Journal of Information & Optimization Sciences
ISSN 0252-2667 (Print), ISSN 2169-0103 (Online)

Vol. 47 (2026), No. 2, pp. 437-453

DOI : 10.47974/J10S-1464

Interior-point method for CQP problems employing a novel
trigonometric kernel function

I. Touil *

W. Chikouche

Department of Mathematics

Laboratory of Pure and Applied Mathematics
Mohammed Seddik Ben Yahia University
Jijel

Algeria

Dj. Benterki ®

Department of Mathematics

Laboratory of Fundamental and Numerical Mathematics
Ferhat Abbas University

Setif

Algeria

Abstract

We introduce a primal-dual interior-point approach to address convex quadratic
programming dilemmas, utilizing a novel class of efficient parametric kernel functions.
Using basic analxgical tools, we establish that the developed algorithm has an iteration
bound of O iegz| for the large-update method, where p is a parameter with p > 2. For
the small-update method, we obtain the best known iteration bound, namely O[pzﬁ 10%) [5,
7]. Finally, we provide numerical experiments that illustrate the algorithm’s effectiveness.
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1. Introduction

The given primal convex quadratic programming (CQP) problem in
its standard form is as follows:

min(c'X + ¥ Q¥)
(PQ)1 Ax =1,

x>0,
The dual problem of (PQ) is written as follows:
max(by -, ¥ QF)
(DQ) 1A"7+z-Qx =,
z 20,

where the vectors ¢,¥ and z belong to R", b and y are in R", the
matrix Aisin R™", and Q € S” such that S” denotes the cone of symmetric
positive semidefinite matrices.

Let’s suppose, without compromising generality, that:
(H,): A isamatrix that has full row rank, meaning that its rank, denoted
as rank (A), is m such that m < n.
(H,): Both problems (PQ) and (DQ) are strictly feasible, implying the
existence of a solution (x,y,z) where

Ax=b, x>0,

{ATy+z—Qx=c, z>0.

We know that to find the optimal solution for both (PQ) and (DQ) it
is sufficient to solve the following optimality conditions of the first order,
commonly referred to as the KKT conditions.

Ax =D, x>0,
A'y+z-Qx=c, z2>0, 1.1
¥z =0.

Interior-point methods (IPMs) offer a robust methodology for
addressing problems in linear programming (LP). These methods have
been effectively applied to a broader range of optimization problems,
including Nonlinear Complementarity Programming (NCP) Problems
[12], Convex Quadratic Programming (CQP) Problems[2, 6, 9], Semidefinite
Programming (SDP) Problems [14, 15], Second-Order Cone Programming
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(SOCP) Problems [3], and P.(k)—Horizontal Linear Complementarity
Programming (P, (k) -HLCP) Problems [8].

Most IPMs rely on the logarithmic kernel function (KF) [13]. Various
kernel functions (KFs) incorporating different types of barrier terms have
been proposed and examined.

The concept of KFs is commonly used in various fields such as:
machine learning [10, 11] and bioinformatics [1],... .

The fundamental notion of the IPMs involves introducing a positive
parameter [ into the condition known as the complementary condition,
expressed as Xz = 0. This leads to a nonlinear system expressed as follows

Ax =D, x>0,
A'y+z-Qx=c, z>0, (1.2)
Xz =i, u>0.

where the vector eeR" such that all elements are equal to one. It's well-
known that under assumptions (H,) and (H,), for each fi>0 the system
(1.2) admits a unique solution denoted (X,7,,Z;). The set of these
solutions, denoted by S= {(Eﬁ, Yar Eﬁ); >0} is termed the central
trajectory (also known as the [ -center) of problems (PQ) and (DQ). If i
goes to 0, the central trajectory converges, providing optimal solutions for
both problems (PQ) and (DQ).
Newton’s method allows for obtaining the directions AX, Ay, and

Az by solving:

AAX =0,

ATAY +AZ -QAX =0, (1.3)

ZAX+XAZ =lle—-XZ,

which contributes to the development of the traditional primal-dual path-
following algorithm.

2. Refined search directions using kernel functions

In the present section, we define the following novel KF

oty =D, %(cotp(l(t))—ipj,for £>0and p>2, @.1)
37 32

2
where

IB)= - 2.2)
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Then, the three successive derivatives of ¢ are:

_am 100

0 cot” (1)), (2.3)
1 4
ey Q,(t)> oy (2.4)
¥ (t)=- o l( (Q,(s)IV (1)) +Q, (1) + (cot” (U (1) < 0, (2.5)

where

Q,(t) = (1" ®)m(t)* —1? (B)[cot" (I(1)],
Q,(#) = cot" (It (p—2)(p — 1) +2p* cot(I(1)) + (p + 2)(p + 1) cot* (I(1))],
Q, (1) = -3m(t)P17 ()

and

m(t) = cot” *(I())[(p + Deot*(I() + (p~1)],

19(t)=

24w
Qi+ 1)2 z @t+1)? ()= e+t

(2.6)

We define the vector ¥ and the scaled search directions d_ and d. as:

7= /ﬁ d_=X"VAX, and d. = Z 'V AZ. (2.7)
u

Then, system (1.3) is reduced to

Adz=0

AT Ay +dz -Qdz =0, (2.8)
det+dz =T -5=-VO_(7),

with A= %AV’l}_(, Q= %V’l)_(QV’l}_( and B =diag(b), where Be{V,X,Z}

and be{v,x,z}.

Here ®_(0)=XL,¢.(9,), represents the logarithmicbarrier (proximity)
function within the classical KF

0.(t)=3(F 1)~ log(t).

The main idea of IPMs for approximating the central trajectory
involves substituting ¢_(t) by any function ¢(t) strictly convex defined
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from (0,4) to (0,+w) that achieves its minimum at t=1, where
¢(1)=0.

In this work, ¢ (t) is replaced by the proposed KF ¢(t) defined in
(2.1). Thus

Ad_=0,
A"Ay+d_-Qd_=0, (2.9)
d_+d.=-VO(D).

Thanks to the assumption (H,), system (2.9) possesses a unique
solution, denoted by (d_,Ay,d.). Since d_ and d_ being available, we can
easily calculate the values of Ax and Az. By choosing a suitable
displacement step & through the Newton direction, the updated iterate
(x*,y",z") is formulated as

(x*,y",27):=(x,y,2)+ 0(AX, Ay, AZ), (2.10)
where @ €(0,1) ensures that X™ and z* are strictly greater than zero.

We can summarize the aforementioned generic method in the
following interior-point algorithm (IPA):

IPA for CQP
Initial data

T =+/n 21 is a threshold value;
£=10" >0 is a precision value;
0<86 <1 is a fixed adjustment to the barrier;
(x,y,2) is a strictly feasible point, u =1 such that W(x,z;u)=d(v)<7;
Begin
X=Xy =Y,z =2, :=U;
Repeat until X'Z=ng>¢
I=(1-6)f;
Repeat until ¥Y(x,z; u)=P([©0)>7
Solve (2.9) and select an appropriate displacement step ¢;
Update (%,7,%):=(%,7,%) + @(AX, A, AZ); 7 := |*%;
End Repeat H

End Repeat
End
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2.1 Characteristics of the new kernel function

Several properties of the KF defined in (2.1) are developed in the
following lemmas:

Lemma 2.1: Suppose I(t) represents the function defined in (2.2). Hence,
V't e (0,+w) one has

I(t) e [o,gj, 2.11)
cot(l(t)) € (0, +) (2.12)

and
cot(I(t)) -(p%n € (0, +). 2.13)

Proof: For (2.11), I(t) strictly increases over (0,+w) since [’(t)>0 for all
te(0,+0) and by taking the limit when t goes to zero and to +oo, we
obtain

lirrll(t) =0and tlim I(t)= %

t—=0

which proves (2.11).
The inequality (2.12) is then a direct consequence.

For (2.13), let k(t) = cot(I(t)) —(p%ﬁ, since sin(l(t)) <I(t), then

k(l)(t) __ l(l)(t) 2 —pnztz

= 0,vte(O, .
sin?(I(t) (4P T~ (L4+p)mt? (2t+1)? sin (I(t)) ) €(0,+0)

Hence, k(t) decreasesover (0,+w). Furthermore, ljm(cot(l(t))— - ):O,
to+o0
this gives (2.13).

Lemma 2.2: Given the KF ¢(t) defined in (2.1), it follows that for all t>0, one
has:

(i) te?(t)+e"(t)>0.

(i) to®(t) - (t)>0.

(iii) The function ¢ (t) decreases monotonically.

(iv) P (A (t) - Lp? (At)p"(t)> 0, for all t >1 and A > 1.

Proof: For (i) and (ii), using (2.3), (2.4), (2.6) and (2.13) of Lemma 2.1, we
get
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2teot? (It 42
to?(t ore 8t M[ t(1(+ J
errer(h= 357 (@t+1)*sin?((t) cot(B)+ T1+p)t

+[Sm ] (p—D)tcot’*(I(t)) = 0.

t® () — @V (t) = —5——[m(t) IV (#))* +cot”  I(E)IV (1)I(t) — P (£))] = 0.

Sin2 (6 l(
(iii) is a direct consequence from (2.5).

For (iv), applying Lemma 2.4 from , and given that ¢(t) satisfies
conditions (ii) and (iii) above, (iv) follows. Thus, the proof is now
concluded.

Lemma 2.3: Regarding ¢(t), we observe:
@) D <o) <37 (@00, ielo, sl
3%

() o)< @fif (63+(4p—2)m/3), vt e[1, +oo].
372

2

Proof: For (i), since ¢ (t)> 7 from (2.4), we have

o(t) = Hrp 4” Hdédc; 7””2

2

and

xSfQ

= [[o(©)e® Odeds =2 (" (1)

o(t)= [[o? Qitde <

For (ii), considering ¢(t) and ¢ (t) equal to zero at t=1, ¢@(1) =
- (63+(4p—-2) mB), ¢°(t)<0, and utilizing Taylor’s development, we

32
obtain:

o(h) < @2” (63 +(4p—2)m43).

Lemma 2.4: Let p from [0,+0) to [1,40) and p from (0,+w) to (0,1] denote
the inverse functions of the functions (t) and —5 @™ (t), respectively. Then, one
has
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pril P+
. 4 S - 4 S
i 1+3 G D) <p(s)<1+3 /ﬂ’ Vs e[0,+o0].

(ii) cot(l(t))g{lgswL j}l}””, s=—%(p(l)(t)e[0,+oo[.
T g

-
2

Proof: For item (i), set s=¢(t)>0 where t in [1,+[, then p(s)=t. Using
item (i) and then item (ii) of Lemma 2.3, we obtain

s=o(t)>

\/z_”p“s 1)] this implies + <1+ 3 \/g,

34

pHIL

s<! z”pfnl (63 +(4p—2)7y3), this implies £>1+3 * /m

32

For (ii), let s=—3¢"(t), then p(s)=t, for t in 10,1], so, by (2.3), we
obtain

(1)
25=-9"(t) =%+ Sl cot™ (1),

which is equivalent to

cot’  (I(1))(1+ cot*(I(t))) = #D [25+ 4;15],
372
then, we have

cot’ (I(t) <2+

Pl N
2

Now, we calculate an approximation of how adjusting the barrier
parameter [ impacts the proximity function’s value throughout an
iteration. This analysis begins with a fundamental theorem applicable to
all KFs ¢(t) meeting the criteria of strict convexity and fulfilling conditions
(ii) and (iii) outlined in Lemma 2.2.

Lemma 2.5: ([4]). For © in R and A in (1,+), one has

DIT) < mp{w[$ﬁ

Corollary 2.1: Suppose 6 is such that 6 €(0,1). Then
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q)(z_)+)=q)(/»u_})< n8+3" m’+2(3 1 )n2nT /'L F>1

if
O@)<T

Proof: Using (2.1), Lemma 2.5, and (i) of Lemma 2.4, we have
D(AT) < 2" [/12[1 137 2@ >J21}.
3 2

Since A = 7, and based on the assumption that ®(7) <7 just before
the update of 1, ‘we obtain

R s P+5 —
q)(z_)+) < nb0+372 nt+2(3 7 )nN2aT —®

= =, (2.14)

where @ serves as an upper limit for ®(v") throughout the algorithm’s
execution.
The norm-based proximity measure, denoted §(7), is defined as:

8(2) =5 IVO@)|l =1 || d. +d. ||, for any 7 >0. (2.15)

The Lemma below provides a lower bound for 6(v) in relation to the
proximity function ®(v).

Lemma 2.6: For any positive vector v, one has

5@)> |~ o).

p+s

Proof: Utilizing (2.15) and from (i) of Lemma 2.3, one has

& @=(LVoEN] = 13676 = 2 3 06)= % o),

211

which concludes the proof.

3. Examination of the algorithm’s complexity

Here, our objective is to calculate a default displacement step o that
keeps the updated iterate (x¥*,y",s") feasible and ensures sufficient
decrease of the barrier function ®.
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While performing an inner iteration, it’s important to note that the
parameter U remains fixed. Therefore, using (2.7) in (2.10), we obtain

+

¥ =Y@+ad), 7' =1@+ad).

SITR|

Therefore, the new vector 7" is determined by

7t =E=\/(5+&d})(5+&dz).

Due to the property of exponential convexity of ¢(t), we deduce

—+ O (v+0udy )+P(v+0idz )
O(T") < 5 .
Let us define g(&x)=®(@")—-d(v).
For the sake of simplicity, in the rest of this section, we denote

6:=6(v).
Lemma 3.1: ([15, Lemmas 4.4 and 4.7]) The maximum of the displacement step
a is

o = PO-p25)

26
Furthermore
[ —
o?(p25))
and

g[@)<-as?,va<a .

The following corollary demonstrates that the proximity function
decreases during the inner iteration.

Corollary 3.1: Consider setting & = m, as the default displacement step.
Assuming 8 21, we obtain:

2 SN
LA S i, (3.1)
9D (p(28) 61(6+pr?)

Proof: Firstly, we search an upper bound for ¢(t) in relation to . For
t €]0,1], with = p(28), one has:

0<I(B)< T, cot(l()) 2 % 19(#) < mrand - 1?(t) < 4.
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Using the above inequalities in (2.4), and (ii) of Lemma 2.4, we get

z)(p(25))<{4\7_[1+ 3(pm 2+2)ﬂ[365 4}

37

Hence, according to Lemma 3.1, by applying the preceding inequality

for a= We[o 0], we obtain

i
[wg(lﬁ—i(pﬂ: +2)):|(454><%).

Using Lemma 2.6, we have

T
270(7)
5 L1
32 <_ O(v)2" 2D

. f(1+i(pn +2)]J(454x%) T 6l6pr?)

g(@)<-8*a<—

g(a) <~
L

This completes the proof.

We aim to calculate the required inner iterations number to restore
the condition ®(0)<7 after updating u. Let ®, denotes the value of
®(v) after updating g and ®,, where i=1,..,N, with N representing
the total number of inner iterations in the outer iteration, denotes the
subsequent values in the same outer iteration. From definition of the
function g(&) and in accordance with equation (3.1), we obtain

P
2(p+1)

&, <b - fori=1,.,N-1
61(6+pr”)
By setting = 61(%%2) and y = %, the following lemma is derived.

Lemma 3.2: Let N be defined above. Then

N < 2 _[122m46)149) | it _ (3.2)
By 2+p 0

Next, we establish the iterations bound for both small and large
update IPMs.

Theorem 3.1: The developed algorithm requires at most

122(6+pr?)(p+1) q)zw [log J (3.3)
0 ) ’

p+2

iterations to obtain an & — solution.
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Proof: One knows that the outer iterations number such that ni=x"z <&
is limited by ~(logZ). Hence, the lemma is proved by multiplying this
number by the number N obtained in (3.2).

For the large update method, we have T=0(n) and 6 =©(1). The
iteration bound of the developed algorithm using the proximity function

2y
derived from the new KF is O[(1+p)n2“ﬂ’>1og;].

pe2

The expression (p+1)n*"” reaches its minimum at p=_(logn-2)

n 1 . . .
MTD‘%”. Therefore, we derive the iteration bound as:

O@nlognlog?).

and is then equal to

The above iteration bound coincides with the bound of the large
update IPMs in [5], which is based on trigonometric KFs as well for linear
programming.

If T=0() and 6 = G)(%J, then the iteration bound of the developed

IPA for the small update IPM is:
@ [ p*nlog g) :

This matches the currently best-known complexity bound for small-
update IPMs.

4. Numerical experiments

In the present part, we perform numerical experiments to show the
effectiveness of the developed algorithm. The following examples are
taken from the literature, for instance, see [6], and were implemented
using MATLAB R2008b on an Intel Core i3 (1.80 GHz) processor with 4.00
GBofRAM. Weset 7T =+n and 6 takesvalues from theset {0.01,0.1,0.5,0.9}
for the large update method, while for the small update method, we set

T=1and 6= % For all experiments, we have considered £=10" and

p€{2,5(logn—2)}, where n represents the size of the example.

Example 4.1: For m=2 and n=3, we take:

-2 200
A:[;l i (1)], b:[;], c=|-4[,Q=|0 2 0|,
0 000
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we have the following initialization:

0.3262 0 0.7247
x=|13261|, y= and z=|0.7247 |.
-2.0721

0.3477 2.0722

The optimal solution obtained is:

o 0.0000
f*:[l.zmg}y* =(7O ;’997] and ' = 0.0000 |-
0.0000 0.9998

Example 4.2: For m=2 and n=2m, we take:

-4 4 200
1110 2 -6 2 4 00
A= b: C= =
150 1) 5) 0 Q 0 000
0 0 000
we have the following initialization:
0.9683 0.7612
0.5775 -0.9184 0.9141
= , Y= and z = .
0.4543 -1.1244 09185
1.1444 1.1244
The optimal solution obtained is:
1.1290 0.0000
—+ _|07742| —« _(-0.0001 =+ _ | 0.0000
X = LY = and z = .
0.0968 -1.0322 0.0000
0.0000 1.0322

In the following tables, we list the total number of inner (noted In)
and outer (noted Out) iterations and the cpu time (noted CPU)
corresponding to the following values of the displacement step
0 €{0.5,0.6,0.7} and practical step size, denoted &p, defined in [6, 16].
Bold font is used to highlight the smallest number of inner and outer

iterations achieved.
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Table 1
Inner and outer iteration counts and CPU time for Example 1 for p = 2.
6/a 0.5 0.6 0.7 a,
In 1943 1943 1943 1943
Out 0.01 1943 1943 1943 1943
CPU 2.3870 2.5336 2.3455 2.2534
In 186 186 186 186
Out 0.1 186 186 186 186
CPU 0.3720 0.3620 0.3638 0.3686
In 131 108 92 70
Out 0.5 29 29 29 29
CPU 0.1663 0.1607 0.1583 0.1699
In 134 110 93 70
Out 0.9 9 9 9 9
CPU 0.1451 0.1394 0.1318 0.1411
Table 2
Inner and outer iteration counts and CPU time for Example 2 for p = 2.
6/a 0.5 0.6 0.7 a,
In 1971 1971 1971 1971
Out 0.01 1971 1971 1971 1971
CPU 2.4397 2.5771 2.6577 2.5476
In 188 188 188 188
Out 0.1 188 188 188 188
CPU 0.4024 0.3886 0.3780 0.3840
In 132 109 92 70
Out 0.5 29 29 29 29
CPU 0.1757 0.1741 0.1653 0.1744
In 136 112 95 71
Out 0.9 9 9 9 9
CPU 0.1559 0.1455 0.1359 0.1521
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Table 3
Inner and outer iteration counts and CPU time for Example 1 for
= (logn-2).

6/a 0.5 0.6 0.7 a,
In 1943 1943 1943 1943
Out 0.01 1943 1943 1943 1943
CPU 2.2908 2.5501 2.3035 2.3365
In 186 186 186 186
Out 0.1 186 186 186 186
CPU 0.3389 0.3435 0.3381 0.3419
In 42 33 29 29
Out 0.5 29 29 29 29
CPU 0.1451 0.1398 0.1425 0.1555
In 35 26 22 14
Out 0.9 9 9 9 9
CPU 0.1117 0.1149 0.1083 0.1233

Table 4
Inner and outer iteration counts and CPU time for Example 2 for
p=,(logn-2).

6/a 0.5 0.6 0.7 a,
In 1971 1971 1971 1971
Out 0.01 1971 1971 1971 1971
CPU 2.0717 2.4858 2.3345 2.3462
In 188 188 188 188
Out 0.1 188 188 188 188
CPU 0.3607 0.3530 0.3488 0.3535
In 47 37 29 29
Out 0.5 29 29 29 29
CPU 0.1476 0.1443 0.1426 0.1607
In 40 31 26 17
Out 0.9 9 9 9 9
CPU 0.1231 0.1133 0.1132 0.1236
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4.1 Comments

From Tables 1-4, we conclude that:

For both examples, the algorithm using the proposed KF runs and
yields the optimal solution for all different values of the displacement
step.

Numerical tests confirm the efficiency of the parameter p and
demonstrate that the smallest number of iterations was attained in
all experiments when p=(logn-2).
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