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Abstract

In this paper, a gradient-based optimization approach with two stages is proposed
that is designed to efficiently solve mixed-integer programming problems with linear and
nonlinear objective functions and constraints. To find a viable local minimum in the first
step, a gradient method with hemstitching modifications is used, which guarantees that the
trajectory is redirected into the feasible region whenever constraint(s) violation take place.
The purpose of the second phase is to identify another point on the opposite side of the
barrier where the function value is approximately the same, by constructing a tunneling
function at the current local minimum. This newly discovered point serves as the starting
vector for the next cycle, which repeats the process of searching for the global optimum.
The iterative procedure is repeated until no further reduction in the objective function value
is observed. Several benchmark problems involving mixed-integer variables are tested. The
gradient method involving 3" enumeration that the author previously proposed is compared
with the results from this new optimization technique, with a minor change made in the first
phase of the previous published method. The results are compared with other published
results.
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1. Introduction

Mixed-integer nonlinear problems (MINLP) are widely encountered
invariousscientific and engineering disciplines. These include applications
to solve complex MIP problems a) in medical science where neural network
in conjunction with optimization method is used to classify tumors and
identify cancer stages and in hospitals to schedule surgeries that are
performed in multiple operating rooms, b) in engineering to solve design
problems such as redundancy allocation problems, design of chemical
reactors and scheduling of production lines and c) in operations research
and transportation problems. These problems are mostly non-convex and
thus difficult to solve for the global optimal solution. Over the years,
metaheuristic approaches have proven to be valuable tools for addressing
a wide range of optimization challenges and are gaining recognition as
practical alternatives in scenarios constrained by time and computational
resources. In this paper, some suggested important classes of nonconvex
mixed integer linear and nonlinear programming test problem results are
presented.

An important type of nonlinear optimization problem is known as
MINLP, where some of the decision variables are integers. The branch-
and-bound (B&B) technique developed by Land and Doig[1] to solve
problems of integer linear programming was extended to solve MINLP
problems. The bender decomposition technique was developed to solve
mixed-integer programming problems by simultaneously addressing
continuous and discrete variables [2—4]. In the last few decades, several
heuristic algorithms have been reported to solve nonlinear optimization
problems where both the objective function and constraints exhibit
nonlinearity. Another hybrid conjugate gradient projection method for
solving large-scale nonlinear monotone equations has been proposed [5].

Genetic algorithms (GA) do not rely on assumptions of traditional
optimization techniques, such as continuity, derivative existence, or
unimodality [6]. The population of candidate solutions is initially
generated—either heuristically or randomly—and selection, crossover,
and mutation operations are then applied iteratively and sequentially to
evolve the population into a new generation of improved solutions [6-14].
In Evolutionary Programming (EP) the solution to optimization problem
is iteratively improved to arrive at the appropriate solution. The algorithm
is used to solve highly nonlinear and nonconvex problems. Using
probabilistic transition rules of the Gaussian relationship between parents
and offspring, the EP algorithm’s global search keeps track of a population
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of potential solutions at each iteration. This allows the algorithm to
navigate the search space’s hills and valleys increasing the likelihood of
identifying a solution with the best possible objective function value. The
MINLP problem has been solved effectively using a variety of EP-based
algorithms [15-18].

Eberhartand Kennedy [19-32] pioneered Particle Swarm Optimization
(PSO), a distinct population-based technique inspired by social behavior
patterns, and showed its effectiveness in solving optimization problems.
In order to accomplish this, the particles search the solution domain for
extreme values of the function being optimized, either the highest or the
lowest. They also look for the maximum or minimum of a given function.
Due to its quick convergence, this metaheuristic search algorithm is widely
used to solve a variety of optimization problems. Nevertheless, the original
PSO has a tendency to converge prematurely to suboptimal solutions,
especially when dealing with high-complexity optimization tasks [8].
Exploration and exploitation are the two main phases of the meta-heuristic
search process that must be balanced [19]. In the exploration phase,
various solutions within the search space are found, and in the exploitation
phase, the search process finds the optimal solution in the neighborhood
of the best solutions, thereby utilizing the information found. Numerous
methods such as parameter adaptation [9, 10], modified neighborhood
structure [8,11,12], and modified learning strategies [11-32] were
introduced to enhance the exploration and exploitation searches of PSO
for solving different types of optimization problems that effectively still
remains as an on-going research interest since it was introduced in the
mid-1990s.

Various broadly applicable solvers have emerged that employ convex
relaxation strategies to handle nonconvex constraints in MINLPs. Tools
such as aBB, BARON, and GLOP exemplify this class of methods [33-35].
In addition, global solutions to MINLPs are now attainable via branch-
and-bound techniques, which have been incorporated into advanced
frameworks like SCIP (Solving Constraint Integer Programs) [36-39],
available under an open-source license. GAMS comes with the latest
version of SCIP and commercial solvers, such as BARON [40], Lindo API
[41], and Octeract [42,43], which use solver CPLEX 22.1 for LP/MIP/QP/
QCP problems. It also offers facilities for solver comparisons.

A stepwise minimization framework composed of two sequential
stages was utilized in earlier work addressing constrained integer
programming, as noted in [44—48]. In the initial stage, a variant of the
steepest descent technique is applied, guiding the search along the
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function’s gradient within allowable bounds to locate a nearby minimum.
If a constraint is violated, a correction, called hemstitching, is started to
relocate the solution to a feasible coordinate X, [49]. This approach entails
making small, perpendicular inward movements away from the violated
constraint. All of these changes are limited to grid points that are
determined by discretizing each element of the n-dimensional decision
vector using integers. Following correction, the search proceeds along a
new trajectory derived by combining the objective’s gradient with those of
the constraints active at X, [50]. The cycle restarts from the latest feasible
candidate, and the process repeats until no further meaningful reduction
in the objective function is achievable within that phase.

Typically, the local minimum would be found in the same valley as
the initial vector during the first phase. When working with continuous or
integer domains, numerical search approaches generally have this issue.
The open literature has reported on a number of well-documented
methods to improve the chances of capturing a global minimum. But due
to the discretization process, there are now more local minimums, which
exacerbates the issue. The second phase is used to get around the issue of
becoming trapped in local minima. In this stage, a directional enumeration
strategy involving 3" steps [44] is applied using the basis vectors. This
approach has shown strong performance in progressing from the earlier-
identified local solution toward a globally optimal point, even when that
solution lies close to the boundary between feasible and slightly infeasible
zones (within a tolerance of €<107). The best optimum vector is found by
applying the 3" enumeration to find the minimum function; X* is selected
as the desired outcome.

Although the approach detailed in [44—47], with minor enhancements
introduced in this work, has demonstrated high efficiency in handling
nonlinear integer optimization challenges, its runtime tends to scale
significantly with an increase in the problem dimension, n. In real-world
scenarios, processing time can become impractical as n grows larger. A
breakdown of the computation time across both phases revealed that the
effort needed for the 3" enumeration expands at an exponential rate
relative to n.

In this paper, a new approach to address the shortcoming of handling
problems with large n values is presented. It involves substituting the
second phase, the 3" enumeration phase, with a tunneling method that
was initially documented in [51]. The method has been tailored to fit the
requirements of this study and involves constructing a tunneling function,
which is approximately solved by moving in the direction of its gradient.
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A reference point is placed at the previously found local minimum. During
the search for the tunneling function’s root, if any constraint is breached, a
corrective hemstitching technique is applied to guide the solution back
into the permissible region. The starting point (x°) for the first iterative
cycle is determined by taking the solution to the tunneling function
minimization, x = x. From there, the search for the global optimum is
carried out. When no more improvement is made or the search returns to
a minimum that was previously encountered, the iterative process comes
to an end.

Problem Description

Consider a general minimization scenario, which can be formulated
in the following manner:

Find X" that minimizes f(X)

Where f(X)e Z
X, <X <X,
Subject to g,(X)<b,  for j=1,2,3,... m

Let X represent the design vector of dimension n, with X, and X,
indicating its lower and upper limits, respectively. The related constraint
functions g,(X) are not necessarily satisfied only because the bounds on
X are satisfied. Moreover, in the space bounded by these bounds and the
constraint functions, the function f(X) can reach a local minimum, which
is also the global minimum, f(X*).

Algorithm Structure Overview

The proposed optimization strategy is executed in iterative cycles,
each involving a minimization phase followed by a tunneling phase.
During the minimization step, the goal is to identify a local minimum
within the valley where the search begins. To keep the search trajectory
within the allowable domain, the algorithm moves in the direction of the
function’s gradient. Step size is modified dynamically depending on how
the function value changes, and when greater precision is needed, it uses
a quadratic model to approximate an appropriate step size [44]. If a
constraint is breached, the procedure adjusts the search path using a
vector Q, which is computed as the normalized sum of gradients for the p
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constraints violated: g,(X),... g,(X) [48]. The i" component of vector Q is
given by the following formula:
98
K | =8k
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where the following coefficients, K,,..., K, are assumed to be proportionate
to the degree of constraint violation:
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The direction vector Q below indicates the path along which the
algorithm advances into the feasible domain using incremental steps of
size ¢ (where ¢ (<1)), starting with an initial step length A :

Xk:Xa+§[(/la+j*£)*Q].]

During each step of the algorithm, the direction vector Q is
recalculated. The initial point X, which begins outside the permissible
solution space, is expected to enter the feasible region after a sequence of
k™ moves. Once feasibility is restored, the algorithm proceeds along a
direction P, defined by the combination of the normalized gradient of the
objective function and the gradients of any constraints previously
breached—each evaluated anew at the feasible location [3]:

po P
iyl
where, p is given by
. Vg,
p: Vf +Z g]
VAN = 1vg, i

To advance the search in the direction P, the algorithm utilizes a
refined step size estimation technique as detailed in [44]. If the search
trajectory exits the feasible space again, a corrective mechanism—
previously described as the hemstitching method—is employed to steer
the solution back into the allowable region.
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When the objective function shows no additional decrease, or a
previously encountered minimum resurfaces, the search process is
terminated for that phase. The minimum obtained at this point is then
employed to initiate the tunneling procedure, which aims to identify a
new starting position for examining a different segment of the solution
landscape. The mathematical expression for the tunneling function
applied in this context is provided below [50]:

fX)-fX)

T(X)= 2?2
[(X-X ) (X-X)T"

where 1 2 1. A point located on the same level in the neighboring valley is
taken as the origin, or zero, of the tunneling function, denoted as X°. This
point, X’, can be determined by applying a conventional root-finding
method or by minimizing T(X) along its gradient until | T(X*)-T(X")| <,
in which e is a small parameter. The value of x;, representing the root of
the subsequent tunneling function, is established, starting from the local
minimum x; [44]:

f(X)—f(xl*) >1

[(x—x) (x—x )"

T(x)=

In contrast to function minimization phase I, the focus here is to
determine a point x) where the function value | f(x3)— f(x,)|| <6 where 6
is specified positive number which ideally should be selected to be close to
zero. T(x) is treated as an unconstrained function during the process of
moving along the gradient of the tunneling function, where the variables
are not discretized, and a corrective hemstitching procedure is applied if
the search moves into the infeasible region. The descent is terminated if
T(x,) = T(x, ;) and the point xg found and search for the global minimum
restarts using x; as new starting vector for the minimization phase I for
the next cycle where the local minima x; will have function value f (xg ) &
f(x;) and consequently f(x,) < f(x;). The tunneling function T(X)is
constructed at x; and start the search for its zero x; followed by search for
the next local minimum x; using x; as the next starting vector where,
f(x) < f(x;). At the start of tunneling phase for each cycle, the exponent
nis chosen tobe 1 and x=x"+& where € is a random vector of very small
magnitude, typically || £]| =107 During the iterative process of searching
for the constrained global minimum, the collection of all local minima
encountered in each cycle of the search algorithm forms a non-increasing
sequence f1 2 fp = ...2 fi, where fj represents the global minimum f *. The
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search is stopped when a predetermined number of iterations fail to
produce an improvement in function value.

Numerical Examples

The algorithm was implemented in Fortran using double precision
and tested on a system equipped with an AMD Athlon processor (1.8GHz)
and 512 MB of RAM. It was applied to evaluate several benchmark
optimization problems drawn from previously published studies. The test
problems for N < 12 and one test problem for N=15 that were resolved and
compared by both approaches using the proposed tunneling algorithm
are shown, and a synopsis of the computational outcomes is provided
below:

Test Problem #1 Pressure Vessel [52]

This optimization task focuses on the design of a compressed air
storage tank with a required minimum volume of 750 ft® and a working
pressure of 3,000 psi. The objective is to lower the overall cost including
welding material costs. The shell thickness (x,), head thickness (x,), inner
radius (x,), and cylindrical section length (x,) are the main design factors.
With the restriction that they be multiples of 0.0625 inches, variables x;
and x, acquire discrete values. The issue is stated as a challenge to minimize
costs

f(X)=0.6224x x,x, +1.7781x,x,” + 3.1661x *x, +19.84x *x,, x € R*

subject to:
8, (X)=-x,+0.0193x, <0

8,(X)=-x, +0.00954x, <0
o 4 s <
g, (X)=-mx;’x, ~37% +1,296,000 <0

g4(X)=x4—240£0

Tunneling algorithm is applied to solve the above problem and the
results are compared with two phase 3" enumerative algorithm [45] and
published results [52]. The initial vector (20, 10, 6, 172) is used to solve this
problem. The starting step size is 1, =0.000153, and a small increment of ¢
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=0.00001 is added to the initial size A, to ensure that the feasible region is
returned to when the constraint is violated during Phase I. This provides
a minimum of (0.8125, 0.4375, 42.0958, 176.676) and function 6060.186.
During the second phase of 3" enumeration about this minimum provides
an optimum solution of (0.8125, 0.4375, 42.0883, 176.669) with minimum
function of 6058.760. Now restarting the search again using this optimum
as initial starting vector, a lower optimum (0.25, 0.125, 10, 176.471) with
function value 399.696 found during first Phase and a global optimum
(0.25, 0.125, 10, 64.1116) with minimum value 147.0692 found after 3"
enumeration about this minimum is located that remained unchanged
with different starting vectors. However, in the proposed in the tunneling
algorithm, for chosen value of ||€]|=107 and h=1, the suboptimum
reached during Phase I (0.25, 0.125, 11.49280, 55.7381) with a minimum
function value of 154.31184. The optimum reached after several iterations
through tunneling Phase II provided no improvement in the feasible
region. The results from the proposed Tunneling algorithm required a
CPU time of 0.187 sec which is less than the 81.515 seconds required
during the 3" enumeration search. The reported results by both 3"
enumeration and the Tunneling algorithm are superior to the result
reported in the reference paper [52] and has not yet been reported
elsewhere.

Test Problem #2 Speed Reducer design optimization problem

This problem pertains to the minimization of weight reducers [52]
while adhering to constraints regarding the bending stress of gear teeth,
transverse deflections of the shaft, surface stress, and stresses of the shaft.
This is seven variables mixed integer variables where all variables are
continuous except variable x, that is discrete.

Minimize:

F(x)=0 .7854x,x,7(3.3333x,> + 14.9334x, — 43.0934)— 1.508x,
(x+x7)+74777(x +x,°)+0.7854 (x, x> + x,x,%)

Subject to:

> 27 S 3975
£, (X)=—73—-1<0, $,(X)=

2.2
XX, X, 12743

1<0,
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1.93x,° 193x
gs(X)— 42 -1<0, g,(X)= xx4 -1<0,
6 2 3777
745
2.( Yl 4169x10° ~1<0,
110)(6
g, ( +157.5x10° =1<0,
85x7
= bx
g7(X)_ = / gs(X):_Z_]-SO/
xl
_ X — 15x +1.9
X)=—1--1<0, X)="26 00 1<0
8(X) 12, 810(X) X,

With 2.6 <x, <3.6,0.7<x, <0.8,17<x, <28,7.3<x, <83,7.8<x, <83,
29<x,<39,50<x, <55

Both 3" enumeration and the proposed tunneling algorithm provide
far better results with less computational cost than those reported in [52].
The best optimum from second phase of 3" enumeration [44] algorithm is
(3.50964, 0. 673466, 17, 7.29964, 7.79893, 2.88957, 4.96897) with minimum
cost 2589.94 with computation time 1.094 sec. The optimum from the
tunneling algorithm is (3.59659, 0.700, 17, 7.30, 8.00, 3.00, 5.00) with
minimum cost 2584.0977 with computation time 0.750 sec.

Test Problem #3 Optimization problem for tension/compression spring
design

The goal of this problem [52] is to reduce the weight of a spring that
operates under both tension and compression, while satisfying constraints
related to surge frequency, deflection limits, shear stress, and outer
diameter, along with specified bounds on the design variables. The
formulation includes two continuous variables— x, for wire diameter and
x, for mean coil diameter—as well as one discrete variable, x,, representing
the number of active coils. The formal problem statement is presented
below:

Minimize: f(X)=(x,+2)x,x;

Subject to:
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- x2x - 4x> —x x 1
X)=1-—22-<0, X)= 2 Lz g <1,
$X) 7178x} 8:%) 12566x,x” —x;  5108x;
> 140.45x S X, +X
X)=1-——-1<0, X)="L—2<1
8:(%) XX, 84(X) 1.5

With 0.05<x, <2.0,0.25<x, <1.3 & 2.0<x, <15.0

The first phase of 3" enumeration optimization method result is
(0.0478112, 0.233081,14) with function value 0.0085248. After enumeration
about this optimum a final optimum (0.0478112, 0.233081, 3) with lower
function value 0.002664 was reached within 0.831 sec. The proposed
tunneling optimization provides optimum (0.0500, 0.250, 8) with function
value 0.00625 within 0.093. These results from both optimization methods
reported here are better than reported [52] best solution (0.05169, 0.356750,
11.287126) with function value 0.012665.

Other Mixed Integer Problems Solved

In this section a general class of test problems are considered that utilize
linear or non-linear objective function and constraints.

a) Mixed-Integer Nonlinear Convex Problem [53]

The mixed integer nonlinear convex programming problem (MINLP)
proposed by Grossman in report [53] is defined as follows:

Minimize: Z=y,+15y,+05y, +x} +x
Subject to: (x,—-2)*-x,<0

x,—2y,20
x,—x,—4(1-y,)<0
x,—(1-y,)=0
X =Y, 20

X, +x, 23y,
Yity,ty, 21

The optimum solution shown in [53] is y,, y,=0,y,=1,x =1,
x,=1, Z=3.5 which is based on extended cutting plane method
for solving convex MINLP problems outlined in [53]. The sub-
optimal solution obtained at the end of Phase I of the enumerative
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algorithm developed [45] is (2.50036, 2.26342, 0, 0, 1) with function
value 11.8748377 and now 3"enumeration carried out about this sub-
optimal vector gave an optimal solution of (1.500,1.500,0,0,1) with
minimum function of 5.00. This solution is inferior to the reported
result shown above. To enhance the outcome of the enumerative
method it was necessary to modify baseline starting vector of 3"
enumeration algorithm [45] to take into account the minimum
found in Phase I in the infeasible region where the 4™ constraint was
violated by order of 10°and the new found Phase I sub-optimum
is (0.999937, 1.07154, 0, 1, 0) with function value 3.648077. Now 3"
enumeration carried out using this solution of Phase I provided the
desired final solution (1.0, 1.0, 0, 1, 0) with function value 3.500.

Modified mixed-integer Nonlinear Problem [54]

A modest extension to MINLP problem has been proposed in [54]
that deals with optimal positioning of a new product in multi-
attribute space as follows:

Minimize:

z=5y, +6y, +8y, +10x, —7x, =18In(x, +1)-19.2In(x, - x, +1)+10

Subject to: 0.8In(x, +1)+0.96In(x, —x, +1)-0.8x, >0

x,—x, <0
x,-Uy, <0
x,—-x,-Uy, <0
In(x, +1)+1.2In(x, —x, +1)—x, - Uy, > -2
and provides y,+y,<1

y=€(0,1),a<x<b,x=(x,:j=1,2,6)eR’
a’ Z(O,O,O),bT =(2,2,1),U=2

The 3" enumerative procedure was initiated with starting vector (2,
2,1,0,1,0) and lower and upper limits on the variables as specified.
A first phase feasible sub-optimum solution (1.99886, 0, 1, 0, 1, 0)
with function value 7.902527 was reached after several iterations
about which 3" enumeration is carried out iteratively until there is
no improvement in function minimum value. An optimum solution
(1.30098, 0, 1, 0, 1, 0) with function value 6.009759 was reached
in 14.89 seconds and is in agreement with reported result in [54].
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3)

The Tunneling algorithm converges to (1.30160, 0, 1, 0, 1, 0) where
function value is 6.01079.

The above problem has been modified in [55] by introducing a linear
form of the objective function; additionally, the variables y were
combined to x:

min f(x)=10x, -17x, —5x, +6x, +8x,

Subject to:
£,(x)=0.8In(x, +1)+0.96In(x, —x, +1)-0.8x, >0
g,(x)=In(x, +1)+1.2In(x, —x, +1)—x, —2x, +2>0
X, -x,20,2x,-x,20 2x,-x +x,20,1-x,—x, 20
X, —x,20,2x,-x,20

The original problem is partitioned into objective function, linear
constraints, variables and bounds and are used to solve as Mixed
Integer Optimization problem. In this case x,,x,,x, and x, are
bounded and x,,x; and x,are binary. The intractable constraints
$,(x)=0, g,(x)>0 are substituted by tractable disjunctive
approximations, as described in [55], and the problem is reformulated
into a MILO model that is compatible with commercial solvers.
The solution, obtained through CPLEX, offers a result that is close
to feasibility and near-optimality, with an objective function value
of -7.693. This MILO solution is successfully repaired by the PGD
method to provide feasible and locally optimal solution (0.699, 0.699,
0.530, 1, 0, 0) with objective value -7.021. This problem was solved
using 3" enumerative procedure that was initiated with infeasible
starting vector (2.5, 2.5, 0, 1, 0, 0) and lower and upper limits on the
variables as specified. A first phase feasible sub-optimum solution
(1.99886, 0, 1, 0, 1, 0) with function value 7.902527 was reached after
several iterations about which 3" enumeration is carried iteratively
until no improvement in function minimum value of -6.3855215 can
be achieved and the optimum vector is (1.20795, 1.20795, 0.79206, 1,
0, 0). The tunneling algorithm yields a sub-optimal solution (1.10768,
0,0.89452, 0, 1, 0) with function value 1.8699.

Electrical Wire Plant Upgrading MINLP Test Problem

The operating cost (in thousands) is calculated based on the number
of machines of each option, denoted as y, and the proportion of
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annual machine time, represented by x;,, allocated to producing wire
size j, on machines of option i (Wherei=1,5;j=1, 2):

This is a large variable mixed integer variable problem consisting of 5
integer variables and 10 continuous variables, described in [56] that deals
with the manufacturing of two types of wire: covered wire and bare wire
of various sizes with some produced by modifying existing machines
while others require the purchase of new machines. The problem is
minimizing the plant’s running cost so that plant’s projected demand as
well as schedule to produce each type of wire are met.

Minimize:

P =30y, + 33.6x,, + 32.88x,,+ 50y, + 47.4x,, + 47.04x,, + 80y, + 58.8x,, +
57x;,+ 100y, + 62.4x,, + 54.7x,, + 140y, + 86.4 x,, + 82.8x,,

Two different types of constraints need to be met. The first type is
based on the expected sales of each type and size of wire, as indicated by
the following four constraints:

5880x,, + 8820x,, - 7200x,, - 9600x,, > 3000 (BARE1)
4704x,, + 8232x,, - 6000x,, - 7800x,, > 2000 (BARE2)

Regarding size 1 and 2 covered wires:
6984x;, + 9312x,, + 9312x,, > 14000 (COVERED1)

5820x,,+ 7566x,, + 6984x,, > 10000 (COVERED2)

Furthermore, the sizes of all wires is dependent on the quantiy of
machine type i.

y,zx,+x,,i=1,..5

The constraints of the settings of the machine
Yy <2
Yty <1

The above MILP problem was solved by the proposed two phase
tunneling algorithm provides suboptimal solution (0.4421, 0.3996429, 0.0,
0.0, 0.0, 0.0, 0.0, 0.0, 1.5399156, 1.4595826, 1, 0, 0, 0, 3) with function
731.86430422 from gradient search phase and finally an optimal solution
(0.470835, 0.305874, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 1.4398, 1.45947, 1, 0.0, 0.0, 0.0,
3) with function value 721.0955648 provided by tunneling algorithm. This
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solution is slightly better than the solution (0.51020, 0.42717, 0.0, 0.0, 0. 0,
0.0, 0.0, 0.0, 1.50344, 1.43184, 1, 0, 0, 0, 3) with a function value 729.57606
shown in [56].

Conclusion

This paper proposes to enhance the 3" enumerative method for mixed
integer nonlinear problems. It entails performing a 3" enumeration about
two sub-optimal vectors found in phase I: one in the feasible region and
the other in the infeasible region near the constraint boundary (ie.,
€ < 107). The best optimum that satisfies all constraints is chosen as global
optimum solution. A Tunneling algorithm is implemented to solve large
variable MINL problems. The computation performance of both algorithms
are illustrated on set of five reported problems and the last large fifteen-
variable problem is solved using Tunneling algorithm provided a solution
better than the one reported. Both of the two proposed algorithms provide
better optimum solutions for the first three test problems than the one
reported.
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