F(a + 2)[ w do dl .” d(m—kfz) ]S(m)(t)
(k+1)terms
1 1
_Er(a 2 (000 (d~dy) (d,=d,) - (@, = )T, ()
(k+1)terms

1

T(a+1) (00 0c ¢ = G S ®)
(k+1)terms

1

B F(a + 1) [O%f—/o -0 (Cl - CO) (Cz - Cl) o (C(m*kfl) - C(m—k—Z))]T(m)(t)

(k+1)terms

where,
d d [hoHl (k + 1)a+1 ha+1ka+l]

and
-c, =[h*(k+1)* —h"k*]

}for 0<k<(m-1).

Cike)

Using equation (23), integrating each triangular function component
function and express the second part of equation (11) in following vector-
matrix form:

Tr( )j(t )T, (@) d
¥111 r(oilo+2) ij'l((x:iZ; ﬁ(d(m”_d(’”))us("”(t)
+Cr (rila_j 02)) F(a1+ 2y (%)=, =)}
F(a1+ 351 =)=y~ 2))}H )
G0 r(ocao+1) r(oil+1) r(a—fnm )
"o l"(oc1+1)(cl_c°) ﬁ( oy~ Con 29]‘ T, )
+C¥%ﬁh”‘”ﬂxo 52 o X [T ®

ha[[yo y, Y, - y(mil)]]s(m)(t)

_ T
"T(a+1)
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1 “
-C; F(oc+1)h [[zo z, oz, - z(mfl)]]T(m)(t) (32)

where, w, 2h™*"d =0, and Wiy = [+ 1) =K7],

X, 2 h*(a+1)(d1 _do) =1, and x(k+1) — [(k +2)(a+1) —2(k + 1)(a+1) +k(a+1)]’

Y, =0, and Y =k,

z,=0,and z, , =[(k+1)" k], for 0 <k <(m-2)

Consequently, we can express the fractional order integration

operational matrices as Py, and P;.,, which are derived from the

integration of the TF portion. The compact form of these two square
matrices is as follows.

o A 1 o

PFTS=r(a+2)h [[(wo_yo) (wl_yl) (wz_yz) (w(m—l)_y(m—l))]]

1 oo+l _ no+l o o a+l _qoa+l _ o
_F(a+2)[[0 B {197 =0 (@ +1).0°) h*{2°" =17 —(ar +1).1%)

W {(m—-1)"" —(m—2)"" —(c+1).(m —2)“}}] (33)

o A 1 o o o
and PFTT:mHh (xO_ZO) h (.X'l—Z]) /] (x(m—l)_z(m—l))]]

1

:r(a+2)[[ha B2 — 1% = (1 = 0) — (o +1).(1% —0%))}

R {(m™ = (m=1)"") = ((m =)™ =(m=2)"") = (e +1).((m~1)" = (m —2)“)}]]
(34)

6. HF Domain Fractional Order Integration Matrices for Time
Functions

The approximate HF domain form of a function is displayed in
equation (11). The time function’s fractional integration in the HF domain
with regard to t can be written as

I° f(t) = [C4Preg + C1 P IS, (1) + [CoPre + C1Pe 1T (1) (35)

ST FST T FIT
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To validate equation (35), we shall fractionally integrate a time
function in the next section.

6-A. Illustration 1:

Using the orthogonal HF set and the block pulse functions, we carry
out the fractional integration of f,(t)=t"" for orders of 0.4 (when 0<a <1)
and 1.4 (when « >1), assuming 8 segments, with 1 s duration.

The exact solution for the fractional integration of f(t)=t" is as,

(["‘f)(t”) = F(n——i_l)t"””

T(a+n+1) (36)

where, o and n can be any integer or fraction.

Here equation (36), when applied to the function f,(f)=t"" in the HF
domain, yields the following straight expansion of the integration for
order 0.4:

I HE*) = [0.00000000 0.08815743 0.18896958 0.29518364
0.40506516 0.51775691 0.63273998 0.74966415J S (1)
+[0.08815743 0.10081215 0.10621406 0.10988152

0.11269175 0.11498307 0.11692417 0.11861203]T(8)(t) (37)

Direct expansion of the function f,(t) is as
fi)=t" =~ [0.00000000 0.23325825 0.37892914 0.50329416
0.61557221 0.71964119 0.81760377 0.91076354] S )
+[0.23325825 0.14567089 0.12436501 0.11227805
0.10406898 0.09796258 0.09315977 0.08923646] T, (1) (38)
Substituting the values of C; and C} from equation (38) in equation

(35), we perform fractional integration of 0.4 order on f,(t) in HF domain
to obtain

(I*£,)(t) ~[ 0.00000000 0.08173728 0.18501403 0.29206846
0.40242587 051543447 0.63064774 0.74774872]S (1)
+[0.08173728 0.10327674 0.10705443 0.11035741
0.11300860 0.11521327 0.11710098 0.11875318]T (¢) (39)

The results are graphically compared in Figure 2 and Figure 3.



ANALYZE INHOMOGENEOUS MULTI-TERM FRACTIONAL DIFFERENTIAL EQUATIONS 963

The quantitative study that was conducted using the relevant
operational matrices to achieve MISEs of equal band in fractional
integration is displayed in Table 1.

7. Solving Multi-Order Fractional Differential Equation by
Application of HF Domain Generalized Integration Operational
Matrices

Here is a fractional non-homogeneous differential equation of
multiple orders.

D“f(t)+aDﬁf(t)+bD7f(t)+cf(t):d(t) foroe>2,1<f<2and 0<y<1

(40)
where, the coefficients are considered as positive constants.
Integrating equation (40) in the order of o, we get
F()+al®? f(£)+ b1 f(t)+cl” f(£) =1%d() + FO)u(t)[1+al*" +b1*7]
+ f'(O)[ [uttyde + aI"‘B”u(t)] + F1(O)Pu(t) (41)

Assume the solution fractional differential equation f(t) of (40) in HF
domain is as,

f()=CgS,,,(H+C1T,, ()
Also, u(t) can be presented as u(t) = UgS(m)(t)
When we expand every time function in the m-term HF domain, we
get

CiS+CIT+a[CII" S+ CII“PT]+b[CI* 7S+ CII* ' T]
+c[CLI°S + CII*T] =[D{1°S + DII*T] + f(0)U.S +af (0)UI*PS
+bf(O)ULI* 7S + f/(0)ULI'S +af (O)ULI* #*'S + f(0)ULI*S (42)

where, 1% indicates fractional integration of order o.
Using the HF domain generalized integration operational matrices in
equation (42), we obtain
CiS+CIT+aC{[P%lS+PL/T]+aC[PELS + PET]

FSS FST FTS FIT

+bCI[PYS + PEIT]+ bCI [P 7S + P/ T]+ cCl [PLS + P

FSS FST FTS FSS EST T]

+cC1[PE S +Pe T1=D [P S+ P T1+ D[P S+ PE T1+ f(0)ULS

FSs FST FTS FTIT

+af (UL [PLSS + PP T+ bf (O)UL [P S + PL T]

FSS FST FSs FST
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+f'(0)U; [Py S +P,

FSS EST

+f"(O)UL[P%S + P

FSs FST

T]+af'(OUL[PLl'S + P/ T]

FSs

T] (43)

Equating the like coefficients of SHF part of equation (43), we have
CiI+aPLl +bPLY + Py ]+ Co[aPsy +bPL) +cPE ]

FSS FSS FSs FTS FTS FTS

=[D{P%, + DIPZ 1+ f(O)UL[1+aPsl + P

ST FSS T FTS FSS FSS

+f'(0)UL [Pl +aPel 1+ f"(0)UL P (44)

FSS FSS ST FSS

In equation (44), let us define

I[+aP%? +bP*7Y +cP% 2 W

FSS FSS FSS —

aP%? + bP%Y +cP%. 2 X

FTS FTS FTS

[DIP5, +DIPZ 1+ f(O)UL[I+aPyl +bPL) 1+ £ (0)UL [Pl +aPrl™]

ST FSS T FTS FSS FSs FSs FSS
" Tp2 A
+f"(0)U P =E

Then equation (44) may be written as

C!W+CIX=E (45)

Rearranging the coefficients of TF part of equation (43), we can write
Ci[aP%l +bPL) + Py 1+ Co[1+aPel + bPLY +cP% ]

FST FST FST FTT FTT

=[DiP%, + DIP% 1+ f(O)US [aP) + bPL

ST FST T FIT FST FST

+f'(0)UL [P, +aP%l" ]+ f"(0)UL P (46)

FST ST FST

In equation (46), let us define

aP% P +bP%Y + (P 2Y

FST FST FST

I1+aP%? +bP*Y + (P 27

FIT FIT FIT

[DIPL, +DIPL 1+ f(O)UL[aPLl +DPL 1+ f(0)UL [Pl +aPil™]

ST FST T FIT FST FST FST FST

+f"(0)UIPL 2F

ST FST

So, equation (46) can be expressed as

ClY+C'Z=F (47)
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Comparison of I“[f,(t)] both in HF and BPF domain, for 8 number of seg-

ments, T =1s and a = 1.4, with its exact integration.
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Table 1

Comparing the number of segments (1) needed for integration of f(t) to
achieve the same range of MISE for the HF and BPF-based approaches.

v
=] Fractional operational matrices | Generalized operational matrices
8 = in the HF domain in the BPF domain
(=B
273 d d
" = Require Require
5O MISE number of E‘lapsed MISE | number of Ehlapsed
& time (s) time (s)
= segments m segments m
04 | 7.67e-06 0.130610 | 7.21e-06 92 21.433658
14 | 2.24e-06 0.211263 | 2.15e-06 76 18.705492

Getting the matrix equations (45) and (47) solved for C; and Ci, we
get
C. =[F-(E-FY"'W)(X-ZY 'W)'Z]Y"' (48)

and Cr=(E-FY'W)(X-ZY'W)" (49)

8. Numerical Examples:

IMlustration 2: Let us consider an initial value issue of fractional order
homogeneous system.

D*f(t)- f(t)=0, for 0< <2 (50)

with £(0)=1, £/(0)=0.

The initial condition f '(O) is applicable for the case of o>1. The
accurate solution of (50) is

We estimate the answer and contrast it with the precise solution using
the technique described in the preceding section. MISE [21] is used to
compare the findings produced in the block pulse function (BPF) domain
and in the orthogonal HF domain to the given fractional differential
equation (FDE) developed using the suggested approach. The quantitative
comparison of the solutions for the orders of a = 0.5 and 1.5, respectively,
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together with their MISEs, are shown in Tables 2(a) and (b). For two
distinct sets of fractional order a, Figures 4(a) and (b) provide a graphical
comparison of the solutions.

Figure 5 shows that the samples (the dots) obtained for different
orders using equations (49) and (50) are almost exactly the same as the
samples. Figure 6 compares the changes in mean integral square errors
(MISEs) in the fractional order system of Example 2 for increasing m (m =
5 to 50), with T =1 sec. It is noted that the MISEs caused by the BPF-based
approach are much higher than the approach proposed via HF domain.

Illustration 3: Consider the non-homogeneous Bagley-Torvik equation,

2 15 _ 2 4 05
D f(t)+ D f(t)+ f(t) =2+t +1“(0.5)t (51)

with £(0)=0, f'(0)=0.

The analytical answer to (51) is as f(t)=t".

In terms of the MISEs, the outcomes of the suggested HF domain
method are contrasted with the outcome of the conventional BPF domain
solution. The graphical comparison of Example 3’s FDE solution for 8
segments and T = 1 second is displayed in Figure 7.

It illustrates how the suggested approach’s error contribution to the
FDE solution is significantly smaller than that of the BPF-based answer.
Furthermore, as observed in the HF domain solution’s direct expansion,
which is derived from equations (48) and (49), closely resembles the
precise curve. It has been observed that the BPF domain approach must
take into account m = 180 number of segments (MISE,,. = 0.00000343) in
order to reach the range of precision (MISE, . = 0.00000347) attained by the
HF-based approach, whereas the proposed strategy has just taken into
consideration m = 8 number of segments.

The ongoing changes in MISE for Example 3 with T =1 sec throughout
system analysis are shown in Table 3. It is seen that the BPF-based strategy
results in significantly more errors than the HF domain approach. The
cumulative error of the solution based on BPF is identical to the one based
on Haar wavelets.

The graphical comparison of MISEs for the BPF and HF domain
techniques, taking into account the same number of segments in the
analysis of Example 3 with T = 1 sec, is shown in Figure 8. Once more, it
should be highlighted that the BPF-based technique causes errors that are
far higher than those in the HF domain solution.
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Ilustration 4: Consider an inhomogeneous fractional order differential
equation,

2 0.5 43 3.2
D f(t)+ D™ f(t)+ f(t) =t +6t+—1“(0.5)t

25

(52)

with f(0)=0 and f'(0)=0, having an accurate analytical answer of

fh==+.

Table 2

The HF domain answer of Example 2’s fractional order system is compared to
the actual samples and the MISE, withm =4, for T=1s.

(a) for the order of o= 0.5

Us‘mg HE do'm am Using BPF domain solution
solution [Equations (48) [21]
Time Exact and (49)]
t(s) solution Samples Samples
from HF MISE from BPF MISE
analysis analysis
0.00 | 1.00000000 | 1.00000000 1.60288876
0.25 | 1.95235837 | 1.90433314 2.40345060
0.5 | 277417952 | 2.73058885 | 000327212 | 337444887 | 0.08650595
0.75 | 3.76575711 | 3.72472451 4.46618573
1.00 | 5.00327630 | 4.96998568
(b) for the order of a=1.5
Using HF domain solution Using BPF domain
) [Equations (48) and (49)] solution [21]
Time Exact
£(s) solution Samples Samples
from HF MISE from BPF MISE
analysis analysis
0.00 1.00000000 1.00000000 1.03908264
0.25 | 1.09667342 1.09770660 1.18758783
0.5 1.28766128 1.29032018 0.00001537 | 1.42302016 | 0.00551744
0.75 | 1.56440568 1.56933313 1.75043350
1.00 1.93948726 1.94761595
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Example 2’s exact solution for 8 segments, T=1s, and o = 0.5 is compared to

the

HF domain and BPF domain solutions.
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Example 2’s exact solution for 8 segments, T =1s, and o = 1.5 is compared to

the

HF domain and BPF domain solutions.
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6.0
Exact solution
so| ®®e® a=050 !
e e e 0=075
ee e 0=1.00
& eeoe =125
ee e =150 f

Solution of f{f) —==
(5]
o

0.0 0.2 0.4 0.6 0.8 1.0
Time 7(s) ——==
Figure 5

A comparison between the Example 2’s precise answer and the HF domain
solution for 8 segments, T =1 s, and few choices of a (= 0.5, 0.75, 1.0, 1.25, and
1.5). The HF domain technique yields samples that are extremely close to the

exact answer for all values.

0.06 «—T [ BPF based solution
[~ HHE HF based solution

Figure 6

Example 2’s HF and BPF domain solution, shows changes in MISE with
increasing value of m for T = 1's, with a = 0.5. It demonstrates that, in compari-
son to BPF-based solutions, the HF-based technique yields substantially more

accurate results.
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1.0
——— Exact solution
i Via BPF domain
0.8 o 4
T O-0—0 Via HF domain /
0.6 /
;*2 NHSEBPF = 0.00173240 /
b = 7
5] )HSEHF 0.00000347
=1 0.4
2
=
@
0.2
0.0 0.2 0.4 0.6 0.8 1.0

Time f(s) —==
Figure 7

A visual comparison between Example 3’s exact answer and the HF domain
and BPF domain solutions for 8 segments and T = 1 second.

This problem was discussed in [22] and [23], which has been
investigated here with the approach presented in this paper and observed
some important facts to mention.

The solution obtained using HF based approach is compared with
the solution using Haar wavelet collocation method [22], and through
other six methods discussed in [23]. Both the orthogonal functions, i.e. the
BPF and Haar wavelet provides staircase approximations of time functions,
and they are connected through similarity matrix. Thus, The results
obtained using the BPF method will be same as the solution obtained
using Haar wavelet. So only one solution out of the BPF and Haar wavelet
approach is displayed in Table 2.

Lastly, Table 2 shows the quantitative comparison of absolute errors
resulting from solving the fractional differential equation (FDE) using the
six approaches discussed in [23], the orthogonal HF based approach, and
the Haar wavelet collocation method.

Table 2 shows that, of all the strategies offered, the HF-based strategy
has the lowest absolute error. Put otherwise, we can deduce that the
orthogonal HF based strategy needs fewer segments to achieve a
comparable range of accuracy when solving the fractional differential
equation in Example 4.
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Figure 9 displays the graphical comparison between solutions
achieved using the HF and BPF-based approaches and the FDE'’s exact
solution.

Table 3

MISE’s comparison for the BPF and HF based analysis of the system of
Example 3, for different number of number of sub-intervals with T =1 sec.

No. of sub-| MISE using Ela}psed MISE using Ela}psed
intervals BPF time HE h time Remarks
used, m approach (in sec) approac (in sec)
4 0.00688341 | 0.821165 | 0.00005826 | 0.064507
10 0.00110960 | 1.706859 | 0.00000141 | 0.102023
20 0.00027769 | 2.927566 | 0.00000009 | 0.288284 MISE,; is
always less
30 0.00012344 | 4.133522 | 0.00000002 | 0.596860 | than MISE,,,
40 0.00006944 | 5.633020 | 0.00000000 | 0.885054
50 0.00004444 | 6.657734 | 0.00000000 | 1.313799

PN [ BPF based solution
1~ HEE HF based solution

m=50

Figure 8

Variations in MISE as the value of m increases in Example 3’s HF and BPF
domain solution with its exact solution, for T = 1 s. It demonstrates that, in
comparison to BPF-based solutions, the HF-based technique yields substan-
tially more accurate results.
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Table 2

Quantitative comparison of absolute error on analyzing system of Example
4 using proposed HF domain approach with other methods presented in [22]
and [23], for T =1 sec.

Haar Other methods in [22]
HF based Wavelet
h Proposed Collocation
Approach  Method  proqoq1a Method iy 42 Methoas Methed  Method
21] 1b 1a (2) 32

1/32 5.9810e 08 7.6183e —06 1.86e —02 1.60e —02 1.27e 03 1.86e 02 4.6le—04 4.6le—04
1/64  3.7402e 09 9.5319e —07 6.62e —03 5.85e 03 4.32e 04 6.62e 03  8.96e 05 8.96e -05
1/128  2.3380e—-10 1.1918e —07 2.35¢ 03 2.12e 03 1.49¢ 04 2.35¢ 03 1.80e 05  1.80e —05
1/256  1.4613e—11  1.4900e —08 8.36e 04 7.59¢ -04 5.14e 05 8.36e—-04  3.76e 06 3.76e —06
1/512  4.7078e-12  1.8626e —09 2.96e 04 2.7le 04 1.79e -05 2.96e—04  8.14e—07 8.14e-07

1.0 y 4
Exact solution
0.8 r_i"' Via BPF domain
? O~0—0 Via HF domain
= 06
&
) M]SEBPF = 0.00232502
£ *] | MiSE g = 0.00001517
G
7]
0.2
& &
0.0 0.2 0.4 0.6 0.8 1.0

Time 7(s) —===
Figure 9

Example 4’s HF domain and BPF domain solutions are compared to its exact
solution for 8 segments and T = 1 second.

9. Conclusion

A generalized formulation of the hybrid function based operational
matrices for integration of fractional order has been derived. These
matrices are applied to find a mostly accurate solution of the fractional
order systems under study. A few cases are thoroughly examined and
contrasted with alternative approaches that have been previously
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suggested by various researchers. The effectiveness of the suggested
strategy has been demonstrated in the orthogonal hybrid function domain,
which combines triangular and sample-and-hold function sets.

The solution obtained using the proposed method has challenged all
other approaches by its (i) easier algorithm, (ii) lesser mathematical
burden, (iii) require much lesser elapsed time, (iv) a sample-based analysis,
(v) easier to implement digitally, and the most importantly (vi)
comparatively providing the best accuracy over the previously presented
approaches. The entire study presents a problem-solving mechanism that
exemplifies the effectiveness of the proposed technique. Future directions
for this approach could include fractional order optimum control,
parameter estimation of fractional-order systems, and many more.

References

[1] T. Mahmood, M. ur Rahman, M. Arfan, S. I. Kayani, and M. Sun,
Mathematical study of Algae as a bio-fertilizer using fractal-fraction-
al dynamic model, Mathematics and Computers in Simulation, vol. 203,
pp. 207-222 (2023).

[2] B. Abdullaeva, M. J. C. Opulencia, V. Borisov, K. F. Uktamov, W. K.
Abdelbasset, A. K. J. Al-Nussair, and A. H. Jabbar, Optimal variable
estimation of a Li-ion battery model by fractional calculus and bio-
inspired algorithms, Journal of Enerqy Storage, vol. 54, 105323 (2022).

[3] H.P. Ren, X. Wang, J. T. Fan, and O. Kaynak, Fractional order slid-
ing mode control of a pneumatic position servo system, Journal of the
Franklin Institute, vol. 356, no. 12, pp. 6160-6174 (2019).

[4] L.Liu, L. Zhang, G. Pan, and S. Zhang, Robust yaw control of autono-
mous underwater vehicle based on fractional-order PID controller,
Ocean Engineering, vol. 257, 111493 (2022).

[5] K. Vanchinathan, and N. Selvaganesan, Adaptive fractional order PID
controller tuning for brushless DC motor using artificial bee colony
algorithm, Results in Control and Optimization, vol. 4, 100032 (2021).

[6] B. Hekimoglu, Optimal tuning of fractional order PID controller for
DC motor speed control via chaotic atom search optimization algo-
rithm, IEEE Access, vol. 7, pp. 38100-38114 (2019).

[7]1 S. Roychoudhury, U. Rahman and Md. S. H. Rabbi, Estimating Re-
sponse of Fractional Order Systems and Control: An Orthogonal
HF-Based Approach, International Conference on Signal Processing,



ANALYZE INHOMOGENEOUS MULTI-TERM FRACTIONAL DIFFERENTIAL EQUATIONS 975

(8]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

Information, Communication and Systems 2024 (SPICSCON-2024),
IEEE, Khulna, Bangladesh (2024).

H. Almusawa, and A. Jhangeer, A study of the soliton solutions with
an intrinsic fractional discrete nonlinear electrical transmission line,
Fractal and Fractional, vol. 6, no. 6, pp. 334 (2022).

H. Almusawa, A. Jhangeer, and M. Munawar, M., Analytical analyses
for a fractional low-pass electrical transmission line model with dy-
namic transition. Symmetry, vol. 14, no. 7, pp. 1377 (2022).

J. P. Hollkamp, and F. Semperlotti, Application of fractional order op-
erators to the simulation of ducts with acoustic black hole termina-
tions, Journal of Sound and Vibration, vol. 465, pp. 115035 (2020).

K. S. Mawonou, A. Eddahech, D. Dumur, D. Beauvois, D., and E. Go-
doy, Improved state of charge estimation for Li-ion batteries using
fractional order extended Kalman filter, Journal of Power Sources, vol.
435, pp- 226710 (2019).

J. L. Hidalgo-Reyes, J. F. Gémez-Aguilar, R. F. Escobar-Jiménez, V. M.
Alvarado-Martinez, and M. G. Lépez-Lépez, Classical and fractional-
order modeling of equivalent electrical circuits for supercapacitors
and batteries, energy management strategies for hybrid systems and
methods for the state of charge estimation: A state of the art review,
Microelectronics Journal, vol. 85, pp. 109-128 (2019).

K. S. Mawonou, A. Eddahech, D. Dumur, D. Beauvois, and E. Godoy,
Improved state of charge estimation for Li-ion batteries using frac-
tional order extended Kalman filter, Journal of Power Sources, vol. 435,
pp. 226710 (2019).

X. Wu, and Y. Huang, Adaptive fractional-order non-singular termi-
nal sliding mode control based on fuzzy wavelet neural networks for
omnidirectional mobile robot manipulator, ISA transactions, vol. 121,
pp. 258-267 (2022).

M. 1. Haro-Olmo, I. Tejado, B. M. Vinagre, and V. Feliu-Batlle, Frac-
tional-Order Models of Damping Phenomena in a Flexible Sensing
Antenna Used for Haptic Robot Navigation, Fractal and Fractional, vol.
7,no0. 8, pp. 621 (2023).

S. Roychoudhury, A. Deb, and G. Sarkar, Analysis and synthesis of
time-varying systems via orthogonal hybrid functions (HF) in state
space environment, International Journal of Dynamics and Control, vol.
3, pp- 389-402 (2015).



976 S. ROYCHOUDHURY, U. RAHMAN AND A. WAJID

[17] S. Roychoudhury, and A. Deb, Identification of multi-delay systems
using orthogonal hybrid functions in state space environment, Inter-
national Journal of Modelling, Identification and Control, vol. 30, no. 2,
pp- 93-104 (2018).

[18] T. F. Nonnenmacher, and R. Metzler, On the Riemann-Liouville frac-
tional calculus and some recent applications, Fractals, vol. 3, no. 3, pp.
557-566 (1995).

[19] T. Abdeljawad, On Riemann and Caputo fractional differences, Com-
puters & Mathematics with Applications, vol. 62, no. 3, pp. 1602-1611
(2011).

[20] M. D. Ortigueira, L. Rodriguez-Germd, and J. J. Trujillo, Complex
Griinwald-Letnikov, Liouville, Riemann-Liouville, and Caputo de-
rivatives for analytic functions, Communications in Nonlinear Science
and Numerical Simulation, vol. 16, no. 11, pp. 4174-4182 (2011).

[21] S. Roychoudhury, A. Deb, and G. Sarkar, Analysis and synthesis of
homogeneous/non-homogeneous control systems via orthogonal
hybrid functions (HF) under state space environment, Journal of In-
formation and Optimization Sciences, vol. 35, no. 5-6, pp. 431-482 (2014).

[22] ]J.E. Neville, and A. C. Joseph, Systems-based decomposition schemes
for the approximate solution of multi-term fractional differential
equations, Journal of Computational and Applied mathematics, vol. 229,
pp- 382-391 (2009).

[23] S. C. Shiralashetti and A. B. Deshi, An efficient Haar Wavelet colloca-
tion method for the numerical solution of multi-term fractional dif-
ferential equations, Nonlinear Dyn, vol. 83, pp. 293-303 (2016).

Received October, 2023



