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Abstract

In this study, we introduce a new variant of the Sombor matrix, denoted by N'So((),
associated with a simple graph ((v, ), where the (i, j)-entry for i = j is equal to V(¢ + <))
and 0 in the either case, where ¢, represents the degree of i" vertex. The Sombor energy E,,
(¢) represents the sum of the absolute values of the eigenvalues of the Sombor matrix. The
spectrum and E, () is obtained for total transformation graphs (" of regular graphs. Also
as an application, a set of 26 hetero atoms with total s-electron energy is analyzed, and a

regression analysis is performed using E,, ({) for the hetero atoms. The linear regression

NSo
model yields a correlation coefficient of » = 0.982.

Subject Classification (2020): 05C07, 05C50.

Keywords: Sombor matrix, Sombor energy, Spectrum, Total transformation graphs.

1. Introduction

Let {(V, E) be a simple graph, with |V| = p and |E| = o. The degree of a
vertex v; €V is the count of edges connected to v; denoted by ¢;. The
maximum(minimum) vertex and edge degree of a graph is denoted by A(§) and
A'(8") respectively. A graph ( is said to be complete if A = 8§ = p — 1 denoted
by K,. If a vertex set of a graph { is partitioned into two sets say |M| = v and
| V| = v (partite sets) such that every edge meet both M and V' then the graph
is bipartite graph. If every vertex of M is adjacent to every vertex of V' then the
graph is complete bipartite graph denoted as K, ,. The graph K, ,_; is called as
star graph denoted by S, and the graph K, , is called equi-bipartite graph. The
complement of a graph { denoted by ¢ is a graph defined on same vertex set as
of ¢ such that if two vertices are adjacent in ¢, then they are not adjacent in {.
For more terminologies refer the following [4].

A square matrix A({) of order p is an adjacency matrix of { whose
(i, j)-entry is 1 if the vertex v; is adjacent to v}, and is 0 otherwise. The energy
E(Q) ofagraph ( is the sum of the absolute values of eigenvalues of A({). This
quantity is introduced in [7]. Suppose k; = k; =...= Kk, are the eigenvalues of
the adjacency matrix A({) then the energy of the graph { is given by

E=E@) =X, Ikl (M

Ramane, Revankar and Patil, [9] proposed the degree sum matrix of graph

¢, denoted as DS({), further obtained bounds on degree sum energy. Also

Basavanagoud and Chitra, [1] proposed degree square sum matrix and obtained
bounds on degree square sum energy. Motivated by this a new variant of Sombor

matrix N'So({) is defined as if i # j its (i, j)-entry is equal to /(;L2 +¢7 and 0

in the either case. Here ¢; represents the degree of v;, forevery i = 1,2,...,p.
The characteristic polynomial for NSo({) is defined as Y({,n) =
det(nl — NSo(Q)) = Inl = NSo(Q)| =n° +rn?~'+... 41, =0, here [
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represents the identity matrix of order p. Since NSo({) is a real symmetric
matrix, the roots of ¥({,n) = 0 are real and it can written in descending order as
Ny =1, 2...2 1,, with respective multiplicities 74,75,...,7, then the spectrum
can be written as,

n Mz - Up)

Spectra(J\chO(Z))=(T1 T, T,

where 1, is the spectral radius. Sombor energy of { is given as,

Enso(§) = Xiy Imil 2
For recent research on graph energy, see references [1], [5], [6], [8], [9],
[13].
In 2001, Wu and Meng [14] introduced a novel transformation, denoted by
¢*¥?, which extends the idea of the total graph. This transformation, known as the
total transformation graph, is defined as follows.

Definition 1.1: For graph {(V,€) on p =3 vertices and x,y,z be three

variables taking values + or —. Total transformation graph {*** for {, is a

graph having V({) U £({) as a vertex set and for u,v € V({) U £E({), u and v

are adjacent in {*# if and only if

. u,v € V({), u and v are adjacentin { if x = + and are nonadjacent in {
if x =—.

. u,v € E({), u and v are adjacent in { if y = + and are nonadjacent in {
ify=-.

. u€eV() and ve &), u and v are incident in ¢ if z=+ and are
nonincident in { if z = —.

The eight graphical transformations for a given graph {, are {***, (=,
¢*t*, ** and their complements (-, {*77, {**7, {*~*. Many other
transformation graphs are discussed in [11], and generalized transformation
graphs are put forwarded in [12].

2. Preliminary results

Proposition 2.1: [3] For a s-regular graph {(V,€&), let u,v € V({) and
e = uv € £. Then the degrees of corresponding vertices in {*¥* are:

. Cottt (v) = 2s and g{+++(e) =2s

*  G++-(v) =0 and Go++-(e) =25+ p — 4

. Se+—+(v) = 25 and ¢r+-+(€) =p—25+3

. §e—++(v) = p—1 and ¢,—++(e) = 2s

* ¢—W=p+p—2s—1and ¢;-—(e)=p+p—2s—1
. §i——+(W)=p—1and ¢;—+(e) =0 — 25 +3

. ¢+-(W)=p+eo—2s—1and ¢;-+-(e) =2s+p—4

. g5+--(v) = o and g(+——(e) =p+o—-2s—-1
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Lemma 2.2: [3] If a and b are scalars then,
a b - b

|a1+b(]_1)|pxp: b a b =(a—b)p‘1[a+(p—1)b],

b b - a
where I denotes the identity matrix and | represents the matrix with all entries
equal to 1.

Lemma 2.3: [10] If a, b, ¢ and d are real numbers then the characteristic
polynomial of the determinant is given by

(A + a)ln - a]n _C]nxm
_d]mxn (/1 + b)Im - b]m n+mxn+m
is given by (A+a)" 1A+ b)™ H[1— (n— 1Da][A — (m — 1)b] — nmcd}.
Also if A, g, .., Apem are eigenvalues of the same determinant then the
eigenvalues are given by

Spectra =
—-a (n — Dtimes
—b (m — Dtimes
[an—1)+b(m—-1) + \/[a(n—l)—b(m—l)]z + 4mcd]/2
Further,

Case (i): If (n — 1)(m — 1)ab < nmcd,
A =250 A4l =[a(n—1) + b(m—1)
+y/la(n — 1) — b(m — 1)]? + 4nmcd]/2

Case (ii): If (n — 1)(m — )ab > nmcd,
M+l =Y" 4 =an—1)+b(m—1)

Where,
A =250 A4l =[a(n-1) +b(m—1)
+y/[a(n — 1) — b(m — 1)]? + 4nmcd]/2
and
Ay =270 A4l = [a(n— 1) + b(m — 1)
—J/la(n — 1) — b(m — 1)]? + 4nmcd]/2
3. Main Results

In this section we present the computation of Sombor energy for total
transformation graphs. Given a graph { with p vertices and p = % edges, the

total transformation graph {*¥* consists of p + ¢ vertices. We denote the
vertices by v;, where i = 1,2,..., p and the edges by €, where j =1,2,...,0.
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Theorem 3.1: For any s-regular graph {(p, 0), we have
Exso(§**) = V2s(ps +2p — 2)

Proof: As {(p, @) is an s-regular graph, according to the definition of {*** and
Lemma 2.2, the characteristic polynomial associated with the Sombor matrix
satisfies |l — NSo({t*H)| = 0.

Now,
[nl = NSo({™)| =
n o —2s —Zs - —2s —VZs
—V2s 7 —V2s - =25 —2s
—V2s —V2s 7 o =25 —\/2s

V35 —Bs —Zs -« n s
VIs s —Is — —VIs 7

By using Lemma 2.2,
Inl = NSo(T*H)| = ( +V2s)P* - (p+ 0 —1)V2s] = 0

spectra(]\fSo((J'H)) — ((p Ifj 1 \/ES(P ':il_ Q— 1))

(pt+e)x(p+e)

Hence
Enso((PH) =2V2s(p+ 0 —1) = V2s(ps + 2p — 2)
Theorem 3.2: For any s-regular graph {(p,0), we have
P 1
Exso(("7) = 5 (ps+2p = 2)(2p + ps — 4s = 2)
Proof: As {(p,0) is an s-regular graph, according to the definition of {~~~ and

Lemma 2.2, the characteristic polynomial associated with the Sombor matrix
satisfies |nl — NSo({""7)| = 0.

Now,
Inl = NSo(C™ )| = Inl =V2(p + ¢ = 25 = 1)J = Dlprorx(o+o)
By using Lemma 2.2,

Inl = NSo((™™)| = ( +V2(p + 0 — 25 — 1))P+P1
mM—(+e—-1DV2(p+o—-2s—1)]=0
spectra(NSo({"" 7)) =
(‘ﬁ(PJf@—ZS—l) (p+9—1)\/§(p+g—2s—1)>
(pte—-1 1
Hence
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Exso((") =2V2(p+o—-1D(p+eo—25—1)
=\%(ps+ 2p—=2)(2p+ ps —4s —2)

Theorem 3.3: For any s-regular graph {(p, 0), we have
Exnso((**7) = V20(p — D +V2(e —D(@s+p—4)

+ \/[\/fe(p —1)—V2(e - 1(@2s+p—4)]> +4pole? + 2s + p — 4)?]

Proof: As {(p,0) isan s-regular graph, according to the definition of {**~ and
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix
satisfies |9l — N'So(¢tt7)| = 0.

Now, |l — NSo({t*t7)| =

I I B ot e e R TR
FEEEE e e FEERT sty
ETBT e e TG lastp-f) - sep-4)

N T T S
(pte)x(pto)
ie.,
Inl = NSo(G*++7)| =
M = V200 = D)y (Vo2 + (25 +p = D) pxe

(Vo2 +@2s+p =D oxp I =V225+p—4)J —D)oxe
Expanding using the Lemma 2.3 we get

Inl = NSo({** )| = m+V20)P ' +V2@2s +p -4 n—(p -1
V20][n— (e — DV2@2s +p —4)] — pele* + 2s +p — 4)?]
Inl = NSo((**7)| = (n+V20)P ' (n+V2(2s +p — 4)P ' [n?
-n[(p — DV2e + (¢ — DV2(2s +p — 4)]
+20(p—D(e-—D@Zs+p—4)
— pole? + (2s + p — 4)?]
spectra(NSo({*+)) =
(_\/EQ (p — Dtimes
—V2(2s+p—4) (p — Dtimes
[V20(p — 1) +V2p(e - D(@2s +p —4) £

(\/[ﬁa(p — 1) =V2p(e — D(2s +p — D]? + 4poo? + (25 + p — 4)?]]/2
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In this,
m = N2e(p—1D+vV2(e—-1)R2s+p—4)

+ \/[\/?Q(p -1 —V2(e - 1D@2s+p— D] +4pele? + 2s + p — 4)?]]/2

is the largest and only one positive eigenvalue.
Hence

Eyso(§**7) = 2m =vV2e(p -1 +V2(e - D(2s +p—4)

+ \/[\/fe(p - 1) =V2(e — D(2s +p —4)]% + 4pole? + (25 + p — 4)?]

Theorem 3.4: For any s-regular graph {(p, 0), we have
Exnso(C™™%) = V2(p = 1)* + 2po(p — 1)(¢ — 25 +3)

+Jw§(p — 12 =V2(e—1)(e — 25+ 3))* +4pel(p — 1)* + (e — 25 +3)7]

Proof: As {(p,0) is an s-regular graph, according to the definition of {*~* and
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix
satisfies |nI — NSo({""1)| =0.1i.e,

[l = NSo({™H)| =
1 =V2(p = DU = D)y, (—V(p = D% + (0 = 25 + 3)%)/ g
(Vo —D?+ (@ —25+3))pxp O =V2(0 =25 +3)(J = 1))gxe
Expanding using the Lemma 2.3 we get
[nl = NSo((~~9)| =
M +V2(p - D) +V2(e — 25 +3))2 [n —V2(p — D[
— (e — DV2(e — 25+ 3)] — po[(p — D* + (¢ — 25 + 3)?]
[l —NSo((~H)| =
(M +V2(p — 1)) ( +V2(e — 25 + 3))°7 ! [n? — n[V2(p — 1)
+ (- DV2(e—-25+3)]+2(p—1D*e—1D(e—2s+3)
—peol(p—1D* + (e — 25 +3)%]
spectra(NSo({~~ 1)) =
(—V2(p - 1) (p — Dtimes
—V2(p — 25 +3) (o — 1)times
V2(p - 1)2 +V2(o - 25 +3) +

(\/[ﬁ(p - 12 =+2(0 — 1)(¢ — 25 +3)]? + 4po[(p — 1> + (¢ — 25 + 3)2]]/2
In this,
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m = [V2(p — 1)* + 2pe(p — 1)(¢ — 25 + 3)

+ \/[x/?(p - 1)2=v2(e - 1)(e — 25 + 3)]* + 4pel(p — 1)? + (0 — 25 + 3)?]]/2

is the largest and only one positive eigenvalue.
Hence

Enso((™") = 2m, =V2(p — 1)* + 2pe(p — 1)(e — 25 + 3)

+ \/wi(p —1)2 =V2(e = 1)(p — 25 +3)]? + 4po[(p — 1)? + (0 — 25 + 3)?]

Theorem 3.5: For any s-regular graph {(p, 0), we have
Ense((* ) =V20(p -1 +V2(e-D(p+o—25s—1)

+\/[\/?e(p -1 —=V2(e-1D(p+0-2s—1)]? +4polo® + (p + 0 — 25 — 1)?]

Proof: As {(p,0) is an s-regular graph, according to the definition of {*~~ and
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix
satisfies |nI — NSo({*~7)| =0.1i.e,

[nl = NSo((*~7)| =

(I = V20U — D) pxp (Vo2 +(p+0—25— 1]y

(—Vo?+ (0 +0—=25=1Dgnp O =V2(0+p =25 = 1)U = Dgxe
Expanding using the Lemma 2.3 we get

Il = NSo(§* ) = (n+V20)° 7 (n +V2(e + p = 25 = 1))’ [n = (p — DV2e][n

~(p = DV2(e +p—25s-1)] - pe[p* + (p + 0 — 25 — 1)?]

spectra(NSo({*7)) =

(V20 (p — Dtimes

—V2(p+0-25-1) (o — Dtimes

[V20(p - 1) +V2(e-D(p+o-2s—-1) *

k\/[\/fe(p 1) =V2(e~1D)(p + o~ 25 = ] + 4pe[e + (p + 0 — 25 — 1)?]]/2
In this,
m = [V2e(p =D +V2(e—D(p+o—25-1)

+ J[ﬁe(p —1)=V2(e-1(p+0—2s—1)]2 + 4polo® + (p + 0 — 25 — 1)2]]/2

is the largest and only one positive eigenvalue.
Hence

Exnso(§T77) = 2m =vV20(p - D) +V2(e—D(p+0—-2s-1)

+J[ﬁ@(p -1 -V2(e-1D(p+0o—2s—1)]? +4pele* + (p + 0 — 25 — 1)?]



SOMBOR MATRIX AND ENERGY OF TRANSFORMATION GRAPHS 735

Theorem 3.6: For any s-regular graph {(p, p), we have
Exso((™) = V2(p - D* + 2V2s(e — 1)

+ J [V2(p — 1)? = 2v2s(0 — D]? + 4pe[(p — 1)? + 45?]

Proof: As {(p,0) isan s-regular graph, according to the definition of {~** and
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix
satisfies |[p — NSo({"**)| =0.1i.e.,

[nl — NSo({™*)|
M = V200 = DU = D)pxp (=0 = 1)? + (25)2)] pxe
(Vo =D+ @) oxp (1 = 2V250 = D)gxe
Expanding using the Lemma 2.3 we get
Inl = NSo({T )| =
(M +V2(p = )P (n + 2V25)e [ = V2(p — 1’1
— (e — D2V2s] — pol(p — 1)* + 4s?]
spectra(NSo({~t*))=
(V2o - 1) (p — Dtimes
—2+/2s (o — 1times
V2(p — 1)? +2V2s(e — 1) £

V200 — 17 ~ 21Zs(0 — ) + 4pel(p — 177 + 4571112
In this,
m = V2(p - 1> +2V2s(e - 1)

+ J[\/E(p - 1)2 = 2vV2s(0 — 1] + 4pel(p — 1) + 4s2]]/2

is the largest and only one positive eigenvalue.
Hence

Eynso((7M) = 2, =V2(p — 1)? + 2V2s(e — 1)

+ J [V2(p — 1) — 2V2s(0 — D]? + 4po[(p — 1)? + 4s?]

Theorem 3.7: For any s-regular graph {(p, p), we have
Exso((*™") = 2V2s(p— 1) +V2(e — 25 +3)(e — 1)

+ J[zx/is(p —1)—V2(e — 25 +3)(0 — 1)]? + 4po[4s2 + (0 — 25 + 3)?]

Proof: As {(p,p) is an s-regular graph, according to the definition of {*~* and
Lemma 2.3, the characteristic polynomial associated with the Sombor matrix
satisfies |nI — NSo({*~1)| =0.1ie,
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Inl = NSo((*™ )| =

(I — 2V2s(J = D) pxp (—/(25)2 + (0 — 25 + 3)2)] 50
(V@252 + (@ —25+3))pxp M —V2(0 =25+ 3)J — 1)) pxo

Expanding using the Lemma 2.3 we get
Inl —NSo({*™ )| =

(M +2V25)P7'(n +V2(e — 25 +3))°7 [ — (p — 12V2s][n
— (0 — DV2(0 — 25 + 3)] — po[4s® + (0 — 25 + 3)?]
spectra(NSo({t™1)) =
—2v2s
—V2(p - 25 +3)
2V2s(p —1) +V2(0—2s+3)(e — 1)

(p — Dtimes
(o — Dtimes

l\/[Z\/is(p - 1) +v2(0 — 25+ 3)(0 — 1)]? + 4pp[4s? + (p — 25 + 3)2]]/2
In this,

m o= [2V2s(p - 1) +V2(e-2s+3)(e— 1)

+ \/[Zx/is(p —1) = V2(0 — 25 + 3)(0 — )]? + 4po[4s? + (¢ — 25 + 3)?]]/2

is the largest and only one positive eigenvalue.
Hence,

Exnso((T™%) = 2n, =2V2s(p— 1) +V2(e —25s +3)(e — 1)

+ J[Zﬁs(p —1) —V2(0 — 25 + 3)(0 — 1)]? + 4po[4s? + (0 — 25 + 3)?]

Theorem 3.8: For any s-regular graph {(p, p), we have
Exso((t) = V2(p+0 =25+ 1)(p — 1) +vV2(0 — 1)(0 — 25 + 3)

+[[V2(p+o—-2s+1)(p-1)—V2@ -1 —25+3)]°
+4po[(p — D* + (¢ — 25 + 3)*]]"/?

Proof. As {(p,0) is an s-regular graph, according to the definition of {~*~ and

Lemma 2.3, the characteristic polynomial associated with the Sombor matrix
satisfies |nl — NSo({"*7)| =0.1i.e.,

Inl = NSo({~*)|
|l =20+ 0 =25+ DU = D)pxp (= (0 = D2+ (0 = 25 +3)2) e

(V-1 +@-25+3Dpp (1 —VZ(2 =25 +3)( = 1)) ge
Expanding using the Lemma 2.3 we get
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Inl = NSo({™*)| = m+V2(p+0~2s+1)P7 (n+V2(e — 25 +3))°7"
1= (p = DV2(p+ o~ 25+ D]n — (e — DV2(e — 25 +3)]
—po[(p — 1)* + (0 — 25 + 3)?]
spectra(NSo({~7)) =
(—V2(p+o0—-2s+1) (p — Dtimes
—V2(¢ — 25 +3) (o — Dtimes
V2(p+e—-2s+D(p-1D+V2(e-D(—-25+3)
| V200 + ¢ — 25 + 1)(p — 1) = VZ(e — D)(e — 25 + 3)I?
+app[(p — 1 + (p — 25 + 3)*]]"/?]/2
In this,
m=N2p+e-2s+1)(p-1D+V2-1D(—25+3)
+[[V2(p+e—-2s+1)(p - 1) —V2(e — 1)(¢ — 25 + 3)]?
+4po[(p — 1)* + (¢ — 25 + 3)*]]"/?]/2

Table 1

Molecules composed of hetero atoms and their total m-electron energy [2]
and Ey50(0)

Molecule Code | Total r-electron energy | Ensol(()

Venyl chloride like systems 54 2.23 7.8040
Butadiene perturbed at C2 Sa 5.66 13.2080
Acrolein like systems Sq 5.76 13.2980

1, 1-dichloro-ethylene like systems 8y 6.06 14.1421
Glyoxal like and 1, 2-dichloro-ethylene like systems 8y 6.82 13.2080
Pyrrole like systems Se 5.23 22,6274
Pyridine like systems 57 6.60 28.2842
Pyridazine like systems 83 9.06 28.2842
Pyrimidine like systems Sg 9.10 28,2842
Pyrazine like systems Sia 9.07 28.2842
S-Triazene like systems S 0.65 28,2842
Aniline like systems Sia 8.19 34.9870
O-phenylene-diamine like systems 813 1221 41.7170
m-phenylene-diamine like systems Si4 12.22 42.0786
p-phenylene-diamine like systems Sis 12.21 41.7170
Benzaldehyde like systems Sig 11.00 40.6817
Quinoline like systems Si7 14.23 56.7858
Iso-quinoline like systems Sis 14.23 56.7858
1-Naphthalein like systems Sig 16.15 £3.6301
2-Naphthalein like systems Sag 16.12 63.6301
Iso-indole like systems Saq 13.46 48.8959
Indole like systems Sag 13.50 48,8050
Benzylidine-aniline like systems Saq 20.10 80.9168
Azobenzene like systems 8oy 21.02 80.9168
Acridine like systems Sas 20.56 £5.5335
Phenazine like systems Sag 21.62 85.5335
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is the largest and only one positive eigenvalue.
Hence
Eyso((™*7) = 2m=V2(p+o—2s+ 1)(p = 1) +V2(e — 1)(¢ — 25 +3)
+[[V2(p+e-2s+1)(p—1) —V2(e —~ (e — 25 + 3)]
+4pel(p — 1)* + (¢ — 25 + 3)*]]'/2

4. Applications of a new variant Sombor energy Ej-s,({)

This section focuses on a dataset of total m-electron energies corresponding
to 26 different heteroatoms, and the respective Ejyrs,({) is calculated for each
atom by constructing its molecular graph structure. The following total
m-electron energy [2] and the Ejy5,(¢) for 26 hetero items are listed in Table 1.
Further the correlation coefficient r between the total m-electron energy and
Exso(Q) is analysed which comes out to be r = 0.982, and the graph for linear
regression model is depicted in Figure 1.

The linear regression model is given by
total m-electron energy = a(Eys,(¢)) + b
The linear regression model of total m-electron energy with Ej.s,({) is
total m-electron energy
= 0.220(£0.009)(Ejps,(¢)) + 2.355(£0.420)

n=26,r =0982,F = 640.581,SF = 1.031

Total pi-electron energy

® Observed
= Lingar

25.00007

20.00007

15.00007]

10.0000-

5.0000-

.0ooo T T T T T
0000 20.0000 40.0000 0.0000 80.0000 100.0000

Sombor energy

Figure 1
Linear regression model of total m-electron energy with E »-5,({)
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5. Conclusion
In this paper, a novel variant of the Sombor matrix, denoted by N'So({), is

defined such that for i # j, its (i,j)-entry is equal to ’clz +¢7 and 0 in the

either case. Ejs5,({) is obtained for total transformation graphs {*** of regular
graphs. Also as an application, a collection of 26 hetero atoms, along with their
total m-electron energy, is examined, and a regression analysis is conducted using
Eso(¢) for these hetero atoms. The linear regression model yields a correlation
coefficient of r = 0.982.
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