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Abstract
When product inspection time is non-negligible, a previous paper developed an online 

inspection and production model in which inspection errors do not exist. It is assumed that 
the inspection rate is less than the production rate, to have an economic production lot size, 
product inspection information needs to be used to infer process quality so that the quality 
of the uninspected products can be inferred. Once the expected total cost per conforming 
product for an evaluated production quantity starts to increase, then production is ceased. 
However, since inspection itself is imperfect in practice, type I and type II inspection errors 
exist in reality. Thus, in this paper we have reformulated the previous production and 
inspection model and incorporated these two types of inspection error with the aim of 
determining their effect on the optimal production lot size. Illustrative numerical examples 
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are provided to demonstrate the effect of inspection errors on optimal production and on 
inspection policy.
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1. Introduction 
Porteus [7] modelled the imperfect process as being in either an IN or an 

OUT state, and during the production of an item, the process may shift from an 
IN state to an OUT state at a constant probability. The relationship between a 
production lot size and the associated number of defective items was then used 
by Porteus [7], to determine the optimal production lot size by balancing the 
costs involved in setup, associated with defective items and related to inventory 
holding. Based on the Porteus [7] lot size model, Wang and Sheu [18] 
incorporate an inspection policy that screened for defective products, which 
were then reworked to make them perfect; in this study, only the later products 
in the production lot are considered to have been inspected. Other models 
involving a partial inspection policy have been proposed by Yeh and Chen [21], 
and Djamaludin et al. [2]. Hybrid decision support systems are used to detect 
defective products and fix them during production to achieve zero defect goals 
[9,10]. By way of contrast, Raz et al. [13] propose an economic 
inspection/disposition model that dynamically selected the products to be 
inspected in order to minimize the costs associated with product inspection, 
incorrect rejection of products and the acceptance of nonconforming products. 
Later, Sheu et al. [14] carried an extension of the Raz et al.’s [13] inspection 
errors model. Another study by Ramzan et al. [12] investigated the use of an 
offline inspection policy. On the other hand, when there is no product 
information of the production sequence, Chen and Chou [1] established a quality 
investment sampling plan to control the quality level of production batches.   

When an imperfect process is being considered, another important research 
area relates to the study of optimal production lot size when there is a 
maintenance policy that safeguards the quality status of the process during 
production. For example, Lee and Rosenblatt [4] and Lee and Rosenblatt [5] 
assumed that the process shift distribution follows an exponential distribution 
(alternatively see Porteus [8]). Using equal inspection intervals, the optimal 
production run length and number of inspections were simultaneously 
determined by minimizing the expected total cost per unit time. Tseng [17], Kim 
et al. [3], Wang [19] and Wang and Yeh [20] generalized Lee and Rosenblatt’s 
[4] model to consider a situation where the process shift distribution follows an 
arbitrary distribution. From this they were able to obtain several useful 
properties that are necessary for determining an optimal solution. As an 
alternative, Lin et al. [6] assumed that preventive maintenance itself is 
imperfect, namely that maintenance might cause a process shift from an IN state 
to an OUT state during an imperfect process; they then investigated the optimum 
production lot size and optimum maintenance schedule using such a model. 
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When online inspection and maintenance is not allowed during production, 
Shih and Wang [16] proposed that product inspection information can be 
utilized to infer process quality status. This information can then be used to 
decide whether a production batch should be stopped; Especially in this case, 
Shih et al. [15] assume that the product inspection time is not negligible. In the 
present paper, main aim was to stretch Shih et al.’s [15] model to include two 
types of inspection errors in order to upgrade its usefulness. 

The rest of this paper is organized as follows. In Section 2, mathematical 
formulae describing the production and inspection policy with inspection errors 
are established. In Section 3, numerical examples are performed to investigate 
the effect of inspection errors on the optimal production lot size. In Section 4, 
conclusions are provided. 

2. Mathematical model 
The notations for developing the production and inspection model with 

inspection errors are defined as follows, where most of them are the same as 
those quoted by Shih et al. [15]: 

  : an  - tuples used for recording the quality status of the first   products 
that have been inspected 

   (            ): the outcome of   , where      or 1, which 
represents that the kth product has been inspected to be conforming or 
nonconforming, respectively, for               

  : inspection cost for identifying quality status of a product ($/product) 
  : unit restoration cost ($) 
   : manufacturing cost per product 
 s : joint cost of process setup and maintenance 
  : market demand for the products per year  
 h : inventory holding cost for a product per year 
  : the actual quality status of the  -th product, where      or 1, which 

represents that the  -th product is conforming and nonconforming, respectively 
 : type I error, the probability that, on inspecting, a conforming product is 

nonconforming 
 : type II error, the probability that, on inspecting, a nonconforming 

product is conforming 
  : revenue from accepting a conforming product ($) 
  : cost of accepting a nonconforming product ($) 
  : cost of rejecting a conforming product ($) 
  : cost of rejecting a nonconforming product, where         *     + 

($) 
We address Shih et al.’s [15] production and inspection model as follows. 

For more detailed information, please refer to Shih et al. [15]. The process is 
setup and maintained to be as good as new and to be in an in-control state with 
cost  s; however, after producing products, the system may randomly shift from 
an IN state into an OUT state. Let   be a random variable that represents the 
number of produced products since the last setup, which is the exact time point 
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that the process shifts from an IN state to an OUT state. The probability that the 
first   products in a production lot are produced in an IN state is denoted by 
     (   ). If the process is trapped in an OUT state, it remains there until 
the completion of the production batch. In addition, it is assumed that the 
deteriorating process shows manufacturing variation. Therefore, the probability 
that a product will be produced as conforming when the process is in an IN state 
or an OUT state are assumed to be    and   , respectively, where       
Product inspection information can be used to infer the process quality status. 
The products are inspected based on the principle of first produced first 
inspected. As soon as the  -th product has just been inspected, one has that 
  ⌈  ⌉ products have been produced when the ration of the inspection rate to 
the production rate is considered to be  , where      . The    -th 
product will be completely inspected when product   ⌈(   ) ⌉ has been 
completely produced. Therefore, before the    -th product whose inspection 
information is available, one uses the inspection information of the first   
products to infer the process quality, used to evaluate the quality status of 
product   , where       ,    ,     ⌈(   ) ⌉. Let  (  )  
    (  )
 (  )

 be the expected total cost per conforming product (ECCP) when the 
product quantity is   , where  (  ) is comprised of the costs of process 
restoration, manufacturing, related quality control, and inventory, as well as 
revenue from accepted conforming products, with  (  ) representing the 
number of conforming products within   , respectively. Once  (  ) starts to 
increase with   , the process ceases production and a production lot is created. 
Note that the resulting optimal production quantity (denoted by   ) is greater or 
equal to   ⌈  ⌉.  

The following mathematical formulas are mainly obtained by referring to 
the derivation process of Shih et al. [15], in which we appropriately include two 
types of inspection errors.  

When type I and type II inspection errors are considered, taking into account 
the different time points when the process shifts from an IN state to an OUT 
state (i.e.,               ), the probability that the  -th product will be 
inspected to be conforming (i.e.,     ) or nonconforming (i.e.,     ) is 
generally expressed by the following equation:   

{ 
 
  

   (    )(  (   )  (    ) )    (    (    )(   ))      
   (    )(  (   )  (    ) )    (    (    )(   ))                    
   (    )(  (   )  (    ) )    (    (    )(   ))                    

   (    )(  (   )  (    ) )    (    (    )(   ))      

 

Using the inspection results,      , to infer the reliability of the process 
for producing the  -th (   ) product gives   (         ). More precisely 
(also see Shih et al. [15]) for a similar derivation), 

   
     

  (     )
∏    
   ,  (1) 

where 
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   (     )  (    )∏   
 
    ∑ (       ){∏   

   
   ∏    

   } 
    

    ∏   
 
     

 
Furthermore, the probability that the process will shift from an IN state to 

an OUT state while producing the  -th product is given by   
       

     
   for 

     and 

   
          

  (     )∏   
   
   ∏    

    

for    , respectively (see Shih et al. [15] for a similar derivation). 
The probability that whether the  -th product whose actual quality status 

(i.e.,   ) agrees with the inspection result (  ), i.e., the probabilities of (     )  
(   ), (0,1), (1,0) or (1,1) for          , can be generally expressed as 
follows under different shift point  . 

 

{
 
 
 
 
 

 
 
 
 
    (    )(  (   )(    )  (    )   )

   (   (    )  (    )(   )  )      
   (    )(  (   )(    )  (    )   )

   (   (    )  (    )(   )  )                    
   (    )(  (   )(    )  (    )   )

   (   (    )  (    )(   )  )                    
   (    )(  (   )(    )  (    )   )
   (   (    )  (    )(   )  )       

 

The inferred probability that the  -th (   ) product is conforming (i.e., 
    ) or nonconforming (i.e.,     ) with the given of the inspection 
information,   , can be generally obtained as 

  (  |     )   r(        )
 r(     )

, where  

   (        )  (    )  ∏   
 
            ∏   

 
        

∑ (       ){  ∏   
   
       ∏    

   } 
    for     

 
and 
   (        )  (    )  ∏   

 
            ∏   

 
        

∑ (       )(  ∏   
   
   ∏    

       ) 
    for      

 
Recall that  r(    |     ) represents the probability that product   

whose actual quality is conforming with    is given. Since product   would be 
accepted only when its inspection result is conforming, i.e.,     . Therefore, 
the expected number of conforming products that will be accepted by inspection 
within    products can be obtained by the following: 
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  (  )  ∑ (    ) r(    |     ) 
    ∑ [    

     (    
     

  
  )] (   )                                   (2) 

 
where the first term and the second term represent the expected number of 
conforming products that would be accepted by inspection within the first   
products and the last      products, respectively. 

Next, the quality cost and revenue resulting from inspection errors are 
analyzed as follows. Since the acceptance or rejection of a product depends on 
its inspection result, the expected total cost for the former is  
 ∑ {  (    )   r(  |     )       (    )  (  |     )   

   
        (  |     )    (    )(    ) r(  |     )}     (3) 

Since    is either 0 or 1, Eq.(3) can also be expressed as 

 ∑ {  (    ) r(    |     )        (    |     )   
   

     r(    |     )    (    ) r(    |     )}      (4) 
On the other hand, for products   to      , when    is given, their 

inferred  probability of being conforming can be obtained by       
   

  (      
  ) for             . Noting that type I inspection errors affect 

the quality cost and revenue of a conforming product, and they are given by     
and (   )  , respectively. On the other hand, type II inspection errors affect 
the quality cost of a nonconforming product, which is given by 0 2(1 ) .  c c  
Therefore, the expected cost for product   can obtained as 
[      

     (      
  )],    (   )  -  [        

     (  
    
  )],    (   )  -   (5) 

for              
As a result,  (  ) can be obtained as follows, where the summation of the 

quality control related cost and revenue is equal to the summation of     , 
Eq.(4) and Eq.(5). 
  (  )    [∑ (    )  

    
   ∑ (    )  

    
     ]            

∑ {  (    ) r(    |     )        (    |     )   
   

     r(    |     )    (    ) r(    |     )}  
∑ {[      

     (      
  )],    (   )  -  [        

       
   

  (      
  )],    (   )  -}    , (  )- (  )⁄   (6) 

The first term and the last term given in Eq.(6) are the parts associated with 
restoration costs and inventory holding costs, respectively, and their derivation 
can be seen in Shih et al. [15].  

Similar to Shih et al. [15], one can apply Lemma 2.2 of Puri and Singh [11] 
to determine the optimal production quantity since the following conditions 
holds:  (    )   (  )   ,  (    )   (  )    and with  (    )  (  ) (    )  (  )
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  (  ) increasing for    (see Appendix for a proof). Consequently, the 
solution procedure for the optimal production quantity can be addressed as 
follows (see Shih et al. [15]). Firstly, searching   from 1, 2,…, until  (  
⌈ (   )⌉) (  ⌈ (   )⌉)   (  ⌈ (   )⌉)   s is satisfied. Secondly, 
find    m  *  | (  ) (  )   (  )   s+  for                
⌈  ⌉   ⌈  ⌉   ⌈ (   )⌉. Then, determining     as m  *  ⌈  ⌉   + or 
m  *  ⌈  ⌉     + by selecting the one which gives a smaller ECCP. 
Finally, setting    as    . 

3. Numerical examples 
The following parameter values were used to investigate the effect of the 

two types of the inspections errors on our proposed inspection and production 
(IP) policy:               ,       ,       ,       ,      ,    
    ,       ,       ,     ,     ,       ,     ,      and     . 

To determine the effect of inspection errors on the IP model, we first 
simulated a process shift point (SP) using a random number generated by 
MATLAB. Based on the obtained SP we further simulate the manufacturing 
variation and inspection errors using MATLAB random numbers to determine 
the products’  ctu l qu lity st tus  nd inspection result. The  ver ged results for 
100 simulations are summarized in Table 1, where 
    (          )  (      )

| (      )|       represents the percentage of the cost that 
is derived from ignoring inspection errors. From Table 1, one may make the 
following observations. 

When SP is small (see Cases 3 and 15), there would seem to be more 
nonconforming products produced. For example, in Case 3, one has SP=6. After 
the 6-th product, these products have more chance of being non-conforming. 
Nevertheless, the number of non-conforming products will have been 
underestimated because of Type II errors, which will result in a smaller ECCP 
than when there is perfect inspection.  

When SP is large (see Cases 5, 8, 10, 12-14 and 16), there would seem to 
be more conforming products, which results in a larger ECCP than would be the 
case with the perfect inspection. For example, in Case 8, one has SP=42. 
Although products 1 to 41 have more chance of being conforming, the number 
of conforming products is more likely underestimated because of Type I 
inspection errors. This results in the inferred process reliability being less than is 
the case with the perfect inspection. As a result, production will cease (on 
average at 23.6) earlier than when there is a perfection inspection (on average at 
24.05). However, a larger SP often results in a larger production quantity even 
when inspection errors are considered. 

When SP is moderate (see Cases 2, 4, 6, 7, 9 and 11), the presence of 
inspection errors exists results in a larger ECCP, due to the costs associated with 
the wrongly accepted nonconforming products and the wrong rejection of 
conforming products. 
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Finally, ignoring inspection errors is adequate only when SP is small 
enough (i.e., Cases 3 and 15) since their resulting    are tolerable at       and 
     , respectively. 

 
Table 1 

The effect of inspection errors on the IP model 

     imperfect inspection  perfect inspection  

Case      SP       (  )        (  )    

1 0 0  62 - - -  19.41 25.63 -0.93857 0.00% 

2  0.03  21 16.34 21.83 -0.51023  16.33 21.82 -0.57822 -13.33% 

3  0.05  6 7.29 10.38 9.780736  7.17 10.25 9.90346 1.25% 

4  0.07  19 15.57 20.79 0.11804  15.38 20.55 -0.14093 -219.39% 

5 0.04 0  30 20.68 27.23 -0.72033  20.69 27.24 -0.87575 -21.58% 

6  0.03  14 12.86 17.56 0.247228  12.24 16.77 0.28539 15.44% 

7  0.05  22 18.37 24.43 -0.61374  17.53 23.37 -0.6881 -12.12% 

8  0.07  42 17.76 23.6 -0.18191  18.13 24.05 -0.6666 -266.47% 

9 0.08 0  12 12.1 16.48 2.108514  11.69 15.73 -0.06463 -103.07% 

10  0.03  52 20.46 26.99 -0.25884  21.17 27.77 -0.857 -231.10% 

11  0.05  20 17.48 23.05 -0.03749  16.56 21.85 -0.20359 -443.09% 

12  0.07  30 17.1 22.77 -0.22383  18.66 24.72 -0.82046 -266.56% 

13 0.12 0  30 18.98 25.12 -0.1863  20.54 27.09 -0.33929 -82.12% 

14  0.03  52 20.35 26.81 0.135185  23.25 30.35 -1.03263 -863.87% 

15  0.05  6 8.02 11.28 11.02123  7.21 10.37 11.50285 4.37% 

16  0.07  52 18.15 24.03 0.072228  20.61 27.08 -1.19944 -1760.63% 

4. Conclusions 
This paper reformulates a previous inspection and production model 

proposed by Shih et al. [15] so that it considers two types of inspection errors. 
The numerical examples show that although the optimal number of inspections 
and the production quantity when there is perfect inspection are close to that of a 
system with inspection errors, there may still occur a huge percentage deviation 
in cost. Therefore, it is necessary to carefully evaluate the cost per conforming 
product when such inspection errors exist.  
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Appendix 
From Eq.(2), the product      would be a conforming product and to be 

accepted by inspection with the expected value of 

  (    )   (  )  0       
     .       

  /1 (   )      (7) 

Note that the last equation is decreasing in    since      
   is decreasing in 

   (please refer to Eq.(1) and also see Shih et al. [15]). 
Next, from Eq.(6), it is easy to obtain 

 (    )    [∑(      )  
   

 

   
∑ (      )  

  
    

     
]

 (     )(    )

 ∑{  (    ) r(    |     )
 

   

       (    |     )       r(    |     )

   (    ) r(    |     )}

 ∑ {[      
     (      

  )],    (   )  -
      

   

 [        
     (      

  )],    (   )  -}

    0 (  )  0       
     .       

  /1 (   )1
 
(  )⁄   

                                                                          (8) 
Consequently, from Eq.(6) and Eq.(8), one has 

 (    )   (  )

   [∑  
   

 

   
∑   

  
  

     
]            (   )  

 0       
     .       

  /1 *    (   )      
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