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The primary aim of this study is to present and expand on the idea of 

Laplacian energy within the context of power fuzzy graphs. The aim is to 
establish the Laplacian energy sequence for the power fuzzy graph with 
increasing power. The Laplacian spectrum and matrix are defined using the 
degree and adjacency matrices. The Laplacian energy of the power fuzzy graph is 
computed using eigenvalues of the corresponding Laplacian matrix and the size 
of the power fuzzy graph. The formal definition of the Laplacian matrix for power 
fuzzy graphs is defined, and the Laplacian energy sequence as power increases is 
computed. This concept is explored as a unique extension of fuzzy graphs and 
power graphs. Applying size, Laplacian matrix, and energy of regular power 
fuzzy graph theory to cryptography is a new method in this study. 
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AMS subject classification code: 03B52, 05C72, 94D05, 94A60. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1. Introduction 
Lotfi Zadeh in 1965 [1] introduced fuzzy sets and then Azriel Rosenfeld in 

1975 [2] developed the fuzzy graph theory. An extension of the fuzzy graph 
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model, a PFG is designed to use the strength of connections between nodes [3]. 
Various matrices and energies have been established for graphs [4], [5]. This 
concept was extended to the energy of fuzzy graphs by Narayanan, and Mathew, 
in 2013 [6]. The Laplacian matrix and Laplacian energy of fuzzy graphs were 
defined and explored by Rahimi, and Fayazi, in 2014 [7]. Similarly, for 
intuitionistic fuzzy graph [8], interval-valued fuzzy graph [9], picture fuzzy graph 
[10], and hesitancy fuzzy graph [11], the Laplacian matrix and its energy are 
defined and discussed. Laplacian energy was also studied on trees with diameter 4 
by Rahman, et al. in 2021 [12] and on graphs with commutative rings by Sarathy, 
and Sankar, Ravi. in 2024 [13]. Some operations on matrices are done by 
Al-Hawary et al. in [14], and provide various results on spectra of fuzzy graphs. 
This motivates us to define the Laplacian matrix and Laplacian energy of power 
fuzzy graphs and discuss some of the results based on power fuzzy graphs. A 
useful algorithm is designed using the Laplacian concepts to secure 
communication systems in cryptography. An algorithm has been introduced using 
edge regular power fuzzy graph by Bharathi, et al. in 2025 [15]. The required 
basic definitions of the method are given in section 2. The properties based on the 
Laplacian matrix and energy of power fuzzy graphs are given as results in section 
3. In section 4, the application of this concept to cryptosystems is discussed with 
an example. 

2. Preliminaries 
Definition 1: [6] Let              be a fuzzy graph with vertices      
where     to  . The adjacency matrix       is an     matrix defined as 

            where     {
                  
         . [7] Let             

where     ∑                be a degree matrix, then Laplacian matrix 
            is defined as                  .   

Example 2: Consider a fuzzy graph    in Figure 1 with vertex and edge 
membership values in Table 1 and Table 2 respectively. The degree matrix, 
adjacency matrix, and Laplacian matrix are 

   (  )  

[
 
 
 
 
 
 
           
          
          
          
        
          
          
        ]

 
 
 
 
 
 
 

 



LAPLACIAN ENERGY OF POWER FUZZY GRAPHS� 301

   (  )  

[
 
 
 
 
 
 
             
            
              
              
              
              
            
            ]

 
 
 
 
 
 
 

 

 

  (  )  

[
 
 
 
 
 
 
                 
                
                   
                   
                 
                   
                
              ]

 
 
 
 
 
 
 

 

 

 
Figure 1 

Fuzzy Ladder graph    
 

Table 1 
Vertex membership values of    in Figure 1 

Vertices Membership value 
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Table 2 
Edge membership values of    of Figure 1 

Edge Edge membership value 
                     
                     
                     
                     
                     
                     
                     
                     
                     
                     

Definition 3: [7] Let              with n vertices be a fuzzy graph and 
           be the eigen values of   . Then the Laplacian energy of    is give 
by 

    (  )  ∑   
   |   

 ∑               
 | 

Example 4: The Laplacian eigenvalues of Figure 1 are 0, 1, 0.1116, 0.3646, 
0.6097, 0.8486, 1.229, 1.836. The Laplacian energy        = 0.75 + 0.25 + 
0.6384 + 0.3854 + 0.1403 + 0.0986 + 0.479 + 1.086 = 3.8277   

Definition 5: [16] Let              be a fuzzy graph. Then density of a 
fuzzy graph is  

    (  )  
 ∑               
∑                

. 

Example 6: The density of    in the Figure 1 is              .   

Definition 7: [17] Let              be a fuzzy graph. The size of    is 
defined as          ∑               .   

Definition 8: [3] Consider a fuzzy graph              of a graph   
       Then the definition of power fuzzy graph       of    is     
           , where        , for every independent vertices       in 
     edges       such that          where   is the length between   
and   and     provided  
                                               . 

 



LAPLACIAN ENERGY OF POWER FUZZY GRAPHS� 303

Definition 9: [18] Let                 be PFG. If             for all 
   , (i.e.), every vertex has the same degree   in    , then     is said to be 
regular.   

Theorem 10: [18] The size of a  -regular PFG,                 is    , 
where   is the number of vertices.   

Note 11: The trace of a square matrix   is the sum of the diagonal elements of  .   

3. Results and discussion 
Theorem 12: The trace of the Laplacian matrix of a PFG     for        is 
equal to twice the sum of edge membership values of    . 

Proof: Let                 be a PFG whose Laplacian matrix is denoted by 
       and trace denoted by              . By the Definition 1,        
             .  

                                                   
Since       for all   in       , the                . Also, by the 

Note 11 we have                ∑                 . Hence               
  ∑                 .  

Example 13: Let                                 and     
            be the 4-path PFGs in Figures 2, 3 and 4 respectively. We can find 
∑                     , ∑                       and ∑                  
     . Then the Laplacian matrices are 

   (   )  [
         
            
            
         

] 

   (   )  [
              
                 
                   
              

] 

   (   )  [
                  
                    
                     
                 

] 

We can find trace of the matrices by adding the diagonal elements. Hence 
                                          and                    . 
This implies                ∑                 . 
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Figure 2 
PFG     

 

 
Figure 3 

      - PFG of     
 

 
Figure 4 

      - PFG of     

Corollary 14: The size of a PFG     for        is equal to half of the 
trace of its Laplacian matrix. 

Proof: By the Definition 7,           ∑                 . Hence from the 

Theorem 12,           
             

 .  

Note 15: For a PFG     and Laplacian matrix        associated with    . 
Then, for trace of       , the Laplacian energy         of     and the density 
        of    , the following inequality holds: 

                              

Remark 16: The Laplacian energy sequence of the PFGs is         
                   .   

Theorem 17: Let     be a regular PFG then         ∑   
   |    |, where 

                . 
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Proof: By the Definition 3, we have         ∑   
   |   

 ∑                 
 |. 

               ∑   
   |   

     (   )
 |                          

               ∑   
   |    |                         

Note 18: For a regular PFG, the diagonal elements are constant and equal to  .   

4. Application 
We construct an asymmetric algorithm using the concepts of graph theory, 

fuzzy logic, and mathematical structures to enhance the security and efficiency of 
cryptographic systems. The complexity introduced by this model increases the 
difficulty of predicting or breaking the cryptographic scheme. We can use this 
algorithm based on security levels, context, user roles, or data sensitivity. 

4.1 Asymmetric algorithm with Laplacian energy as plain text: 
Step 1: Let PFG                 be a PFG with   vertices and 
corresponding membership values       and           such that       and 
       . The Laplacian energy of                    be the plain text. 
where      is regular. 
 
Step 2: Generate a public key    and   be the number of vertices such that 
       , where where      is regular. 
 
Step 3: Let the server private/secret key be the size of     .  
 
Step 4: Encrypting the Laplacian matrix of     , the cipher text sent to the 
receiver is Laplacian Eigenvalues, Laplacian Eigenvectors. 
 
Step 5: Using the secret key size of      we compute p. Using cipher text we get 
Laplacian energy. 
 

 
Figure 5 

Block diagram of asymmetric encryption 
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4.2 Illustration 
Consider a PFGs     and     with 6 vertices with their corresponding 

membership values       and          ,           in Figures 6 and 7 
respectively. Let                    be regular. 

Step 1: The plain text is Laplacian energy          of 

  (    )  

[
 
 
 
 
                          
                         
                         
                         

                         
                         ]

 
 
 
 
 

 

Step 2: The public keys are      and    . 

  
Figure 6 

6-cycle PFG     
Figure 7 

6-cycle PFG     
 

Table 3 
Edge membership values of     in Figure 7 

Edge Interval Edge membership value 
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Step 3: The private key            
           

  ∑                      , 
using the edge membership values from the Table 3.  

Step 4: Using the        , the cipher text Laplacian eigenvalues {0, 1.4, 1.584, 
1.584, 2.306, 2.306} are encrypted. 

Step 5: Using public key    , private key                , we compute 

            
      . Using the cipher text Laplacian eigenvalues the plain text 

         is found using         ∑   
   |    |   1.53 + 0.13 + 0.054 + 

0.776 + 0.054 + 0.776 = 3.32. 

5. Conclusion 
The relation between the size of a PFG and the trace of the Laplacian matrix 

has been established. The inequality between density, Laplacian energy, and trace 
of the PFGs has been determined. In conclusion, cryptosystem models based on 
PFGs provide a new approach to secure communications by the means of 
flexibility, adaptability, and enhanced security through the model of PFG theory. 
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