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In this paper, we use the symmetrizing operators §, ,, 6; , and §; , for giving some

ordinary generating functions related to the products of the Pell-Padovan Tetranacci numbers
with k-Fibonacci, k-Pell, k-Jacobsthal, k-Mersenne numbers and Chebyshev polynomials.
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1. Introduction and preliminaries

Generating functions are one of the most surprising and useful inventions in
discrete mathematics. There have been many studies of the sequences of numbers
in the literature that are defined recursively. On these subjects there is a vast
amount of literature. As examples, we mention [6], [8], [9], [15], [16], [17], [20]
and [22].

In [21], the Pell-Padovan Tetranacci numbers PT, is defined by the
recursive relation

PTyi4 = PTyyp + 2PTy 1 + PT,, (1.1)

with initial values PT, = 0,PT; = 1,PT, = 1,PT; = 1. Thus, 0, 1, 1, 1, 3, 4, 6,
11, 17, 27, 45, 72, 116 are the first few values of the Pell-Padovan Tetranacci
sequence.

In ([12], [14], [18], [23]), the k -Fibonacci, k -Pell, k -Jacobsthal,
k-Mersenne numbers are also given by

Fyon =kFyno1+ Fn_o Fro=1LF,1 =k
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Pen = 2Pin1+kPyn2,Po=0,Pc =1,
Jikn = Kin-1+ 2kn-2Jko = 0, Jk1 = 1,
and
Mk,n = 3kMk,n—1 - ZMk,n—Zth,O =0, Mk,l =1

In ([11], [13]), the Chebyshev polynomials of the first, second, third and
fourth kinds are defined, respectively, by

Ta(x) = 2xTy 1 (X) = T2 (), To(x) = L, T1 (x) = x,
Un(x) = 2xUp—1(x) = Up—2(x), Up(x) = 1, U (x) = 2x,
Va(x) = 2xVy 1 (x) = Vi (), Vo (x) = LVy(x) = 2x — 1,
and
W, (x) = 2xWy,_1(x) — Wy, (x), Wy (x) = 1, W;(x) = 2x + 1.
Next, we recall some backgrounds about the symmetric functions. For
details, see, [4], [19]

Definition 1.1: [2] Given two alphabets A and E, we have
oo e (1_ )
Th%o Su(d— E)z" = £ =, (1.2)

where S,(A—E) =0 for n <O0.

Corollary 1.1: By putting A = {0} in equation (1.2), we obtain

Meep(1 — ze) = X532 Su(—E)z". (1.3)
Furthermore, if either A or E = {0}, we have
TS Su(A — E)2" = 52 Sp(A)2" X $4%) Su(=E)z™ (14)

Thus, Sp(A — E) = S3 Su_i (A)Se(=E) (see [1])

Definition 1.2: [5] Given a positive number n and a set of variables 4, =
{ay, a,}, the n-th symmetric function S,,(a; + a,) is defined as
alttl_gn+l
Sn(42) = Sp(a; + a) == :
a;—az
with
So(A4z) = So(a; +a;) =1,
S1(4z) = S1(ag +az) = a; +a,,
S3(4) = S;(ay + @) = af + aya, + a3,

Definition 1.3: [5] Let 5% , the symmetrizing operator defined by

aaz

k _k
8k o f(ay) = L@ goa)) | € N, (1.5)

a;—a,
Remark 1.1: If f(a,) = a,, the operator (1.5) gives us
85 a0y (@) = Si(a; + ay).
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2. Principal Theorems
In this section, we use the symmetrizing operators &2 Lag? 52 La, and 53 Lag
to give some new theorems. The next theorem we start with is this one.

Theorem 2.1: Let E, = {e;, e,,e5,e,} and A, ={a;,a,} be two alphabets,
then we have

1-a1a;5, (—Es)z%-ajaz(ay+a3)S3(~E)z3
—aya;z((ag+az)?-a1a;)S,(-Eg)z*

[leee, (1—asez) [leek, (1—azez)

Yo Sn(E4)Sp(A)z" = 2.1

Proof: Let f(a,) = X5 Sn(Ey)alz™, then the left hand side of formula (2.1)
can be written as

Sayarf(a1) = 84,0, 70 Sn(Es)aiz™)
_ a szo Sn(E4)a¥Zn_a2 Zz:’o Sn(E4)a§LZn
- aj—ap
altl_gn+l

T4 Sn(Es) (=) 2

a;—ap

= Y120 Sn(E)Sn(42)2™,
and the right hand side of this formula can be written as
51 ( 1 ) _ 013550 Sn(=E4)agz" ~a ¥i % Sn(<Ea)aiz"
4192 \[eeg, (1-aez) (a1-az) [leee, (1-ase2) [leck, (1-azez)

n n
+00 414373241 n
Zn=oSn(~E )= 0 =2

[eee, (1—aiez) [leek, (1-azez)
at-1_gn-1
1-aja; 4% Sﬂ—&,)ﬁz"
[leee, (1—asez) [leek, (1—azez)
_ 1-a10a3 332 Sn(—E4)Sn—2(A)z"
" Meer, (1-ase2) Meck, (1-azez)
1-a10a352 (—E4)z?—ayaz(a; +a3)S3(—E4)z3
—aya;((ag+az)?—a1a;)S4(—E4)z*
[eer, (1—asez) [leek, (1-azez)

This completes the proof .
From (2.1), we deduce the following corollary.

Corollary 2.1: Given two alphabets E, = {e1,e,,€3,€,} and A, = {a,,a,}, we
have

2-a10,S7(—E4)z3—a1az(ay+a2)S3(—E4)z*

+o00 _ 2_ _ 5
% Su1(E)Syoa ()" = 0142((@1+0,)°~142)S4 (- Bz )
n=

[eer, (1—asez) [leek, (1—azez)

Theorem 2.2: Given two alphabets E, = {ej, e, e5,e,} and A, = {a,,a,},
then
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ay+az+a1a;81(—E4)z—afa5S3(~E4)z3
—afaj(a;+ap)Ss(—Ey)z*

+o00 n _
220 Sn(Ed)Sni1(Ax)z" = Mecz, (—are2) Mlecz, (1—aze2) (2.3)
Proof: Suffices to apply the operator 52 La, to the identity
+00 n_n _ 1
220 Sn(Eyaiz" = Mocs, (1-ae2)’
then
2 +o00 2 1
6a1a2 (Zn:o Sn(E4)a?Zn) - 6a1a2 (m)
ai ¥nZo Sn(Ea)alz"—aj ¥aZo Sn(Ea)azz" _ af 5% Sn(-Ea)ayz"~ a3 ¥nZo Sn(-Ea)ayz"
ai;—az (a1—-az) [lece, (1—aie2) [leck, (1-azez)

2.n_.2m
+00 ajaz-—aza;
Yn=05n(—E4) z"

Z+oo Y (E )(a?”—a’z‘“) s ai—az
n=0 “n\~4

a;—az [eee, (1—aiez) [leek, (1-azez)
a;+az+a,a;5,(~E)z—a?a3S3(—E)z3
—a?a2(a;+a;)S4(~E)z*

[eee, (1—aiez) [leek, (1-azez)

Z:{ioo Sn(E)Sn41 (A)Zn =

This completes the proof.
From (2.3), we deduce the following corollaries

Corollary 2.2: Given two alphabets E, = {eq,e,,e5,e,} and A, = {ay, a5},
then

(a1+az)z+a1azsl(—E4)z2—a%a%ss(—E4)z4]

+0o0 n _ |l-afa3(a1+a3)S4(=E4)z®
ano Sn-1(Ea)Sn(42)2" = [ece, (1-aie2) [leck, (1-azez)

(2.4)

Corollary 2.3: Given two alphabets E, = {e;,e,,e5,e,} and A, = {a,, a5},
then

(a1+a2)22+a1a251(—54)23—51%“%53(—54)25]
—aZa3(a1+0az)Ss(—E4)z®

[leee, (1—asez) [leck, (1—azez)

Z:{ioo Sn-2(E4)Sp-1(Az)z" =

(2.5)

Theorem 2.3: Given two alphabets E, = {ej, e, €;3,€,} and A, = {a,,a,},
then
((a1+a2)2—a1a2)+a1a2(u1+a2)51(—E4)z]
+afa3S,(~Eg)z%-afa3s,(~Eqy)z*

[eer, (1—asez) [leek, (1-azez)

20 Sn(Ey)Spi2(42)z™ = (2.6)

Proof: First step, the action of the operator §3 La, On X% Sp(Es)alz™, we get

3 +00 nony _ 41 Zn=oSn(Es)arz"—a3 Tn=o Sn(Es)azz
6a1a2(2n=0 Sn(E4)alz ) - a1-az

n+3_, n+3
= B4% Sa(Ba) (=) 2"

1—az

= 2n20 Sn(Es)Sp42(A2)2",
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Second step, by action of the operator §2. ,, on ——————, we get
P, by p a1d2 [eer, (1—-ajez) g
53 ( 1 ) _ a3 53 Sn(-Ea)afz"-a3 3% Sp(-Eg)afz
9192 \[Neeg, (1-asez) (a1-az) [leek, (1-aiez) [leck, (1-azez)

3 n__3n
Z+°° Sn(-E. )a1a2—a2a1zn
n=0°n 4 ai-a;

[leee, (1—asez) [leek, (1—azez)
((ay1+az)?-ayaz)+aiaz(a3+a3)S1(—E4)z
+afal Sy (~Ey)z2—a3a3S,(~E4)z*

[eer, (1-asez) [leek, (1-azez)

This completes the proof.
From (2.6) we deduce the following corollary.

Corollary 2.4: Given two alphabets E, = {e;,e,,e5,e,} and A, = {a,,a,},
then
((ay+az)?-aiaz)z?+asaz(ay+a3)S1(-E4)z3
400 n _ [+a%a3S;(~Ey)z*-aia3s,(~Ey)z°®
YnZo Sn—2(E)Sn(A2)z" = [lece, (1—ase2) [leck, (1-azez)
If A, ={1,0} in the formulas (2.4) and (2.5), then we deduce the
following result.

2.7)

Corollary 2.5: Let E, = {e;, e,,e5,€,}, we get
2720 (Sno1(Eg) + Su2(E))z"
2472 (2.8)
1+S1(—E4)z+S2(—E4)z%+S3(—E4)z3+S4(—Eg)z* "
Assuming S, (—E,) =0,5,(—E,) = S4(—E;) = —-1,53(—E,) =—2 in
(2.8), we obtain the generating function of the Pell-Padovan Tetranacci numbers
given by [21], such that S,,_;(E,) + S,,_»(E,) = PT,.

3. On the ordinary generating functions

The ordinary generating functions of the Pell-Padovan Tetranacci products
with certain numbers (k-Fibonacci, k-Pell, k-Jacobsthal, k-Mersenne) are now
derived in this section using corollaries 2, 3, 4 and 5.

*  For the case A, = {a;, —a,} with replacing a, by (—a,) in (2.2), (2.4),
(2.5) and (2.7), we have

2+a1a28;(—E4)z3 +a1az(a1-a3)S3 (—54)24}

+00
. n _ |*a1a2((a1-az)%+a1a,)S4(=E4)2°
nZ=0 Sn-1(E)Sn-1(ay + [-a])z" = Hees, (—a1e2) [lecs, (L+azez) ,(3.1)
(al—az)z—alazsl(—Enzz—a%a%sa(—Eﬂz‘*}
—a2q2 _ _ 5
12y Snct(Ea)Sn(ay + [—ay])z = Uz GzaaiCEu: . (3.2)

[leee, (1-ase2) [leek, (1+azez)
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(a1-az)z?-a1a,51(~E4)z%-a%a3s; (—54)25]
—afa3(a;-a)Ss(~E4)z°

+0o _ n_
Ym0 Sn—2(E)Sn-1(a; + [—a,])z Mocr (1-are2) [ocg (L aye2) , (3.3)
((a1—a2)2+¢11a2)22—a1¢12(¢11—az)51(—5)23]
2 2c (g 4y 3 3¢ (6
% Snmz(Eg)Su(ay + [—ap])zn = Sz Chz tit b iE . (3.4)

Meer, (1-a1e2) [eex, (1+azez)
respectively.

This case is composed of four parts.

Firstly, the substitutions S; (—E,) = 0,5,(—E,) = S4(—E,) = —1,5;(—E,)
=—2,a; —a, =k and aya, =1 in (3.2) and (3.4), we obtain

4 5
Th% Sn-1(E)Sn(an + [—a))z" = 225 (3.5)
2 2__4_,6
B Sn-2(E)Sa(ay + [~apzn = = (3.6)

with D;(2) =1 — (k% + 2)z% — (2k3 + 6k)z3 — (k* + 4k? + 1)z* + 2kz5 +
(k? — 2)z% — 2kz” + 28, respectively, we find the following theorem.

Theorem 3.1: For n € N, we have
o kz+(k?+1)z%+z*+kz5-2°
e e
with D;(2) =1 — (k% + 2)z% — (2k3 + 6k)z3 — (k* + 4k? + 1)z* + 2kz5 +
(k% —2)z°% — 2kz7 + 28,

Proof: By [10]), We have Fy, = S,(a; + [—a;]). Then,
Z;SO PTan,nZn = ZZSO (Sn—l(E4) + Sn—Z(E4))Sn(a1 + [_az])zn
= 220 Sn-1(Ex)Sn(ay + [—azDz™ + X320 Sp2(Es)Sn(ay + [—a,])z"™,
using the formulas (3.5) and (3.6), we have

SH® PT F, = kz+2z%+kz5 | (k%+1)z2-z%-2°
n=0 nt'kn
D1(2) D1(2)

_ kz+(k2 +1)zz+z4+kzs—z6
D41(2)

This completes the proof.
Secondly, the substitutions S;(—E,) = 0,5,(—E,) = S4(—E,) = —1,5;
(—E4) =—-2,a, —a, =2 and a,a, = k in (3.1) and (3.3), we get

z—kz3 —4kz4—(k2 +4k)25

+00
Y Spo1(EQ)Sp-q1(ag +[—az])z" = ) 3.7
n=0 Dy (2)
2 2,5 2,6
Z;fo Sp-2(Es)Sp-1(ay + [-a;])z" = 22+2k172+2k2; (3.8)

with D,(2) =1 — (2k + 4)z? — (12k + 16)z3 — (k? + 16k + 16)z* +
4k?z° — (2k3 — 16k?)z% — 4k32z7 + k*z8, respectively, we have the following
result.

Theorem 3.2: For n € N, we have
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® z+22%—kz3—4kz*+(k?-4k)z5+2k?2°
S4% PTyPens" = S
with D,(z) =1 — (2k + 4)z% — (12k + 16)z3 — (k? + 16k + 16)z* +

4k%z5 + (2k3 — 16k?)z® — 4k3z7 + k*Z8.

Proof: By [10], we have Py, = S,_1(a; + [—a,]). Then,

Y20 PTaPinz™ = X320 (Sno1(Es) + Sp2(E4))Sn-1(as + [—az])z"

= 2320 Sn-1(E)Sn—1(ay + [=a;Dz"™ + X320 Sp—2(E)Sn-1(a; + [-a])z",
using (3.7) and (3.8), the above equation becomes
z—kz3-4kz*—(k?+4k)z® | 2z2+2k%z5+2k22°

Dy(2) D2(2)
z+2z%-kz3-4kz*+(k?-4k)z5+2k% 25
D(2) '

Z;SO PTnPk,nZn

Hence, we obtain the desired result.
Thirdly, the substitutions S;(—E,;) = 0,5,(—E,) = S4(—E,) =—-1,5;
(—E4y) =-2,a4 —a, =k and aya, =2 in (3.1) and (3.3), we give

i —273—akz*—(2k?+4)z5
3 S (E)Sps(a + [-ap))z = TEIEERENE, (39)
n=

© kz2+82z°+4kz®

720 Sn-2(E)Sp-1(ar + [~ap])z" = == 25, (3.10)

where D3(z) =1 — (k% + 4)z? — (2k3 + 12k)z% — (k* + 8k? + 4)z* + 8kz°
+(4k? — 16)z° — 16kz” + 1628, respectively, we find the following result.

Theorem 3.3: For n € N, we have
z+kz?-223-4kz*—(2k?-4)z5+4k 2
D3(2)
where Dy(z) =1 — (k2 +4)z% — (2k3 + 12k)z3 — (k* + 8k? + 4)z* + 8kz>

—(4k? —16)z° — 16kz” + 1625,

+0o0 n _—
n=0 PTn]k,nZ -

]

Proof: By referred to [10], we have J , = S,_1(a; + [—a;]). Then,
Yo PToJinz™ = 220 (Sp1(Es) + Sp_2(Es))Sn-1(a; + [—a])z"
= Y20 Sn-1(E4)Sp-1(ay + [=a;])z™ + X320 Sp_2(E4)Sn-1(a; + [—a,])z"
_ z-223-4kz*—(2k?+4)z5 | kz?+8z5+4kz®
B D3(2) D3(z)
after a simple calculation, we have

YnZo PToJinz™ =

This completes the proof.
Finaly, the substitutions S;(—FE,)=0,S5,(—E,) =S,(—E,) =-1,5;
(—E,) =—-2,a;, — a, = 3k and a,a, = —2 in (3.1) and (3.3), we obtain

’

z+kz?—22z3-4kz*—(2k%-4)z5+4kz"
D3(2) ’
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z+2z3+12kz*+(18k%-4)z"

Eiﬁwﬂﬂﬁ%ﬂ@h+bﬂﬂﬁ”= .

D4(2)
2 5 6
Y20 Sn-2(En)Sp-1(ar + [—az])z" = mﬁ%,
with D,(z) = 1 — (9k? — 4)z? — (54k3 — 36k)z3 — (81k* — 72k? + 4)z* +
24kz® + (36k? 4+ 16)z° + 48kz” + 1628, respectively, we have the following
result.

Theorem 3.4: For n € N, we have

o +3kz%+2z3+12kz*+(18k2+4)z5+12k2®
e e
with D,(z) =1 — (9k? — 4)z% — (54k3 — 36k)z3 — (81k* — 72k? + 4)z* +
24kz5 + (36k? + 16)z° + 48kz” + 1625.

]

Proof: We have My, = S,_1(a; + [—a;]), (see [10]). Then

:200 PTan,nzn
Yo Sn-1(E)Sp—1(a; + [—a])z™ + X520 Sp—2(E)Sp-1(a; + [—a,])z"
z+2z3+12kz*+(18k2-4)z% | 3kz?+8z5+12kz®

D4(2) Dy(2)
z+3kz%+2z3+12kz*+(18k%+4)z5+12kz®

D4 (2)
The proof is completed.

. If we set k = 1 in theorems [4,5,6,7], we obtain the following corollary.

Corollary 3.1: The ordinary generating functions of the product of Pell-Padovan
Tetranacci numbers with Fibonacci numbers, Pell numbers, Jacobsthal numbers

and Mersenne numbers are expressed, respectively, by

z+22%+2% 42526

1-32z2-8z3-62z4+225-26-227+2%’
z+22%2-2z3-42*-325422°
1-622-2823-332%+425+1426-427 +28’
z+2%2-273-42%4225+42°
1-5z2-1423-132%+825-1226-1627+1628’

Yno PTaFpz™ =

1% PT,Pz" =

YnZo PToJpz™ =
and

z+3224223+122%+2225+122°
1-522-1823-1324+2425+5226+4827 +1628"

1% PT,M,z™ =

The ordinary generating functions of the products of the first, second, third
and fourth kinds of Chebyshev polynomials and Pell-Padovan Tetranacci
numbers are now derived in this part.

e For the case A, = {2a,,—2a,} with changing a; by (2a;) and a, by
(=2a,) in (2.2), (2.4),(2.5) and (2.7), we get
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Z+4a102S, (—E4)z3 +8a1a5(a1—az)S3(—E4)z*
+16a1a;((a1-az)?+a;a2)S4(—E4)z5
[leee, (1-2a1ez) [leer, (1+2aze2)

YnZo Sn-1(Ex)Sn-1(ay + [-2a,])z" =

)

(3.11)

2(ay1-az)z—4a,a,S5,(—E4)z%-16a%a3s;3 (—E4)z4]
-32a%a%(ay-a3)S4(~E4)z°
[leer, (1-2a1e2) [leck, (1+2aze2)

220 Sn-1(En)Sn(2ay + [-2a,])z" = [

)

(3.12)
(4(a1-az)?+4a1a;)z%-8asaz(a;-az)S1(-E)z®
+16a2a35,(—E)z*—64a3a3S,(~E)z®

Y20 Sn—2(En)Sn(2ay + [-2a,])z"™ = )

[eee, (1-2a12) [leck, (1+2aze2)

(3.13)
2(ay-az)z2—4a1 0,5, (~E4)z3 1602 a553(—E4)25}
-32a%a3(ay-a;)S4(~E4)2®

[leek, (1-2ase2) [leek, (1+2az€2)

Tz Sn—2(Es)Sp-1(ay + [-2a,])z" =

’

(3.14)
respectively.

By making the following restrictions S;(—E,) = 0,5,(—E,) = S,(—E,) =
-1, S3(—E;) = -2, a; —a, = x and 4a,a, = —1 in (3.11), (3.12), (3.13)
and (3.14), we, respectively, obtain

_ z+z3+4xzt+(x%-1)25

Zrtioo Sn-1(E4)Sp—1(2a; + [—2a2])zn = Ds(2) ) (3.15)
1% S (BSy(2a, + [—2a,])" = ZEEADE, (3.16)
B Sn-2(E)Sa(2a + [-2a, )z = WD (5 g)
$i% Sn-a(B)Sus (20, + [-2a,])2" = BT 3y

where Ds(z) =1 — (4x? — 2)z% — (16x3 — 12x)z% — (16x* + 16x2 + 1)z* +
4xz® + (4x°% + 2)z% + 4xz7 + 8.
Thus, we have the following theorems.

Theorem 3.5: For n = 0 be an integer. Then we have

_ 2xz+(4x?-1)z%+z*+2xz% -2
B Ds(z)

with Ds(z) =1 — (4x2% — 2)z? — (16x3 — 12x)z% — (16x* + 16x2 + 1)z* +
4x7z5 + (4x2% + 2)z% + 4xz7 + z8.

720 PTUn(x)2"

’

Proof: We know that U,,(x) = S, (2a, + [—2a;]), (see [7]). Then,
1-'1-200 PT,U,(x)z" = Z:-lfo (Sn—1(Es) + Sn—2(Es))Sn(2a; + [-2a,])z"
= 220 Snc1(En)Sp(2ay + [-2a,1)2™ + X320 Sp—2(Ea)Sn(2ay + [-2a,])2",
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from (3.16) and (3.17), we easily obtain
2xz+2z*+2xz5 | (4x2-1)z2-z*-2z°
Ds(z) Ds(2)
2xz+(4x%-1)z% +z*+2x25-2°
D5(2)

2741—;00 PTnUn(x)Zn =

The proof is finished.

Theorem 3.6: For n = 0 be an integer. Then we have
xz+(2x%-1)z%-x23-(4x%-1)z* - (x3-x)z5—- (2x2+1)z°

Ds(2) ’
with Ds(z) =1 — (4x? — 2)z? — (16x3 — 12x)z3 — (16x* + 16x2 + 1)z* +
4x75 + (4x2% + 2)z% + 4xz” + Z8.

Y4 PT,T,(x)z" =

Proof. We know that T, (x) = S,,(2a; + [—2a,]) — xS,,_1(2a; + [—2a,]), (see
[7]). Then

neo PTaT,(x)2™
= Y20 (Sn-1(Es) + Sn_2(Es))Sn(2ay + [-2a,])z"
=% X720 Sno1(Ea)Sn-1(2ay + [-2a,])z"
=X Y320 Sn-2(Ea)Sn-1(2ay + [—2a,])z"
= Yo PToUR(x)z" — x X3 %0 Spo1(E4)Sp-1(2ay + [—2a,])z"
=X Y30 Sn-2(E)Sn-1(2a; + [—2a,])z"

2xz+(4x?-1)z%+z*+2x25-2°  xz+xz3+4x?z%+(x3-x)z5  2x%z%+2xz5+2x%2-2°

D5(2) Ds(2) Ds(z)
_ xz+(2x%-1)z%—xz3—(4x?-1)z*— (x3—x)z5—(2x%2+1)z®
B Ds(2) '
The proof is finished.

Theorem 3.7: For n = 0 be an integer. Then we have

- 2 9 1) 22— 23 — (4 —1) 2% — (2 — 5_ 6
Z:{:)o PT,V,(x)z" = (2x—1)z+(4x?-2x-1)z%-z ;459;2)1)2 (x2-2x+1)z5-(2x+1)z ’
with Dg(z) =1 — (4x2% — 2)z? — (16x3 — 12x)z% — (16x* — 16x2 + 1)z* +
4x75 + (4x2% + 2)z° + 4xz” + Z8.

Proof: Recall that, we have V,(x) = S,(2a, + [—2a,]) — S,—1(2a, + [-2a,]),
(see [3]). We get

neo PTaVa(x)z"
= Y020 (Sn-1(Es) + Sn_2(Es))Sn(2ay + [-2a,])z"
— 2720 Snc1(Ea)Sno1(2ay + [-2a])z"
— 2720 Sne2(Ea)Sn-1(2ay + [-2a,])z"
= Y320 PTRU,(0)z" — ¥iZh Sno1(Ex)Sn-1(2ay + [-2a,])z"
— 2720 Sne2(Ea)Sn-1(2ay + [-2a])z"
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_ 2xz+(4x?-1)z%+z%+2x25-2%  z4+z3+4xz*+(x2-1)z5  2xz2+22%+2x2°
- Ds(2) B Ds(2) @

_ @x-Dz+(4x?-2x-1)z%-z3 - (4x-1)z* - (x? -2 +1)z5- (2x+1)z®

B Ds(2) )

The proofis finished.

Theorem 3.8: For n = 0 be an integer. Then we have
(2x+1)z+(4—xz+2x—1)22+z3+(4x+1)z‘1'+(xz+2x+1)25+(2x—1)z6
Ds(2)
with Ds(z) =1 — (4x? — 2)z% — (16x3 — 12x)z% — (16x* + 16x2 + 1)z* +

4xz° + (4x* + 2)2° + 4xz” + 28

nzo PTaWn (x)z" =

]

Proof: Recall that, we have W,(x)=S,2a;+ [-2a;])+ S,,_1(2a; +
[—2a,]), (see [3]). We get
7-::0 PT, W, (x)z"
= Yz (Sno1(Ey) + Sp-2(Ey))Sn(2a; + [-2a,])z"
+ Y02 Sn-1(E4)Sp-1(2ay + [-2a,])z"
+ X020 Sn—2(E4)Sn-1(2ay + [-2a,])z"
= Y0 PTU,(0)z"™ + X0 Z Sp—1(Eg)Sn-1(2ay + [-2a,])z"
+ XnZo Sn—2(E4)Sn-1(2ay + [-2a,])z"
_ 2xz+(4x?-1)z%+z%+2x25-2% | z+z3+4xz*+(x%-1)z5 | 2xz%+22%+2x2°
a Ds5(2) Ds5(2) Ds(2)
_ @x+Dz+(4x?+2x-1)z2+23+(4x+1)z* + (22 +2x+1) 25+ (2x-1)z®
- Ds(2) '
The proof'is finished.

4. Conclusion

In this study, ordinary generating functions for the products of Pell-Padovan
Tetranacci numbers with certain numbers and Chebyshev polynomials were
developed through the application of theorems (2,1),(2,2) and (2,3) .
Symmetric functions and their products of numbers and polynomials provide the
basis of derived theorems and corollaries.
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