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Abstract

This paper is mainly concerned with the existence of mild solutions of a class
of fractional integro-differential inclusions with state-dependent delay subject to not
instantaneous impulses. The main results are obtained by using the nonlinear alternative of
Leray-Schauder for multivalued maps due to Kakutani. An example is provided to illustrate
the theory.

Subject Classification: 26A33, 34A37, 34G20, 34G25.
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1. Introduction

In recent years, there has been considerable interest among physicists,
mathematicians, and engineers in fractional differential equations. This area has
seen significant advancements in both theory and applications, as evidenced by
the extensive development highlighted in [5, 19, 30, 33, 35, 41-44]. The
investigation into the existence of solutions for fractional differential inclusions,
initially prompted by [21], has been pursued by numerous researchers across
various problem types. Moreover, several qualitative results have been attained,
as documented in [2-4, 16, 40].

Hernandez and O'Regan recently introduced a novel class of
non-instantaneous impulsive differential equations in their work [26]. In their
framework, impulsive behaviors commence abruptly at a specific time and endure
for a finite duration. This type of non-instantaneous impulsive system is
particularly suitable for exploring the dynamics of evolving processes in
pharmacotherapy. Additionally, the existence of solutions for non-instantaneous
impulsive fractional/integer order differential equations is discussed by various
authors in [1, 12-14, 22, 32, 36, 38]. For further insights into differential equations
involving different types of delays, interested readers are referred to [6-11, 15, 25,
31].

In this contribution, we study the existence of mild solutions for a class of
fractional integro-differential equations with state-dependent delay and non
instantaneous impulses described by the form

cD;cmf)+9£0($)€ ff a(€, WO, P, poy #2(9))dO, & € (9;,€;411, =0, ..., B,

#&) = xj€ Poe pen#©), §E€E,YLj=1...8
Po=heo

1

Where CD? is the Caputo fractional derivative of order 0 < x < 1,§

generates a compact and uniformly bounded semigroup {X(§)}s»o on E,

FI=[0,w], >0, ¥:Ix0OXE— P(E) is a multivalued map (P(E) is the

family of all nonempty subsets of £), and @:J X @ — (—o0, w] are appropriated
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functions, a:D > R (D ={(§,9) eI XJ:é=9}). Here 0=¢§;, =9, < & <
0, <6< <ép1 <9 <$p<$py1 =w be prefixed numbers, and
X; € C((fj,x‘)]-] X 0 X 5,5), for all j=1,2,..,5, stand for the impulsive
conditions. (Z, ||-]]) be a real separable Banach space. For any piecewise
continuous function & defined on (—oo,w] and any & € 3, we denote by o,

the element of ® defined by
#e(6) =p(E+0), 6€ (—»,0]

2. Preliminaries

Let V= C(3, E) be the space ofall Z-valued continuous functions on J. By
L(Z) we denotes the Banach space of all linear and bounded operators on E.

Let L'(J, E) be the space of Z —valued Bochner integrable functions on
with the norm

Il = ;" Iy ©)lldé.
L” (3, R) is the Banach space of essentially bounded functions, normed by
Iyllzo = inf{n > 0: [y ()| < 7n,a.e.§ €3}.
Denote by
Pa(E) = {& € P(E): & closed},
Py (E) = {& € P(2): K bounded},
Pep(E) = {K € P(E): & compact},
and
Pepc(E) = {K € P(E): & compact, convex}.
A multivalued map ®:E - P(ZE) is convex (closed) valued if ®(E) is
convex (closed) for all o € E. & is bounded on bounded sets if ®(B) =

-

Ugpep (%) is bounded in E for all B € P,(E) (i.e. supgyep{supfllyll:y €
D()}} < o).

@ is called upper semi-continuous (u.s.c.) on Z if for each g, € = the set
D () is a nonempty, closed subset of Z, and if for each open set F of &
containing ®(g,), there exists an open neighborhood k of f, such that
o(k) € F.

@ is said to be completely continuous if ®(B) is relatively compact for
every B € P, (E). If the multivalued map & is completely continuous with
nonempty compact values, then @ is u.s.c. if and only if ® has a closed graph
(i.e. 4 = 80Va = Ve Vo € P($,) imply y, € ©(,)). For more details on
multivalued maps see [18, 23, 29].

Definition 2.1: The multivalued map ¥: S X © x E — P(E) is Carathéodory if

. & V(¢ ,y) is measurable for each (0,y) € 0 x =;
. (,v) » W(&, $,v) is upper semicontinuous for almost all § € 3.
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Definition 2.2: ([17]). Let k > 0 and f:R, - E be in L}(R,,Z). Then the
Riemann-Liouville integral is given by

K IO
16 =16 oo G

Definition 2.3: ([39]). The Caputo derivative of order x for a function
f:[0,400) = E can be written as

@) -
DEf(8) = s K)f (g_e)xﬂ—wdﬁ =% f@E), £>0,a—1<k<a.
If 0 <k <1, then
p B ASIC)] )(e)
Def@) = r(l ) raoo do - e)k

Let © be a linear space of functions mapping (—=o0,0] into E with a
seminorm ||+, and verifies the axioms [24]:

(A1) If o: (—o0,w ] — E is continuous on J and £, € 0, then P € 0 and
¢ is piecewise continuous in ¢ € I and

oI < Qll@ell )
where Q0 > 0 is a constant.
(A2) There exist a continuous function Q;(§) >0 and a locally bounded
function Q,(&) = 0 in & > 0 such that
¢l < Ql(s‘)SZI[JOI}]IIKO(S)II + (O olls, 0
for £ € [0, w] and g asin (A1).
(A3) The space O is complete.

Remark 2.4: Condition (2) in (Al) is equivalent to ||2(0)|| < ||[Ph|lg, for all
heeo.

Example 2.5: The phase space Q. X LP(x, E).

Let £€>201<p<o, and let y:(—o,—e) > R be a nonnegative
measurable function which verifies the conditions (y —5),(y —6) in [28].
Thus, y is locally integrable and there exists a nonnegative, locally bounded
function A on (—oo,0], such that y(x +68) < A(x)x(8), for all x <0 and
6 € (—oo, —&)\N,, where N, € (—o0,—¢) is a set with Lebesgue measure zero.

The space Q. X L?(x, E) consists of all classes of functions a: (—oo, 0] —
E, such that ¢ is continuous on [—¢, 0], Lebesgue-measurable, and y||a|[? on
(—o0,—¢). The seminorm in ||. || is defined by

lolls = sup 0@+ ("2 x@llo(@)ld6)".

The space © = Q, X LP(x, E) satisfies axioms (A1), (A2), (A3). And, for
£=0 and p =2, this space coincides with Qg x L2(x,2),H = 1,M(§) =
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1
) 1
A=) K(©) = 1+ (S x(9)dg)’, for § =0 (see [28], Theorem 1.3.8 for
details).
Let Sy, be a set defined by

Swp={v€L'(S5):v() € Y, Puipn £() a.e.é €3}

Lemma 2.6: ([34]). Let £ be a Banach space. Let ¥:3 X @ X E — Pepc(E) be
an L'-Carathéodory multivalued map and let Kk be a linear continuous mapping
from L*(S3,E) to V, then the operator
ko Sg: V- Py, o (V),
o = (ko Sy)($): = k(Sw,p)
is a closed graph operatorin V X V.
We recall the well-known nonlinear alternative of Leray-Schauder for

multivalued maps. By F and dF we denote the closure of F and the boundary
of F respectively.

Lemma 2.7: (Nonlinear alternative of Leray-Schauder type [20]). Let £ be a
Banach space, D a closed convex subset of =, F an open subset of D and

0 € F. Suppose that N:F - Pep,c(D) is an upper semi-continuous compact
map. Then either,
(i) N has a fixed point in F, or
(ii) thereis a point o € 0F and 2 € (0,1) with o € N().
Consider the space
PC(S' E‘) = {VS - E]/ € C([O! fl] U (fklsk] U (ak' fk+1]! E),k = 1' -, m,
and there exist y(é;),v(&5), ¥y (9;) and y(9%), k = 1, ..., m, with
Y (&) = v (i) and y (9;) = v (D)}
Obviously, PC (3, £) is a Banach space with the norm
lollpc = supll (=
e

3. Mains Results

In this section, we state and prove the existence results for the system (1).
Now we define the mild solution for our problem.

Definition 3.1: A function §: (—o0, w] = E is said to be a mild solution of the
equation (1) if o =h on (—,w], $|[0,u) € PC([0,w],E) and there exists

v(-) € L}(3, B), such that v(§) € ‘P(f,gow(;,ﬁ,{),go(f))a.e £ €[0,w], and g
satisfies
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QORO) + [} [ Y(E - 9)a(8,0)v(c)deds, € € [0,§],

X;j (é’,fam(g,pg).fa(f)), §e(§,9])=12..8
p@¢) =
Qs = 9)x; (‘91': Pofs 00, @(31))
Y& = 9)a,)v(s)dgas, £ € (9],
“)
where

Q) = [, 1 ()X 6)dS, Y(§) =k [;” 5§ x (85X (§*8)dS,
and x, is a probability density function defined on (0, 00) such that
1 1
%(8) = ;87 2 0,
where

X%e(8) = =Xy (~1) 187kt EE  sin ki), § € (0, ),

Remark 3.2: Note that {X(§)}¢»0 is a uniformly bounded i.e., there exists a
constant M > 0 such that ||X(§)|| < M forall & = 0.

Remark 3.3: ([37]). We have by a direct calculation that
YOI < Qe >0, (5)

kM

where ‘Q‘K,M = m

Set
Y(@ ) = {w(9,0):(9,0) € I x0,w(H,0) <0}

Assume that @: 3 X © = (—o0, w] is continuous. And, we introduce following
hypothesis:

(Hg) The function ¢ - o; is continuous from Y (w™) into © and there exists a
continuous and bounded function L*: Y (w™) = (0,0) such that

el < L*@linllg for every £ € Y (w™).

Remark 3.4: The condition (H,), is frequently verified by the continuous and
bounded functions. For more details, see [28].

Remark 3.5: In the rest of this section, ] and (1} are the constants
Q] = sup Q;(9)and Q5 = sup Q,(9).
9€3 9€3
Lemma 3.6: ([27]). If $:R — Z is a function such that §, = h, then
loslls < (23 + LMkl + Qisup{|©()]; 6 € [0,max{0,9}]},9 € Y(@)US,
where L' = Supfey(m-—)Lh(f).
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Let us introduce the following hypotheses:
(H1) The multivalued map ¥: 3 X © x & — Pep,c(E) is Carathéodory.
(H2) There exist a function u € L*(J,R*) and a continuous nondecreasing
function 1: Rt — (0, 4+00) such that
IF & @1 < n@©P(ll@llg + PyPs), (§,0,7) €I x 0 X E.
(H3) The functions x;: (&;,9;] X OXE—> Z,j=1,..,6, and there exist
constants dj >0,j=1,..,5, such that

1€ 2.l < d;(I@lls + lvlle).

(H4) For each ¢£€3, a(§9) is measurable on [0,] and a(¢) =
esssup{la(§,9)[,0 <9 <&} is bounded on J. The map & — a; is
continuous from J to L (3, R), here, az(9) = a(¢,9).

(H5) There is M* > 0 with

M

>1,

* * K *
) +Mdj(ﬂz+Lh)(Q1+1)||h||§+anK,MwT(Ql+1)||p_||L14}(M*)
e 1-Md;(Q]+1) 1-Mdj(Q]+1)
where a = supgeza($).

(6)

Q3 +LM)|IR

Theorem 3.7: Assume that (H,), (H1) — (H4) hold. If Md;(Q2] + 1) <1 then
the problem (1) has a mild solution on (—, w].

Proof: Let & = {gp € PC(2):4(0) = A(0) = 0} endowed with the uniform
convergence topology and consider the multivalued operator P: K — P(K)
defined by P(g) = {¢ € |} with

(Q©RO) + [§ [} Y(E - 9)a(®, v(9)dsdd, £ € [0,£,],

s I EE€(9]j=12..58
v =10¢ -9y (&) Bora,5, y PO
[+ Jy 1y Y = 9)a(®,5)v(s)dsas, £ € (9, 6m)

where @:(—o,w] > E is such that o, =h and =g on J. Let
h: (—oo, w] = E be the extension of A to (—oo, w] such that A(8) = ~A(0) =0
on J.

We will show that P satisfies the assumptions of Leray-Schauder nonlinear
alternative (Lemma 2.7). The proof consists of several steps.

Step 1: P(g) is convex for each o € K.
Indeed, if ¢, and @, belong to P, then there exist vy,v; € Sy 0
RICHEN]

such that, for £ € J, we have
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QOO + [} [ Y(E - 9)a(d,0)v;(c)dsdd, € € [0,&,],
16 Py PO £€ (&9 =12,...5
Y9 =10¢ -9y (% Bore,5, 7 PO)
L+ Y€ = 9)a(®,0v(5)dgds, £ € (9,5)
Let n € [0,1]. Then, for each & € [0, &;], we have
191(&) + (1 = Mp2(§) = QOO + [} [} Y€ —9)a(d,¢)

[dv(§) + (1 — mvz(s)]dsdd.
Similarly, for any & € (ﬂj, g‘jH],j =1,2,..,8 we have

ne1(§) + (1 =me2(§) =0 — 19,'))(,'(19;,Em@j,@j)@(ﬁj))

15§y Y€ = 9)a(8,)dv, (6) + (1 = n)vy())dsds.

Since Sy 5 050 is convex (because W has convex values), we have
o

ne: + (1 —n)e, € P(%).

Step 2: P maps bounded sets into bounded sets in K.

Indeed, it is enough to show that for any & > 0, there exists a positive
constant ¢ such that for each o € B, = {f € K:||@llpc < €}, we have
IP(#)llpc < £. Let @ € P(z) and there exists v € Sy 05 then if & €

w309

[0, &;], we get
lo@©ll < 1RO+ J [ 1Y ~ 9)a(®, v(©)lldsd?
< MQIlAllg + aQuy [F [7 (€ - s)“‘lu(c)w(”@(c,@ ||6 +[|@[pdsds
< MOllllg + au f; J; (€ = 8)u(s)
X P((Q + LMkl + Qie + €)dgdd

< MQlIRllg + aQpllull == ((Q5 + LM)lIAllG + (QF + De).
If¢ée [fj,x‘)j),j =1,2,..., B, we have

lo@Il < |1/E Boez, PO

<4 ([Pucssoll + 121

< d;((@; + I)IIRllg + (5 + De).
If ¢ € (9;,¢541],) = 1,2,..., B, we obtain

lo@)1 < [0 ~ 81,8, B 5, BOD| + Jy £} 1Y~ 8)a@, w(o)ldsas,
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< Md;((Q3 + LM |Allg + (@5 + De)
+aeullull - (@3 + LAl + (9 + 1)e)
<4
Step 3: P maps bounded sets into equicontinuous sets of K.
Let 0<¢,<¢; <& ,andlet ¢ € P(p) for g € K, then we have

lo(s) — ()l <L, + 1 + I,
where

L =11Q(s1) — Qs 1ROl
I = ”foCz fos [Y(¢1 —9) —Y(s2 — D]a(®, c)v(c)dgdﬁn
ls = ”f:; Iy Y(s —ﬂ)a(ﬁ,c)v(c)dcd{)” .

I, tends to zero as ¢, — ¢y, since X'(§) is uniformly continuous operator.
For I,, using (5) and (H2), we have

I, < ap((Q + L)IAllg + Q5 + De)llulla [57 [V (g — ) — Y (5, — 9)]d9
< ayp((Q + L)IRllg + (1 + 1)e) |l
X [ [k [ 851 = 9) 1x,e(8) X (51 — 9)*8)dS
—k J," 8(g; — 9 Lx, (8)X (55 — 9)*8)d5]dd
< ayp((Q + LY IRllg + (1 + 1)e)llull,2
X [re 52 157 8N — 9 = (g5 — 9)* e (8) X (1 — 9)°8)
+ic [ [57 8(52 — 9) 1, (B)PX (51 — 9)8) — X ((52 — 9)*8)l]
< ap((Q; + LY IAllg + (QF + De)llull
X [ Qe [7 1051 — 971 — (¢, — 9)<"1|d9

+ic 52 fy7 8052 = 9) T x, (D)X (51— 9)8) — X ((52 — 9)*6)|d5do].
Thus, the first term on the right-hand side of the above inequality tends to
zero as ¢, — ¢;. From the continuity of X' (&) in the uniform operator topology
for £ > 0, The second term on the right-hand side of the above inequality tends
to zero as ¢, — ¢y.
In view of (H2), we have

9 -
Iy <a Qe [ f§ (1= 9 Hlv(o)lldsds
< a Queap((Q5 + LNIIRllg + @5 + De)llull,x [ (61 — 9)*do.
As ¢, = ¢, I3 tends to zero.

Forany ¢ € [£;,9)),] = 1,2,..,5,§; < ¢ < ¢; < 9;, we have

19652 = 0GN = [ (61 By, PED) = 2152 B, 5, P

- 0asg¢, = ¢.
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In the same way, forany & € (9;,$;41],J = 1.2,...,5,9; < ¢ < ¢; <14,
then we get
lo(s) = oIl < 10051 = 8) = @(se = NI [0 Brogo, 5, » PO
j

+L + 1 + 1.
Since X' (§) is uniformly continuous operator, so

g@ym@rﬂﬂ—MQ—%m=Qj=Lwﬂ
Consequently
lim [lg(s1) = @5l = 0.
2761

Thus, P(B,) is equicontinuous.

Step 4: (PB,)(§) is relatively compact for each ¢ € J, where

(PB:)(§) = {@($): ¢ € P(B)}.
Let 0 < & < &, be fixed and let € be a real number satisfying 0 < € < §.
For arbitrary v > 0, we define

Pen (@) = QORO) + K [ ° (€ =0 [ 5, (5)X((§ — 9)°6)
x [ a(9,9)v(c)dedSdd
= KX (e"V) [° (€ = 9 [ 8, (8)X (€ — 9)°8 — £*v)
x [ a(9,¢)v(s)dsdsdo,
where v € Swlﬁm(&%). Using the compactness of X' (&) for & > 0, we deduce
that the set

He, = {pe(§): ¢ € P(B,)}
is relatively compact. Moreover,

lo© = ¢en @O
<[5 I3 VG = 9)a(®,)v(s)lidsdo
= Kfof_g (& =0 [, 5x (BIX(E -9 f: la(®, Ol v ()ldgdddd
+K ff_g (€= [, x (DX =) )l f: la(®, Ol v (9)lldgdddd
< W*Map((Q3 + IM)IAllg + (QF + De)llullr f; x,(8)dd
(@ + )kl + (9 + D)l
Let 9; < & < &4 be fixed and let € be a real number satisfying 0 < & <

+

&. For arbitrary v > 0, we define
Pen()E) = QE = DX, E Brgpy PO
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i[5 =9 [ 8x, (8)X (€ — 9)<6)

x [ a(9,¢)v(s)dgdsdd
= Q= X1 Py PO + KX () f§° (€ = 0 [[7 6x,(6)
X X((§ = 0)%6 — ev) [} a(9, 6)v()dgdsds,

where v € Sy 5 ©Be)’ Since X (§) is a compact operator, the set
P,

Hey = {9y (§): ¢ € P(B,)}
is relatively compact. Moreover,

lo@© = per@ @
<Jy Iy 1Y@ = 9)a(8,9)v(s)lldsds

<ify @ =0y sx@1X(E ~ 9 DI, la® Il [v(s)lldsdods

i [E € =0 [ Sx (OIXE — 9IS Nacd, 9)llllv(s)lidsdsdd
< W*Map((Q3 + L)IRllg + (5 + De)llull,z [, 6x,(5)ds
EMD (@ + L)l + (4 + De)llulle,

I'(1+x)
which implies that (PB;)(§) is relatively compact. Therefore it follows by the

Ascoli-Arzela theorem that P: & —» P(K) is completely continuous.

+

Step 5: P has a closed graph.

Let o, = £., ¢, € P(,), and ¢, = ¢@,. We shall show that ¢, €
P($.). o € P(§,) means that there exists v, € SW'JZam(e'Ens) such that, for
cach £ € [0,€,],

9a(§) = QEORO) + [§ J; Y(E — 9)a(®, 5)va(5)dgdo.

We must prove that there exists v, € Sy 95,,) such that, for each

§ €[0,64],

9
9.5 = QRO + [} [, Y€~ 9)a(8,6)v.(5)dsdd.
Consider the linear and continuous operator Y: L!([0,£;],E) = C([0,£;],E)
defined by

Yv)(§) = fof [y Y(§ = 9)a(®, )v(9)dgdd.
We have
1@a® = QRO = (@.(5) = AORODI = lpa() = 9. (D > 0,
asa — oo,
From Lemma 2.6 it follows that YoSy is a closed graph operator and from
the definition of Y one has

9a®) — QEA(0) € Y(Sy w05,
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As z, = z, and @, = ¢,, thereisa v, € S\”; (0.5.5) such that

9.(5) = QON0) = [ [} V(& — 9)a(s,e)v(9)dgds.
Similarly, for any ¢ € (9;,¢;44],j = 1,2, ..., B, we have
9u6) = Q& = 9,8y By 5, y PO + Iy [} ¥(E = 9)a(8, v (5)dsa.
We shall prove that there exists v, € Sy 5o, Such that, for each
¢ €(9,¢41ls
0.8) = 0 = 9 ) Pgo, 5, » PO + s Iy Y€ = 9)a(®,0)v.(9)dgds.
Clearly, we have

1Ca®) = Q& = 9,18y By 5, » PO =
(9.6 = Q& = 92,8 Poga, 5, y PO

= l9a(§) = (DIl = 0,as @ — co.
Consider the linear and continuous operator Y:L'((9;,&;41],E) =
C((9j,¢j+1],E) defined by
9
@) = f; ) Y = 9)a(®,5)v(®)dsds.

In view of Lemma 2.6, we deduce that YoSy is a closed graph operator.
Also, from the definition of Y, we have that, for every & € (9;,&;44],) =

1,2,..,8,
0a() = QC = 2,05, B 5, 1 PO € Y(Su507,0))
j
Since 0, = ., for some v, € Sq,,@m(e‘gg*ﬂ) it follows from Lemma 2.6
that, for every ¢ € (9;,&;441], we have

— — £ 9
9.(§) = Q€ = 9)X 0y P95, » (9D + fej Jy Y& =9)a(®, ¢)v.(s)dgdd.
j
Hence the multivalued operator P is upper semi-continuous.

Step 6: We show that there exists an open set 6 € & with g & 2P () for any
1€ (0,1) and g € 0F.

Suppose on the contrary that there exist 2 € (0,1) and g € 2P(g). Then
there exists v € SW,Em(e,@,) such that, for ¢ € [0, &,;], we have

@Il < MRl + Qep [ € = 9)2 [ 118, Olllv(s)lldsdd

< MQIRllg + ap [F € — 02 [7 lv(o)lldsdd

< MQ||allg
@ 2 (€ =01 [0 u(P((5 + IMIIRllg + (4 + DIl dgdd
< MQIAllg + aQup > [ n@p((@5 + LAl + @ + Dllp©)I)do.
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Forany & € [¢;,9;),j = 1,2,..,B,&; < ¢; < ¢; <9, we have
RG] PRGN )|

< & ([Pucesol, + 1P O)

< d;((Q + IMIEllg + @3 + D))
Then

;@5 +LM) 1hllg

le@ll < Lo
In the same way, for any ¢ € (9,¢;41],j = 1,2, ..., B, we have

@I < [0 =818, Boo, 5, PO

Iy ) Y@ = 9)a@,9v(©)ldsdd
< Md;((az + IM|Allg + (@ + DIg@)I)

+aQ fjj € =9 (@ + I)IIkllg + (@5 + DIlR@I)dsdd
< Md;((Q; + LM IRl + (2 + Dlle@])

0w [y 1OP(E + LRl + (4 + DilpE©I)do.

Then
IOl <

Mdj(Q3+L")PhPg
1-Md; (ﬂ*+1)

mf Cu@p(@; + Mkl + @ + Dlg®))do.
Let m(&) = sup{|lgo(9)||: 0 <9 < &},& € 3. Then we have

Md;j(Q3+LM PP
m() = TR

aQKM

T b ff u(®)PY((Q} + LMPAP + (4 + 1)m(9))d9.
If x(§) = (Q + Lh)PhP + (Q; + 1)m(&) then we have,

Md (5 +LM) @1+ D)lAllG
1-Md;(Q]+1)

x(§) < (@ +LMliallg +

alu M (91+1) i3
omayien Joy KO (x(9)dD

Md;(Q3+LM)@Q1+ DIkl
1-Md;(Q1+1)

P(llxID-

< (@3 + )Rl +

aQum (Q1+1)||M||L1
1-Md;(Q]+1)

Then
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[1¢]|

oK <1l
L M3+ @I+ D)l a@m S @]+l 1
o™ 1-Mdj(Q]+1) ' 1-Mdj(Q]+1)

In view of (HY), there exists M* such that o = M*. Let us set F = {fo €
K:||@llpc < M*}. Note that the operator P: F — P(K) is a compact multivalued
map, u.s.c. with convex closed values. From the choice of F, there isno o € 0F
such that g € 2P(%) for some 2 € (0,1). Consequently, by the nonlinear
alternative of Leray-Schauder type (Lemma 2.7), we deduce that P has a fixed

Q3 +LM)|In

PllxlD

point g € F which is a solution of the problem (1). This completes the proof.

4. An Example

We consider the following fractional integro-differential inclusions with
state-dependent delay and the non-instantaneous impulsive:

( %v(&.x) + (0 € J) € = 9)W,v(0 - 5(v(,0)), )
+J5 (€~ 9)2cos|v(®,0)IdD, (€, x) € N EUL, [0, 4,] X [0,],
v(£,0) = v(§,m) = 0, Fe0,0]
lv(c.)() = v,(6, %), 0 € (—,0],x € [0,7]
v(E,x) = G;(E,v(E - 8W(E 0)), 2, X)), (1) € €91 X [0,7],j = 1.2, .., B,

(7
where 0 <k <1,0=¢§=97<§ <9, <& < <&p S <& <&py =
w are prefixed real numbers, § € C(R,[0,0)) and the functions a;: R —
R, @;: [0, +0) = [0, +),j = 1,2 are continuous functions.

Let Z = L2([0,]) and define the operator G: D(G) € E - E by Gp = p"
with domain
D(G) = {p € E: p, p' areabsolutelycontinuous, p" € E,p(0) = p(n) =
0}
Then
Gp = L&=1 a*(p,p)Par P € D(G),
where p, () = \/%sin(ago), a € N is the orthogonal set of eigenvectors of G.

It is well known that G is the infinitesimal generator of an analytic semigroup
{X(&)}eso in E and is given by

X(©Ep =32, e 5(p,pe)par Vp €E, and every & > 0.
From these expressions, it follows that {X()}¢s0 is a uniformly bounded

compact semigroup on Z. For the phase space, we choose 0 = Qy X L2(y, E),
see Example 2.5 for details.
Set
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£ =vE 0,

r(@)() = vo(6,2),
a(§,9) = -97?

0,000 = v v —8w(E,0)), ) + cos|(E) I,
x(§,0,06N0) = 6§, v =8, 0)),0,x()
_ B0 = £ - 8(R(0,0)).
Let 0 € © be such that (H,) holds, and let ¢ — g be continuous on
Y (@7). Then by Theorem 3.7, there exists a mild solution of (7).
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