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Abstract
In this study, we introduce a new variant of the Sombor matrix, denoted by 𝒩𝒮o(ζ), 

associated with a simple graph ζ(n, e), where the (i, j)-entry for i ≠ j is equal to √(ςi
2 + ςj

2) 
and 0 in the either case, where ςi represents the degree of ith vertex. The Sombor energy E𝒩𝒮o 
(ζ) represents the sum of the absolute values of the eigenvalues of the Sombor matrix. The 
spectrum and E𝒩𝒮o (ζ) is obtained for total transformation graphs ζxyz of regular graphs. Also 
as an application, a set of 26 hetero atoms with total π-electron energy is analyzed, and a 
regression analysis is performed using E𝒩𝒮o (ζ) for the hetero atoms. The linear regression 
model yields a correlation coefficient of r = 0.982.
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1. Introduction 
Let        be a simple graph, with       and      . The degree of a 

vertex      is the count of edges connected to    denoted by   . The 
maximum(minimum) vertex and edge degree of a graph is denoted by  ( ) and 
  (  ) respectively. A graph   is said to be complete if         denoted 
by   . If a vertex set of a graph   is partitioned into two sets say       and 
      (partite sets) such that every edge meet both   and   then the graph 
is bipartite graph. If every vertex of   is adjacent to every vertex of   then the 
graph is complete bipartite graph denoted as     . The graph        is called as 
star graph denoted by    and the graph      is called equi-bipartite graph. The 
complement of a graph   denoted by   is a graph defined on same vertex set as 
of   such that if two vertices are adjacent in  , then they are not adjacent in  . 
For more terminologies refer the following [4]. 

A square matrix      of order   is an adjacency matrix of   whose 
     -entry is 1 if the vertex    is adjacent to   , and is 0 otherwise. The energy 
     of a graph   is the sum of the absolute values of eigenvalues of     . This 
quantity is introduced in [7]. Suppose              are the eigenvalues of 
the adjacency matrix      then the energy of the graph   is given by  
         ∑   

        (1) 
Ramane, Revankar and Patil, [9] proposed the degree sum matrix of graph 

 , denoted as      , further obtained bounds on degree sum energy. Also 
Basavanagoud and Chitra, [1] proposed degree square sum matrix and obtained 
bounds on degree square sum energy. Motivated by this a new variant of Sombor 

matrix        is defined as if     its      -entry is equal to √        and 0 

in the either case. Here    represents the degree of   , for every            . 
The characteristic polynomial for        is defined as        

                                               here   
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represents the identity matrix of order  . Since        is a real symmetric 
matrix, the roots of          are real and it can written in descending order as 
            , with respective multiplicities              then the spectrum 
can be written as,    

                  (
       
       ) 

where    is the spectral radius. Sombor energy of   is given as,  
          ∑   

        (2) 
For recent research on graph energy, see references [1], [5], [6], [8], [9], 

[13]. 
In 2001, Wu and Meng [14] introduced a novel transformation, denoted by 

    , which extends the idea of the total graph. This transformation, known as the 
total transformation graph, is defined as follows. 

Definition 1.1: For graph        on     vertices and       be three 
variables taking values   or  . Total transformation graph      for  , is a 
graph having           as a vertex set and for              ,   and   
are adjacent in      if and only if  
•          ,   and   are adjacent in   if     and are nonadjacent in   

if    .  
•          ,   and   are adjacent in   if     and are nonadjacent in   

if    .  
•         and       ,   and   are incident in   if     and are 

nonincident in   if    .  
 
The eight graphical transformations for a given graph  , are     ,     , 

    ,      and their complements     ,     ,     ,     . Many other 
transformation graphs are discussed in [11], and generalized transformation 
graphs are put forwarded in [12].  

2. Preliminary results 
Proposition 2.1: [3] For a  -regular graph       , let          and 
      . Then the degrees of corresponding vertices in      are:  
•              and              
•             and                  
•              and                  
•               and              
•                    and                    
•               and                  
•                    and                  
•             and                    
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Lemma 2.2: [3] If   and   are scalars then,  

               |
    
    
    
    

|                      

where   denotes the identity matrix and   represents the matrix with all entries 
equal to 1.  

Lemma 2.3: [10] If  ,  ,   and   are real numbers then the characteristic 
polynomial of the determinant is given by 

|                 
                 

|
       

 

is given by                                            . 
Also if                are eigenvalues of the same determinant then the 
eigenvalues are given by  
          

       {
            
            
                 √                        

 

Further,  

Case (i): If                  ,  
     ∑     

                       
             √                          

Case (ii): If                  ,  
        ∑     

                      
Where,  

     ∑     
                       

           √                          
and  
     ∑     

                       
           √                          

3. Main Results 
In this section we present the computation of Sombor energy for total 

transformation graphs. Given a graph   with   vertices and     
  edges, the 

total transformation graph      consists of     vertices. We denote the 
vertices by   , where             and the edges by   , where            . 
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Theorem 3.1: For any  -regular graph       , we have  
           √            

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.2, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . 

Now,  
                 

|

|
  √   √    √   √  
 √    √    √   √  
 √   √     √   √  
      
 √   √   √     √  
 √   √   √    √   

|

|

           

 

By using Lemma 2.2,  
                  √                  √      

                   (  √  √         
        ) 

Hence  
            √          √            

Theorem 3.2: For any  -regular graph       , we have  

             
 
√                       

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.2, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . 

Now,  
                   √                             

By using Lemma 2.2,  
                    √                  
                                            √               
                     

                   ( √                  √           
        ) 

Hence  
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              √                   
                     

√                       

Theorem 3.3: For any  -regular graph       , we have  
              √        √               

   √ √        √                                   

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . 

Now,                  
 

|

|

|
  √    √   √               √            

 √     √   √               √            
        

 √   √     √              √            
 √               √               √         
 √               √             √           √         

        
 √               √             √           |

|

|

           

 

i.e.,  
                 

|
    √             √                 

  √                     √                  
| 

Expanding using the Lemma 2.3 we get  
                     √         √                      

               √            √                            
                     √         √                 
                               √         √           
                                             
                                          
       (         )    

{
 
 

 
  √                                                                                                                    
 √                                                                                                     
 √        √                

√ √        √                                      
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In this,  

 
      √        √              

   √ √        √                                     
 

is the largest and only one positive eigenvalue. 
Hence  

 
                 √        √              

   √ √        √                                  
 

Theorem 3.4: For any  -regular graph       , we have  
             √                        

   √ √        √                                      
 

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . i.e.,  
                 

|
    √                 √                     
  √                         √                  

| 

Expanding using the Lemma 2.3 we get  
                  

    √             √                √          
        √                               

 

                  
    √             √                   √       
        √                               
                       

 

                     

 

{
 
 

 
  √                                                                                                             
 √                                                                                                      
 √        √          

√ √        √                                         

 

In this,  
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      √                        

   √ √        √                                         
 

is the largest and only one positive eigenvalue. 
Hence  

                 √                        

   √ √        √                                      
 

Theorem 3.5: For any  -regular graph       , we have 
            √        √                  

     √ √        √                                        

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . i.e., 
                 

|
    √             √                   
  √                       √                    

| 

Expanding using the Lemma 2.3 we get  

 
                    √         √                       √     
        √                               

 

        (         )   

{
 
 

 
  √                                                                                                                
 √                                                                                           
 √        √                 

√ √        √                                         

 

In this,  
       √        √                 

   √ √        √                                          

is the largest and only one positive eigenvalue. 
Hence  

                  √        √                 

    √ √        √                                       
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Theorem 3.6: For any  -regular graph       , we have  
             √         √       

                           √ √         √                         
 

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . i.e.,  
                

 |
    √                 √                 
  √                      √           

| 

Expanding using the Lemma 2.3 we get  
                  

    √              √         √          
         √                  

 

                   = 

  

{
 
 

 
  √                                                                              
  √                                                                                    
 √         √        

√ √         √                            

 

In this,  
      √         √       

          √ √         √                            
 

is the largest and only one positive eigenvalue. 
Hence  

                 √         √       

                            √ √         √                         
 

Theorem 3.7: For any  -regular graph       , we have  
              √        √              

   √  √        √                                   
 

Proof: As        is an  -regular graph, according to the definition of      and 
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . i.e.,  
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|
     √             √                    
  √                        √                  

| 

Expanding using the Lemma 2.3 we get  
                  

         √         √                      √     
        √                            

 

        (         )   

 

{
 
 

 
   √                                                                                                  
 √                                                                                     
  √        √               

√  √        √                                      

 

In this,  
       √        √              

   √  √        √                                      
 

is the largest and only one positive eigenvalue. 
Hence,  

                  √        √              

   √  √        √                                   
 

Theorem 3.8: For any  -regular graph       , we have  

 
             √                 √              
                               √                 √                
                                                      

 

Proof. As        is an  -regular graph, according to the definition of      and 
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix 
satisfies                 . i.e., 
                

 |
    √                      √                     
  √                         √                  

| 

Expanding using the Lemma 2.3 we get  
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                    √                  √             
                                     √                    √          
                                            

 

        (         )   

  

{
 
 

 
  √                                                         
 √                                                               
 √                 √               
  √                 √                
                             

 

In this,  
      √                 √              
          √                 √                
                                    

 

 
Table 1 

Molecules composed of hetero atoms and their total  -electron energy [2] 
and         
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is the largest and only one positive eigenvalue. 
Hence  

                 √                 √              
                              √                 √                
                                                     

 

4. Applications of a new variant Sombor energy         
This section focuses on a dataset of total  -electron energies corresponding 

to 26 different heteroatoms, and the respective         is calculated for each 
atom by constructing its molecular graph structure. The following total 
 -electron energy [2] and the         for 26 hetero items are listed in Table 1. 
Further the correlation coefficient   between the total  -electron energy and 
        is analysed which comes out to be        , and the graph for linear 
regression model is depicted in Figure 1. 
The linear regression model is given by  
  total  -electron energy                

The linear regression model of total  -electron energy with         is  
  total  -electron energy  

                                      
                                   

 

 
Figure 1 

Linear regression model of total  -electron energy with         
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5. Conclusion 
In this paper, a novel variant of the Sombor matrix, denoted by       , is 

defined such that for    , its      -entry is equal to √        and 0 in the 

either case.         is obtained for total transformation graphs      of regular 
graphs. Also as an application, a collection of 26 hetero atoms, along with their 
total  -electron energy, is examined, and a regression analysis is conducted using 
        for these hetero atoms. The linear regression model yields a correlation 
coefficient of        . 
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