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1. Introduction

In last few decades, many researchers have taken much attentions to
the integral equations. A lot of integral equations cannot be solved
analytically, so, it is necessary to develop some numerical solution with
significant accuracy to solve these types of problems [8, 19, 7, 22].
Generalized Abel integral equations which will be study in this work arise
in many chemical applications and mathematical physics such as
strereology, heat conduction, crystal growth and the radiation of heat
from a semi-infinite solid [2, 6, 10, 13]. The most general form of this
equation is as follows,

u(x) = f(x)+ AJZF(x,t,u(t))dt, x €la,b], (1.1

where ueX=C([a,b],R) is unknown function and F(x,t,u(t)) =
Kenuu® - Also, K(x,t) is the kernel of Eq. (1.1). Moreover, the following

PPy

conditions are considered.

) f:la,b] >R and F:D—>R are continuous, where D={(x,t,u) |
x€la,b], tela,x), ueXj,

I) O<a<1, a>0 and A1 eR\{0}.

In 1974, Atkinson proved a theorem for existence of solution of the
Abel integral equations [2]. In 2011, Eshaghi et al, proved existence and
uniqueness of solution for a nonlinear integral equation [6]. In 2014,
Mokhtary and Goreishi used spectral Tau method for the numerical
solution of Abel integral equation. Also, they showed stability and
convergence properties of this scheme [10]. In 2015, Mokhtary et al used
Tau method based on the Muntz-Legendre polynomials for solving linear
multi-order fractional differential equations. [11]. In 2015, Sizikov and
Sidorov used the generalized quadrature rule for solving singular integral
equations of Abel type with application to infrared tomography [18]. In
2016, Mokhtary studied the Abel-Hammerstein integral equations by
Muntz-Galerkin method based on the Muntz-Legendre polynomials.
Also, in this work he showed the behavior of the equation, existence,
uniqueness and stability of the method through some theorems [12]. In
2016, Shen and Wang developed the Muntz-Galerkin method for solving
the Poisson equation with mixed Dirichlet Neumann boundary conditions
[17]. In 2018, Zarei and Noeiaghdam solved generalized Abel’s integral
equations of the first and second kinds via Taylor-collocation method [23].
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In 2019, Rao and Chakraverty presented a new scheme by using interval
Legendre polynomials based on collocation method for solving uncertain
differential equations in [14]. In 2020, Dixit presented an efficient algorithm
based on the orthonormal Bernstein polynomial for numerical solution of
a system of generalized Abel integral equations [5]. Moreover, there are
several analytical methods such as Adomian decomposition, Laplace
transform, successive approximations or Picard iteration which were
utilized to obtain the exact solution of linear or nonlinear singular integral
equations [21].

This work is organized as follows. In section 1 some necessary
definitions and properties of the Muntz-Legerdre polynomials are
explained. Section 2 is allocated to the existence and uniqueness of the
solution for problem under study. Method of solution is presented in
section 3. Section 4 is devoted to the study of convergence analysis of our
algorithm. In section 5, several numerical examples are shown by utilizing
this scheme. Finally, a brief conclusion is given in section 6.

Muntz-Legendre polynomials: For m=0,1,2,... the Muntz-Legendre
polynomials of order m are defined as follows

m-1 t
L,()=m], il *fz:l o, (1.2)
where [ contain all the zeros of denominator of the integrand.

The numbers 0={ <{, <{, <...<{ <... are called Muntz numbers
with conditions 1im,.,..{, =+ and Z'* ' =+owo..

These L s are orthogonal with the weight function w(x)=1, in other
words, we have the following relation

6; SO s
jILi(x)Lj(x)dx =5 i>], (1.3)
where §, ; is the delta Kronecker function.

Muntz space: The space generated by {xg" x5 x5 ,...} is called the
Muntz space and the Muntz-Legendre polynomials can be constructed by
the following recursive relations,

L,(x)=2¢,+1, xe(0,1], (1.4)

L) =L, ()= A+ +Dx 7L (dt, m=1,2,.., xe(0,1].  (1.5)

For example, if we assume {, =% for all ne Nu{0}, then the Muntz-
Legendre polynomials can be written as
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Lo(x)zl,
1
L (x)=-2+3x?,
1

L,(x)=3-12x2 +10x,

1 3 (1.6)
L,(x)=-4+30x2? —60x +35x2,
1 3
L,(x)=5-60x2 +210x —280x2 +126x>,
Another form of the Muntz-Legendre polynomials is [3]
L (x)=2" p, X", (1.7)
where,
m=1 1
Pr(X)= H)(L_TK +{+1)/ g‘[ ¢, -¢), m=0,1,2,.. (1.8)
= j=0, jx

One can see more properties of the Muntz-Legendre polynomials in
[20].
Also, a piece of natural numbers N, forall keN is defined as:

N, ={1,2,3,..,k}.

2. Existence and uniqueness of the solution

In this section, we discuss about the existence and uniqueness of
solution for Eq. (1.1). Let {L,,L,,L,,..,L,} be the Muntz-Legendre basis
and 3 =span{L,L,L,,..L}

Definition 2.1: [9] Let u is the exact solution and ve3J, be the best
approximation for the problem (1.1), then we have

|lu—v| <fu-wl, Vwes,. (2.1

Lemma 2.2: [4] Let I=[0,T] and z,f,KeX are functions such that K be
nonnegative and satisfies the following relation

z(x) < f(x)+ [, K(s)z(s)ds, Vxe[a,b]. (2.2)

Therefore, we have
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2(x) < f(x)+ K () f(2).exp(PK(w)dp)dz, Y €a,b]. (2.3)

Also, if fis not strictly decreasing on [4,b], one obtains
z(x) < f(x).exp([[K(n)du)dz, Vx ela,b]. (2.4)

Lemma 2.3: [15] (Lebesgue dominated convergence theorem) Let's {h }
be a sequence of functions on I which are Lebesgue-integrable. Suppose that
lim __h =h on an interval T and h is Lebesgue-integrable. Also, suppose

n—>+0 n

Lebesgue-integrable function k exists such that
|h,(x)|<k(x), VxeI, VneN, (2.5)

then
[h du— [ hdu, (2.6)

as n —+w, where u is Lebesgue measure.

Theorem 2.4: (Existenice and uniqueness): Suppose that F satisfies the following
Lipschitz condition for all x,t [a,b], and all u,,u, € X

| F(x,t,u,(t)) = F(x,t,u,() | <C, |u,(t)—u,(t)], (2.7)
where ={(x,t,w):(x,t)e[a,b,weX and |[(w-f)(t)|<A}, AeR? and

C, is Lipschitz coefficient. Then, there is a unique continuous solution for
the Eq. (1.1) on [a,b].

Proof: The Picard recursion sequence for the Eq. (1.1) has the form
u_ ., (x)=f(x)+[F(x,7,u (r))dr, Vne NU{0}, Vxela,b], (2.8)

with initial term u; = f. We prove that each u , satisfies the following
inequality for all n e NuU{0}

l(u, - F)(E) < M,t<A, Vtelab], (2.9)

in which M, =max{F(x,t,u):(x,7,u) e Q}. Obviously, Eq. (2.8) holds for
n=0. Suppose that (2.9) is true for ke NU{0}. Thus, for n=k+1, we get
|(u,,, — IO Ft,T,u.(7))|dt < Mt <A, Vte[a,D]. (2.10)

Now, we prove that {u,}
we assume that y, =u

. 1s a Cauchy sequence on [a,b]. To do this,

, —u,. Hence, inequality
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M,CH n+1
ly, (x)] s%, vxe[0,b], Vn=0,1,2,..., (2.11)
4
is hold [4]. Define partial sum S =3, (CL;) on {0}uUN for arbitrary x in
4
[a,b]. So, lim,,.,S, =¢“" based on the relation Y7, (CL;) =¢“". Since

{S,},. is a Cauchy sequence in R, for Cgso,
n’ine MA

ANeN 5 i,j>N—>|S -5 |< e (2.12)
1 ] MA

Using the following relation

1, ()=, (1) = £ (01, =, () = Ty, (), 213)

and (2.12), results in

n-1 n-1
lu, () -u, @)= 2y, <X 1y, )]
4 ’ n-1 Cl{xhl
T AL (1)
Loa clyt (2.14)
SMGT D
= MAcil |Sn _Sm |

1 C oL
<M,C; T E=E

Then, {u } . isa Cauchy sequence. So, u_ is convergent to a function
n’!neN n

uin [a,b]. This means that,

nlgﬂo u, (x)=u(x). (2.15)

According to the Lipschitz condition(2), we have
[ (FCx (1)) = F(x, t,u())dt | < C, [y [u, ()
—u(t)|dt Vxela,b]vn=0,1,2,...(2.16)
Usingrelation (2.15), oneobtains lim, ... [ | #,(f)— u(t)|dt =0, x €[a, b].
Therefore,

hn}o [ F(x,t,u (t) = F(x,t,u(t))dt. (2.17)

Taking the limit from both sides of (2.8), results in
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ut) = limu,,(x)
= lim (f(X)+ [F(x, t,u (1))dt) (2.18)
= f(x)+ linr}cng(x, t,u (t))dt.

Using lemma (2.3), we get
u(x) = f(x)+ [oF(x,t, limu, (£)) (2.19)

n—>+0

= f(x)+ [;F(x,t,u(t))dt.

Therefore, u(x) is a solution for Eq. (1.1).
To show the uniqueness of solution for Eq. (1.1), suppose that u,(x)
and u,(x) are two solutions of this equation, therefore,

lu,(x)—u,(x)| <[y |F(x,t,u,(r))-F(x,t,u,(r))|dr

(2.20)
<C, [y lu,(t)—u,(r)|dr, Vx €[a,b].

Setting y(x)=|u,(x)-u,(x)], f(x)=0 and K(x)=C, on [a,b]; also
using Lemma (2.2), one obtains

[, (x)—u,(x)| <0exp(C,x)=0, Vxe[a,b]. (2.21)

Therefore, ||u, —u,||,=0. This implies that u, =u, and the proof is
completed.

Furthermore, Eq. (1.1) has solution u(x) whose first derivative is not
defined at x =0 and has behaviour with the following form [4]

u'(x):ﬁ, O<oa<l.
So, smoothness of Eq. (1.1) in compare with 3 is concluded and is
investigated for weakly singular integral equations [4]. In this case,
convergence property of the method will be investigated in section 4.

3. Method of solution

Implementation the Galerkin method for solving the generalized
Abel intagral equation can lead to some problems such as, high
computational cost and low accuracy. In this work, we provide a well-
posed upper triangular algebraic system with forward substitution. By
using this technique, one is faced with easy computation and so a very low
CPU times. The other problem to obtain numerical solution of the
generalized Abel integral equations with desirable accuracy by Galerkin
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methods based on polynomials is in its singularities at some points in the
considered domain.

To overcome on this difficulty we use the Galerkin method based on
non-polynomial functions named Muntz-Legendre polynomials. These
non-polynomials functions are orthogonal with respect to the weight
function w(x)=1. In this part, we explain Muntz-Galerkin method based
on Muntz-Legendre Polynomials for solving the generalized Abel integral
equation. One can see the capability of this scheme in section 5.

Lemma 3.1: Suppose that u, (x) is the solution of Eq. (1.1), then we have

u (x)=uLQ"'X, Vxela,b], VneN, (3.1)
where
gz[uo u, U, ... ub’], (3.2)
and
4 ¢ o 1"
X=[1 xt o ox? L. xz”} , (3.3)

in which {{ } . is a sequence of Muntz numbers,
ilieN

ot
R 0
M:0 Upp Uy u:n
Q: Uy Uy M:2 e Uy ,ui=ELi,Vi€{O,1,2,...,n}, (34:)
ot
O Uy Uy o
U

also, Ei =[Ll,].]l.2:"0 for all i€{0,1,2,..,n} and L=][L,]

N is a matrix of

Muntz-Legendre polynomial coefficients.

Proof: This formula will be proved by induction. For /=1, one can easily
see that (3.1) holds. Now, assume that (3.1) is true for ke N. So, for k+1,
we have
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Ut () = uk (x)u, (x)
= (uLQ"" X)(uLX) (3.5)
= uLQ" (X x (uLX)).

If one show that Xx(uLX)=QX, the proof is completed. To show
this equality, we have
Xx(uLX) =X x((uL)X)
= X([ZZu,L

r—r,0 r

szznou L,,1 Z?:no u,L,,Z Zfﬁou L  1X)

" (36)

X3 (SuL, )"
0 .

s=0 r=

= ([ ”0( i;‘)urLr,sxgﬁC" )]?11—1 )T )

i=0
=0 r=

On the other hand,
QX =(SLx* I,
=(Z(zu L O (3.7)
=(E(2u L2

Therefore, the validity of (3.1) is resulted.

Remark 1: Attention that, this relation is implemented for nonlinear
problems.
Let u (x) be the solution of Eq. (1.1) in nonlinear case as follows:

()= 2 L (x) = uLX, (38)

where u, L and X are as in Lemma (3.1). Assume that f and F are
approximated by the following finite series.

f)~32 fx' = fX, (3.9)
where
f=lh £ fo ful (3.10)
and

K(x, U (t, u(t)) = X" z (x,t)u'(t), (3.11)

=071
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in which, we set

z,(x, )= by Zrctxlt] V/eN U{0}. (3.12)

i=0 j=0

Substituting these relations in Eq. (1.1), one obtains

u,(x)= fX+]; Zg“‘;)ad ,Zo ]zo ;jo ’Z";)a u' (B)dt. (3.13)
Using (3.1), we get
z]i;;l;(’; Mu(t)dt lzojzwzlj QX dt o1
_uLzQ“(le];O;cfx‘ - g ), .

where X, =X| _,

By calculating the integrals in this relation, results in

ZfZ]J et (t)dt—uLzQ“ S Sxix r(l‘“)r[]:*cT‘ﬂ] oty 13 :
oot fa arf1-a+14) g
=_L2Qé1(§§xlj{Af K 3“}3()} (3.15)
(=1 i=0j=0
~ul, [Z]QHAJX
=ulQX,

where
Q= ZQ‘ YALIAL o = %"]u YPYqe(0,1,2,...,2n), (3.16)

F(l—a)F[MT”H]

such that 2g+p+1<2n and A’ =——~ "¢
I 31“[1_ 1471]
a+ 3

. In the similar way, we set

z,(x,t)= w(x,t)i&. Therefore,

x zo(x,t) o 0 DZX
0 (x37t3)a —Jo (x 3_t3)a
x w(x t)Xt

=2 oy
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0. i,]
_ oo ox't!
=EE3[ U
i=0j=0 (x —t )a -
e o . J+8k 2n
=Z2 YK,X 173 ﬁclif (3.17)
i=0j=0 ) k=0
2
00 400 T'(1-o)T []+Ck+1] '
=z z ZK 3 i+j+§k+1—3a
i=0j=0 v 31"[1 a+]+§‘+lj
k=0

2n

224-00-*-23:O (]]{Ak z+]+§k+1 Sa}

i=0j=0 k=0
where
q
[Ao]rﬂqwﬂ Yk i z, , Vpvgqel0,1,2,...,2n}, (3.18)

=0

such that 29+ p+1<2n. Now, we rewrite Eq. (3.13) in the following matrix
form

ul(I,,,, Q)X =(f +A)X, (3.19)

where I, . isan identity matrix of order 2n + 1. Utilizing L'L instead of
X in (3.19) and multiplying the result by L from right and integrating
both sides on [g,b], results in

ul(1, —Q)L’1 = (]_‘+ A, )L (3.20)

It should be noted that L LT is a diagonal matrix; since L,L,,L,,...

are orthogonal polynomials.
In particular case considering U(t,u(t))=u'(t) with ¢eN\{1}, Eq.
(3.20) will be as follows

ul,,,-Q=7f, (3.21)

where u=ul and Q=Q""A,.

The matrices A, and Q' are upper triangular; So, Q is an upper
triangular matrix as

0 Qult) Qo) - Qg (ot rtiany)
0 0 Qll(u:()) Ql,zn_l(u:()'u:lf"'/uZH—Z)

Q=|: C : , (3.22)
0 0 0 92;171,2;171(”:0)

0 0 0 0
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where

gif(ﬁ’ﬁ""’h)’ Vi, je{0}UN, (3.23)
are (j+1)-variable functions and not linear necessarily. Therefore with

details

1Q=|F(1y) Bty ) Fltg iy 1) o Tyl i) |- (328)

-2

Also, §,(u,,u,,..,u,,),VieN are (i—1)-variable and not linear

necessarily. Utilizing (3.24) in (3.21), one obtains the following vector form

equation
0
201 (o)
S| mew) | (3.25)
Upy, on :

- SZn (”Jr'ﬂr'“/'@ﬂ—l)

Then, u is determined by solving this system and the vector function
u is obtained by the following relation,

u' =Lu. (3.26)

Also, we obtain an approximation for Y juL,.. In the case of /=1,
Eq. (3.21) is reduced to

ul,,—A)=f. (3.27)

By solving this linear system, u and u are determined. Finally, one
obtains the approximate solution as follows

u (x)=YuL. (3.28)
i=0

4. Convergence analysis

The convergence property is very important for anumerical algorithm.
So, in this section this property will be shown for our presented scheme.

Lemma 4.1: [1] Suppose u =X and L is coefficient matrix of (3.26). Let P is

coefficient error matrix and X is computed solution of (L+P)X = gT, then
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| X=X |, scwIXIL, e, (4.1)

where C(L) is condition number of L.

Theorem 4.2: Under assumption of the Eq. (1.1), we have

n+1 =
lu—ii, |, <MD+ B C(L)|| X]|, Oe), (4.2)

o (n+1)!

where M = max,_, max u"(x)|, B, =max_, . |L(x)|, C(L) iscondition

xela,b] |
number of L and i, =Y i L, is an approximate solution by the presented

method. So, the convergence property of our scheme is concluded.

Proof: Using Taylor expansion, we get

2 n
T, () = u(x, ) + /() (e = )+ 10" ) SR (x ) E0L (43

for x, € (a,b). Therefore,

1

wx) =T, () = (o

W) -x,)", (44)

for ne(a,b). According to triangular inequality, we have

lu—di, |, <llu-a, |, +%,-,l,, (4.5)

in which 7, = Y7 ii L, is the best approximation of u(x). Using the Taylor
expansion of u(x) for the first term in the right side of (4.5), we get
fu—u, |, < lu=-T,I,
Mn(x*xo)nﬂ
(n+1)!
1(}151eaNan(xfxo)"+1 (4.6)
(n+1)!
M(b_a)nﬂ
(n+1)! 7

<

IA

where M, =max_,, [u"(x)| and M =max,  M,. Now, for the second

xela,b

term of (4.5), we have,

~ = no— ~ — - 2n
|1y, ()=, () | =1 Z (@, —i1,)L, () |« max [, —ii, [max 3 |L(x)].  (47)

Assuming N =37 |L(x)|, results that
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|, () =T,(0) |, < N max |7, -7, 1= A | X=X |, (48)

where X =[i,,i,,i,,.,1,]", X=li,,i,i,,..i,] and [|[X-X]|, =

max —it,|. X is the exact solution of LX=E and for ):( there

ieNU{0} |ﬁ!
exist a matrix P such that (L+P)X =E. According to (4.1),

IX-X |, <CL)| XL, OC), (4.9)

in which O(£)=%. Consequentl
I quenty

|7, -, |l,.< NC(W) | X, Ofe). (4.10)

By summing the both sides of inequalities (4.6) and (4.10), the proof
is completed.

5. Numerical experiments

In this part, to show the performance of our presented method some
examples are presented and in all of them we use Wolfram mathematica
12.2.

Example 1: Suppose the nonlinear generalized Abel integral equation

1
u(x)=x" =1t + AL (bt xe[\2,4/3], (5.1)
i

(x3—t
%)
with the exact solution u(x)=x> and A= S
20 =

error, the formula 4) 3

le, l,= " (e, (x)7dx, (5.2)

is used in all examples such that e =u-u . The numerical results are
shown in Table 1 and Figure 1. The Muntz number sequence are chosen
for {}},_,. By using the presented method on (5.1) with substituting n=1
in (3.8), we get

. For calculating of

,(x) = uLX, (53)

in which

1 0 o0 L
u=[u, u, w], L=|4 5 ofand X=[x" x* x]. (5.4)
10 -30 21
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Other calculations are as follows

0

uy up up, 0

A=lo 0 F@é@ 0 |, Q|0 (5.5)
0 0 o Vil B
i a(3) |
v ae ) oy R e
0 IR ) |

In the case of ¢=1, by using (3.21), one obtains

2(12(1)4& —-QA,)= i/ (5.8)
o e, ]
n(3)
where A, =|0 0 r[%jr@ . According to (3.25), we have
2
ar(Z)
0 0 0 |
t 0
g=]_c+§, ie.; w |=| i) (5.9)
Uy | | altg,th)

Solving explicit system equations (5.9), unknown elements u,u, and

u, will be determined. Also, it is seen that u, =u, =u, =0. Therefore, one

obtains u as follows

L'u=u, (5.10)

=
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So, u=0 and u,(x)=0. Hence, e, =llu-ul|,=

1x3 1 | |2

\/ [3ex]jﬁ(u(x)—un (x))*dx =5.84367 where ||.|, is the L, norm on Hilbert

space X =C([a,b],R) [9]. We have zero vector u and therefore u =0. This
is because of zero coefficients of f’s terms before x° and u, s criterion in
(3.25). For the other n, we have -

1 3

n=10 > u,(x)= ﬁ(wow —750750x ¢ +11411400/x —91291200x*

3 3 7
+436486050x —1326917592x* +2632773000x2 —3402352800x*

2 5
+2764411650x —1284474100x* +260847048x2),

1 3
B (L77.4+9240x" — 438900+x +11411400x"
960566918220

5 3 7

~187065450x + 2095133040 * —16877460600x2 +101264763600x*

n=19->u(x)=

—463746587850x” + 16488767568003{2 —46041 71251680x§
+10165053412800x%1 —17788843472400x°

+24630706346400x% - 268040039652009(% + 2263449223728035
-14518835481150x* + 68323931676009(% - 22232390466003(;

19

+446775310800x * ),
n=20—u,(x)=x",
n=21-u (x)=x". (5.11)

Finally, our approximate solution which is agreement with the exact
solution will be found. These results show that our presented algorithm is
suitable and capable with very accuarcy for solving this kind of nonlinear
generalized Abel integral equation.

Table 1
The results of the Muntz-Galerkin method for Example 1.

n Numerical errors
5.84367

Contd...
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: 5.84367
9 5.84367
10 4.16292 x 10
11 1.98671x 107
12 8.29645% 107
13 2.98097x 107
14 9.02055x 107
15 2.23380x 107
16 4.34411x 10
17 6.21835x 107
18 5.82323% 10°°
19 2.67555x 107
>20 0

= = = = = e

A“A.,
o S T N S ... = W 70 W O W |

0 2 4 6 8 10 12 14 16 18 20
n

Figure 1
The error values for Example 1 by the Muntz-Galerkin method.

Example 2: [21] Consider the following generalized Abel integral
equations:

u(x) = %x5 +[ %Sﬁu(t)dt, xe[0,1]. (5.12)

O(x_



34 S. R. KAAFI, E. HESAMEDDINI AND P. MOKHTARY

with the exact solution u#(x) = x°. The Muntz number sequence chosen for
this equation is {i}_,. Using the presented method for n=1, in (5.12),

results in

u,(x)=uLX, (5.13)
in which

u=[u, ul, L={11 ‘j and X=[x" x'T". (5.14)

The calculations of this technique is as follows

(gl o

A= . rz[gj , i =[0 0] and u=ul. (5.15)
s (3)
On the other hand (3.27) becames
ul,, —A)=f. (5.16)

Solving explicit system of equations (5.16), unknown elements u,

and u, will be determined. Therefore, it is seen that u, = u, =0 which gets

u=0

= %27

u,(x)=0 and e, =0.301511. Determining the vector u =0, we get

u =0, and e =0.301511, for n=2,3,4. Setting n=>5,

u,(x) = uLX, (5.17)
in which
1.0 0 0 0
-1 2 0 0 0
u=[u, u w, u, ulL={1 - 6 0 0, (5.18)
-1 12 =30 20 0

1 -20 90 -140 70

and X=[x" x' x* x* x*]. Also, we have
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%r(%)r@] 0 0 0 0 0
0 rz@ 0 0 0 0
ar(3)
2
0 0 F@ 0 0 0

0 0 0 0 0
sr[Z]
3
i)
0 0 0 0 0 38

(5.19)
and u=uL. Considering relation (3.27), we conclude that
I, ~-A)=f. (5.20)
and
Ll'u=u, (5.21)

Obviously, it is seen that

7 1 5 7 1 1

L EaR ]

Therefore, the approximate solution u,(x) =37 ,u,L (x)= x° will be

E:

obtained. Also, for 126, one gets the exact solution. The results of this
example reveal that Muntz-Galerkin method is very efficient and capable

to obtain numerical solution of the generalized Abel integral equation.

Example 3: Assume the following generalized Abel integral equation

9 5

u(x) = f(x)+ j Mu (Hdt, xe[1,1.12], (5.22)

331
)i
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r(gjr[gjem; P (L)t
()

the Muntz number sequence is chosen as {i} . To solve this equation by

with f(x)=x- . The exact solution is u(x)=x and

the presented method for n=1, we get the error bound e, =3.673x 107.

Applying the suggested method with n =2, one obtains

u,(x)=uLX, (5.23)
in which
1 0 0 0 0
4 5 0 0 0
u=[u, w, wu, u, ul, L={10 30 21 0 0|, (5.24)

-20 105 -168 84 0
35 280 756 -840 330

and X=[x° x' x> x° x*]. Using the proposed method, result in

1) ) .
or(3)
1 1t .
ar(()
A=|0 0 0 \/;r(%) 0 0 , f=[0 0 0 0 1],
ar(3) -
1 (A T
ar(3)
R Y
_ ar(3) |

(5.25)

and u =ul. On the other hand, consdering (3.21), we get

M(Iz(zm - QZAs) = ]_c, (5.25)
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LY, .
ar(3)
., e,
()
where, A, = «/;r(%]
0 0 0 3r[§] 0
4
o e o, M)
ar(3)
10 0 0 0 0o |

Moreover, the following matrix-vector form according to (3.25), is
obtained as

Mo, 0
u 0 Sl(M:o)
u=f+3, ie;|n|=|o|+| H@m) | (5.26)
w| 0] | Bl )
i 1 By (g, 1, ig, 13)

By solving this implicit system of equations, unknown elements u,

| =

, u, and u, will be determined. Therefore,

|H
~

”
N

_{1 12 1 1 ]
u=|_- = |

=" [2315 33 330

and the approximate solution u,(x) is obtained as

u,(x)= i ulL (x)=x,
i=0

which is the exact solution of problem (5.22). In this example, one can see
the capacity of our presented scheme for solving the generalized nonlinear
Abel integral equation.

Conclusion

In this article, the Muntz-Legendre polynomials was applied to obtain
the numerical solution for the generalized Abel integral equation. We
explained these polynomials to utilize in our procedure. Using this
method, the generalized Abel integral equation has been reduced to a
system of explicit algebraic equations. In this algorithm, the consedered



38 S.R. KAAFI, E. HESAMEDDINI AND P. MOKHTARY

problem was approximated with a linear combination of Muntz-Legendre
polynomials with respect to the suitable Muntz number sequence. Also,
existence, uniqueness and convergence of the proposed method were
discussed through preparing some theorems. Several numerical
experiments were presented to show the superiority, ei—fciency and
accuracy of our scheme.
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