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1.  Introduction

In last few decades, many researchers have taken much attentions to 
the integral equations. A lot of integral equations cannot be solved 
analytically, so, it is necessary to develop some numerical solution with 
significant accuracy to solve these types of problems [8, 19, 7, 22]. 
Generalized Abel integral equations which will be study in this work arise 
in many chemical applications and mathematical physics such as 
strereology, heat conduction, crystal growth and the radiation of heat 
from a semi-infinite solid [2, 6, 10, 13]. The most general form of this 
equation is as follows, 

0
( ) ( ) ( , , ( )) , [ , ], (1.1)

x
u x f x F x t u t dt x a bl= + ∈∫

where ([ , ], )u X C a b∈ =   is unknown function and ( , , ( ))F x t u t =

3 3
( , ) ( , ( ))

( )
;K x t U t u t

x t a−
 Also, ( , )K x t  is the kernel of Eq. (1.1). Moreover, the following 

conditions are considered.

I)	�  : [ , ]f a b →  and :F D →  are continuous, where = {( , , )D x t u |
[ , ],x a b∈ [ , ),t a x∈ },u X∈

II)	 0 < < 1,a  > 0a  and \{0}.l∈

In 1974, Atkinson proved a theorem for existence of solution of the 
Abel integral equations [2]. In 2011, Eshaghi et al, proved existence and 
uniqueness of solution for a nonlinear integral equation [6]. In 2014, 
Mokhtary and Goreishi used spectral Tau method for the numerical 
solution of Abel integral equation. Also, they showed stability and 
convergence properties of this scheme [10]. In 2015, Mokhtary et al used 
Tau method based on the Muntz-Legendre polynomials for solving linear 
multi-order fractional differential equations. [11]. In 2015, Sizikov and 
Sidorov used the generalized quadrature rule for solving singular integral 
equations of Abel type with application to infrared tomography [18]. In 
2016, Mokhtary studied the Abel-Hammerstein integral equations by 
Muntz-Galerkin method based on the Muntz-Legendre polynomials. 
Also, in this work he showed the behavior of the equation, existence, 
uniqueness and stability of the method through some theorems [12]. In 
2016, Shen and Wang developed the Muntz-Galerkin method for solving 
the Poisson equation with mixed Dirichlet Neumann boundary conditions 
[17]. In 2018, Zarei and Noeiaghdam solved generalized Abel’s integral 
equations of the first and second kinds via Taylor-collocation method [23]. 
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In 2019, Rao and Chakraverty presented a new scheme by using interval 
Legendre polynomials based on collocation method for solving uncertain 
differential equations in [14]. In 2020, Dixit presented an efficient algorithm 
based on the orthonormal Bernstein polynomial for numerical solution of 
a system of generalized Abel integral equations [5]. Moreover, there are 
several analytical methods such as Adomian decomposition, Laplace 
transform, successive approximations or Picard iteration which were 
utilized to obtain the exact solution of linear or nonlinear singular integral 
equations [21].

This work is organized as follows. In section 1 some necessary 
definitions and properties of the Muntz-Legerdre polynomials are 
explained. Section 2 is allocated to the existence and uniqueness of the 
solution for problem under study. Method of solution is presented in 
section 3. Section 4 is devoted to the study of convergence analysis of our 
algorithm. In section 5, several numerical examples are shown by utilizing 
this scheme. Finally, a brief conclusion is given in section 6.

Muntz-Legendre polynomials: For = 0,1, 2,...m  the Muntz-Legendre 
polynomials of order m are defined as follows 

1

=0

1 1
2( ) = , (1.2)

tm

Im m

t x
i t tL x dtk

kk

z
p z z

− + +
− −∏∫

where I contain all the zeros of denominator of the integrand.
The numbers 0 1 20 = < < < ... < < ...mz z z z  are called Muntz numbers 

with conditions =limm mz→+∞ +∞  and 1
=1 = .m mzS+∞ − +∞ .

These mL s are orthogonal with the weight function ( ) = 1,w x  in other 
words, we have the following relation 

,

2 1( ) ( ) = , , (1.3)i j
I i j i
L x L x dx i j

d
z +

≥∫

where ,i jd  is the delta Kronecker function.
Muntz space: The space generated by 0 1 2{ , , , ...}x x xz z z  is called the 

Muntz space and the Muntz-Legendre polynomials can be constructed by 
the following recursive relations, 

0 0( ) 2 1, (0,1], (1.4)L x xz= + ∈

11
1 1( ) = ( ) ( 1) ( ) , = 1, 2,..., (0,1]. (1.5)m m

xm m j mL x L x x t L t dt m xz z
kz z − −

− −− + + ∈∫

For example, if we assume 2= i
iz  for all {0},n∈ ∪  then the Muntz-

Legendre polynomials can be written as 
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0
1
2

1
1
2

2
1 3
2 2

3
1 3

22 2
4

( ) = 1,

( ) = 2 3 ,

( ) = 3 12 10 ,
(1.6)

( ) = 4 30 60 35 ,

( ) = 5 60 210 280 126 ,

.

L x

L x x

L x x x

L x x x x

L x x x x x

− +

− +

− + − +

− + − +


Another form of the Muntz-Legendre polynomials is [3] 

0 ,( ) , (1.7)mm
m mL x xz

k krS ==

where, 
1

,
=0 =0,

( ) = ( 1)/ ( ), = 0,1, 2,.... (1.8)
m m

m j j
j j j

x mk k k
k

r z z z z
−

≠
+ + −∏ ∏

One can see more properties of the Muntz-Legendre polynomials in 
[20].

Also, a piece of natural numbers kN  for all k∈  is defined as: 
= {1, 2, 3,..., }.kN k

2.  Existence and uniqueness of the solution

In this section, we discuss about the existence and uniqueness of 
solution for Eq. (1.1). Let 0 1 2{ , , , ..., }nL L L L  be the Muntz-Legendre basis 
and 0 1 2= { , , , ..., }.n nspan L L L Lℑ  

Definition 2.1: [9] Let u is the exact solution and nv∈ℑ  be the best 
approximation for the problem (1.1), then we have 

, . (2.1)nu v u w w− ≤ − ∀ ∈ℑ   

Lemma 2.2: [4] Let = [0, ]I T  and , ,z f K X∈  are functions such that K  be 
nonnegative and satisfies the following relation 

0( ) ( ) ( ) ( ) , [ , ]. (2.2)xz x f x K s z s ds x a b≤ + ∀ ∈∫

Therefore, we have



MUNTZ-LEGENDRE POLYNOMIALS FOR SOLVING INTEGRAL EQUATIONS� 21

0( ) ( ) ( ) ( ). ( ( ) ) , [ , ]. (2.3)x xz x f x K f exp K d d x a btt t m m t≤ + ∀ ∈∫ ∫

Also, if f is not strictly decreasing on [ , ],a b  one obtains 

( ) ( ).exp( ( ) ) , [ , ]. (2.4)xz x f x K d d x a bt m m t≤ ∀ ∈∫  

Lemma 2.3: [15] (Lebesgue dominated convergence theorem) Let’s { }n nh ∈  
be a sequence of functions on   which are Lebesgue-integrable. Suppose that 
lim =n nh h→+∞  on an interval   and h is Lebesgue-integrable. Also, suppose 
Lebesgue-integrable function k exists such that 

| ( )| ( ), , , (2.5)nh x k x x n≤ ∀ ∈ ∀ ∈

then 

, (2.6)nh d hdm m→∫ ∫ 

as ,n →+∞  where m  is Lebesgue measure. 

Theorem 2.4: (Existence and uniqueness): Suppose that F satisfies the following 
Lipschitz condition for all , [ , ],x t a b∈  and all 1 2,u u X∈  

1 2 1 2| ( , , ( )) ( , , ( ))| | ( ) ( )|, (2.7)LF x t u t F x t u t C u t u t− ≤ −

where 
2{( , , ) : ( , ) [ , ] ,x t w x t a b w X= ∈ ∈  and |( )( )| },w f t A− ≤  0A ≥∈  and 

LC  is Lipschitz coefficient. Then, there is a unique continuous solution for 
the Eq. (1.1) on [ , ].a b  

Proof: The Picard recursion sequence for the Eq. (1.1) has the form 

01( ) ( ) ( , , ( )) , {0}, [ , ], (2.8)n nu x f x F x u d n x a bt t t t+ = + ∀ ∈ ∪ ∀ ∈∫ 

with initial term 0 = .u f  We prove that each ,nu  satisfies the following 
inequality for all {0}n∈ ∪  

|( )( )| , [ , ], (2.9)n Au f t t A t a b− ≤ ≤ ∀ ∈

in which = { ( , , ) : ( , , ) }.A max F x u x ut t W∈  Obviously, Eq. (2.8) holds for 
= 0.n  Suppose that (2.9) is true for {0}.k∈ ∪  Thus, for = 1,n k +  we get 

01|( )( )| | ( , , ( ))| , [ , ]. (2.10)t
k k Au f t F t u d t A t a bt t t+ − ≤ ≤ ≤ ∀ ∈∫ 

Now, we prove that { }n nu ∈  is a Cauchy sequence on [ , ].a b  To do this, 
we assume that 1= .n n ny u u+ −  Hence, inequality 
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1

( 1)!| ( )| , [0, ], 0,1, 2,..., (2.11)
n n

A L
n

C x
ny x x b n

+

+
≤ ∀ ∈ ∀ =

is hold [4]. Define partial sum =0
( )

!= n L
n

C xS ∑






 on {0}∪  for arbitrary x in 

[ , ].a b  So, lim = LC x
n nS e→+∞  based on the relation =0

( )
! = .LC xLC x e∞∑






 Since 

{ }n nS ∈  is a Cauchy sequence in ,  for > 0,L

A

C e


 

, | | . (2.12)L
i j A

CN i j N S S e∃ ∈ ∋ > → − <



Using the following relation 
1 1

1( ) ( ) ( ( ) ( )) ( ), (2.13)
n n

n m
m m

u x u x u x u x y x
− −

+
= =

− = − =∑ ∑
  

 

and (2.12), results in 
1 1

= =
11

=

1

= 1
1

1

( 1)!

!

| ( ) ( )| | ( )| | ( )|

(2.14)=

= | |

< . = .

n n

n m
m m

n
L

A
m

n
L

A L
m

A L n m

L
A L A

C x

C x

C

u x u x y x y x

C

C S S

C e e

− −

+−

−

+
−

−

+

− ≤ ≤∑ ∑

≤ ∑

∑

−

 

 

 



 

















Then, { }n nu ∈  is a Cauchy sequence. So, nu  is convergent to a function 
u in [ , ].a b  This means that, 

( ) ( ). (2.15)lim nn
u x u x

→+∞
=

According to the Lipschitz condition(2), we have 

0 0| ( ( , , ( )) ( , , ( ))) | | ( )
( )| [ , ] = 0,1, 2,.... (2.16)

x x
n L nF x t u t F x t u t dt C u t

u t dt x a b n
− ≤∫ ∫

− ∀ ∈ ∀

Using relation (2.15), one obtains 0| ( ) ( )| = 0, [ , ].lim
x

n nu t u t dt x a b→+∞ − ∈∫
Therefore, 

0 ( , , ( )) ( , , ( )) . (2.17)lim x
nn

F x t u t F x t u t dt
→+∞

=∫

Taking the limit from both sides of (2.8), results in 
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1

0

0

( ) ( )lim

( ( ) ( , , ( )) ) (2.18)lim

( ) ( , , ( )) .lim

nn
x

nn
x

nn

u t u x

f x F x t u t dt

f x F x t u t dt

+→+∞

→+∞

→+∞

=

= + ∫

= + ∫

Using lemma (2.3), we get 

0

0

( ) = ( ) ( , , ( )) (2.19)lim

= ( ) ( , , ( )) .

x
n

n
x

u x f x F x t u t

f x F x t u t dt
→+∞

+ ∫

+ ∫

Therefore, ( )u x  is a solution for Eq. (1.1). 
To show the uniqueness of solution for Eq. (1.1), suppose that 1( )u x  

and 2( )u x  are two solutions of this equation, therefore,

01 2 1 2

0 1 2

| ( ) ( )| | ( , , ( )) ( , , ( ))|
(2.20)

| ( ) ( )| , [ , ].

x

x
L

u x u x F x u F x u d
C u u d x a b

t t t t t

t t t

− ≤ −∫
≤ − ∀ ∈∫

Setting 1 2( ) =| ( ) ( )|,y x u x u x−  ( ) = 0f x  and ( ) = LK x C  on [ , ];a b  also 
using Lemma (2.2), one obtains 

1 2| ( ) ( )| 0exp( ) = 0, [ , ]. (2.21)Lu x u x C x x a b− ≤ ∀ ∈

Therefore, 1 2 = 0.u u ∞−   This implies that 1 2=u u  and the proof is 
completed. 

Furthermore, Eq. (1.1) has solution ( )u x  whose first derivative is not 
defined at = 0x  and has behaviour with the following form [4] 

3
1

( )
( ) , 0 < < 1.

x
u x a a′



So, smoothness of Eq. (1.1) in compare with nℑ  is concluded and is 
investigated for weakly singular integral equations [4]. In this case, 
convergence property of the method will be investigated in section 4.

3.  Method of solution

Implementation the Galerkin method for solving the generalized 
Abel intagral equation can lead to some problems such as, high 
computational cost and low accuracy. In this work, we provide a well-
posed upper triangular algebraic system with forward substitution. By 
using this technique, one is faced with easy computation and so a very low 
CPU times. The other problem to obtain numerical solution of the 
generalized Abel integral equations with desirable accuracy by Galerkin 
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methods based on polynomials is in its singularities at some points in the 
considered domain.

To overcome on this difficulty we use the Galerkin method based on 
non-polynomial functions named Muntz-Legendre polynomials. These 
non-polynomials functions are orthogonal with respect to the weight 
function ( ) = 1.w x  In this part, we explain Muntz-Galerkin method based 
on Muntz-Legendre Polynomials for solving the generalized Abel integral 
equation. One can see the capability of this scheme in section 5.

Lemma 3.1: Suppose that ( )nu x  is the solution of Eq. (1.1), then we have 
1( ) , [ , ], , (3.1)nu x uLQ X x a b n−= ∀ ∈ ∀ ∈ 



where 

0 1 2 2= , (3.2)nu u u u u  

and 

21 2= 1 , (3.3)
T

nX x x xzz z 
  



in which { }i iz ∈  is a sequence of Muntz numbers, 

0 1 2

0 1 1

0 2 1

0 1 2

0 1 1

0 2

0

= , = , {0,1, 2,..., }, (3.4)

n

n n

n n n

n i i

n

n

u u u u

u u u u O

u u u u

u u u u

u u u

O u u

u

Q u uL i n

−

− −

−

−

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

∀ ∈







    







 



also, 2
=0= [ ] n

i ij iL L


 for all {0,1, 2,..., }i n∈  and 2 1,2 1= [ ]ij n nL L + +  is a matrix of 

Muntz-Legendre polynomial coefficients. 

Proof: This formula will be proved by induction. For = 1,  one can easily 
see that (3.1) holds. Now, assume that (3.1) is true for .k∈  So, for 1,k +  
we have 
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1

1

1

( ) = ( ) ( )
= ( )( ) (3.5)
= ( ( )).

k k
n n n

k

k

u x u x u x
uLQ X uLX

uLQ X uLX

+

−

− ×

If one show that ( ) = ,X uLX QX×  the proof is completed. To show 
this equality, we have 

2 2 2 2
=0 =0 =0 =0,0 ,1 ,2 ,

,
=0 =0

2 1
, =0

=0 =0

( ) = (( ) )
= ([ ] )

(3.6)= ( )

= ([ ( )] ) .

n n n n
s s s sr r r r r r r r n

n n
s

r r s
s r
n n n Ts i

r r s i
s r

X uLX X uL X

X u L u L u L u L X

X u L x

u L x

z

z z −

× ×

∑ ∑ ∑ ∑

∑ ∑

+
∑ ∑



On the other hand, 

=0
=0

2 1
, =0

=0 =0

2 1
, =0

=0 =0

= ([ ( )] )

= ([ ( )] ) (3.7)

= ([ ( )] ) .

n n Ts i
s i

s
n n n Ts i

r r s i
s r
n n n Ts i

r r s i
s r

QX uL x

u L x

u L x

z

z

z z

+

−+

+ −

∑

∑ ∑

∑ ∑

Therefore, the validity of (3.1) is resulted. 

Remark 1: Attention that, this relation is implemented for nonlinear 
problems. 

Let ( )nu x  be the solution of Eq. (1.1) in nonlinear case as follows: 
2
=0( ) = ( ) = , (3.8)n

n i i iu x u L x uLXS

where ,u  L and X  are as in Lemma (3.1). Assume that f and F are 
approximated by the following finite series. 

2
=0( ) = , (3.9)n i

i if x f x f XzS

where 

0 1 2 2= , (3.10)
T

nf f f f f  

and 

=0( , ) ( , ( )) ( , ) ( ), (3.11)nK x t U t u t z x t u tS 

 


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in which, we set 

=0 =0
( , ) = , {0}. (3.12)ji

ij n
i j

z x t x tk
+∞ +∞

∀ ∈ ∪∑ ∑ 



 

Substituting these relations in Eq. (1.1), one obtains 

0
0 03 3 3 3

=0 =0 =1

( , )
( ) ( )

( ) = ( ) . (3.13)
i jnx x ij

n n
i j

x tz x t
x t x t

u x f X dt u t dta a

k+∞ +∞

− −
+ + ∑ ∑ ∑∫ ∫







Using (3.1), we get 

1
0 03 3 3 3

=0 =0 =1 =0 =0 =1

1 2
0 =03 3

=1 =0 =0

( ) ( )

( )

( ) =
(3.14)

= ( { } ),k

i j i jn nx xij ij
n t

i j i j

jn xi n
ij k

i j

x t x t

x t x t

t
x t

u t dt uLQ X dt

uL Q x dt

a a

z

a

k k

k

+∞ +∞ +∞ +∞
−

++∞ +∞
−

− −

−

∑∑∑ ∑∑∑∫ ∫

∑ ∑∑ ∫

 

 

 

 



where == | .t x tX X

By calculating the integrals in this relation, results in 

( )

2
1

1 331
0 3 3 1=0 =0 =1 =1 =0 =0

3 =0

1 31 2
=0

=1 =0 =0

(1 )

( ) 3 1
] ( ) =

= { }

k

k

k

k

n
ji jn n jx ij i

n ij ji j i j
k

n i jk n
ij j k

i j

x t

x t
u t dt uL Q x x

uL Q A x

z
z a

a z

z a

ak

a
k

k

G G

G

 + +
 +∞ +∞ +∞ +∞ + + −−  
+ +

+∞ +∞ + + + −−

−

− − +

    
∑∑∑ ∑ ∑∑∫   

    
 

∑ ∑∑ 
 



  

 

 





1

=1

(3.15)

= ,

n
uL Q A X

uLQX

− ∑ 
 







where 

1
,2 1 ,

=1 =0
= ,[ ] = , {0,1, 2,..., 2 }, (3.16)

qn p
p q p j j j

j
Q Q A A k A p q n−

+ + − − ∀ ∀ ∈∑ ∑ 

   



such that 2 1 2q p n+ + ≤  and 
1

3

1
3

(1 )

3 1
= .

p

p

j

p
j j

A
z

z

a

a

G G

G

 + +
  
 

 + +
  
 

−

− +
 In the similar way, we set 

0( , ) = ( , ) .tz x t x t zXw


 Therefore, 

{ }

0
0 0 3 33 3

0 3 3

0
2

0 =03 3
=0 =0

2
0

0 3 3
=0 =0 =0

1
0 3

=0 =0
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=

=

= { }
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=
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x ij nk
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i j

nj
i x

ij
i j k

j

ij
i j

x t zXz x t
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x t
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z x dt
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z
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z

a

z

w
a

w

k

a

k
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+∞ +∞

++∞ +∞

 + +
+∞ +∞  

 
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−

−

−

−

∫ ∫

∫

∑ ∑ ∫

∑∑ ∫
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








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2

1 3
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21 30

=0=0 =0

0

1
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=

,

k

k

k

n

i j
j

k
ni jk

ij j ki j

x

z A x

zA X

z a
z

z a

a

k

+ + + −
 + +
 
 

+∞ +∞ + + + −

 
 
 
 − +
 

∑∑





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z dt

z t dt
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k
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ni jk

ij j ki j

x

z A x
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z a

a
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
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where 
0

0 ,2 1 ,
=0

[ ] = , {0,1, 2,..., 2 }, (3.18)
q

p
p q p j j j

j
A k A p q n+ + − − ∀ ∀ ∈∑

 

such that 2 1 2 .q p n+ + ≤  Now, we rewrite Eq. (3.13) in the following matrix 
form 

2 1 0( ) = ( ) , (3.19)nuL I Q X f A X+ − +

where 2 1nI +  is an identity matrix of order 2 1.n +  Utilizing 1L L−  instead of 
X  in (3.19) and multiplying the result by TL  from right and integrating 
both sides on [ , ],a b  results in 

1 1
2 1 0( ) ( ) . (3.20)nuL I Q L f A L− −

+ − = +

It should be noted that TL L  is a diagonal matrix; since 0 1 2, , , ...L L L  
are orthogonal polynomials.

In particular case considering ( , ( )) = ( )U t u t u t  with \{1},∈   Eq. 
(3.20) will be as follows 

2 1( ) = , (3.21)nu I Q f+ −

where =u uL  and 1= .Q Q A−


The matrices A


 and 1Q −  are upper triangular; So, Q  is an upper 
triangular matrix as 

0 0 1 0 1 2 100 01 0,2 1

0 0 1 2 211 1,2 1

02 1,2 1

0 ( ) ( , ) ( , ,..., )

0 0 ( ) ( , ,..., )

0 0 0 ( )

0 0 0 0

= , (3.22)

nn

nn

n n

Q u Q u u Q u u u

Q u Q u u u

Q u

Q

−−

−−

− −

 
 
 
 
 
 
 
 
  





    




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where 

0 1( , , ..., ), , {0} , (3.23)jij
Q u u u i j∀ ∈ ∪

are ( 1)j + -variable functions and not linear necessarily. Therefore with 
details 

1 0 2 0 1 3 0 1 2 2 1 0 1 2= ( ) ( , ) ( , , ) ( , , ..., ) . (3.24)n nu Q u u u u u u u u u+
 
  

F F F F

Also, 0 1 1( , , ..., ),i iu u u i− ∀ ∈F  are ( 1)i − -variable and not linear 

necessarily. Utilizing (3.24) in (3.21), one obtains the following vector form 
equation 

0
0 1 0

1 1
2 0 1

22
2 0 1 2 1

0
( )

( , )

( , ,..., )

= . (3.25)

nn
n n

u f u
u f u u

fu
u u u −

 
                                

+






F

F

F

Then, u  is determined by solving this system and the vector function 
u  is obtained by the following relation, 

= . (3.26)T Tu Lu

Also, we obtain an approximation for 2
=0 .n

i i iu L∑ . In the case of = 1,  
Eq. (3.21) is reduced to 

1 1( ) = . (3.27)nu I A f+ −

By solving this linear system, u  and u  are determined. Finally, one 
obtains the approximate solution as follows 

=0
( ) = . (3.28)

n

n i i
i

u x u L∑

4.  Convergence analysis

The convergence property is very important for a numerical algorithm. 
So, in this section this property will be shown for our presented scheme. 

Lemma 4.1: [1] Suppose =Tu X


 and L is coefficient matrix of (3.26). Let P is 

coefficient error matrix and X


  is computed solution of ( ) = ,TL P X u+


  then 



MUNTZ-LEGENDRE POLYNOMIALS FOR SOLVING INTEGRAL EQUATIONS� 29

( ) , (4.1)P
LX X C L X ∞

∞ ∞
∞

− ≤
 



 

 

 

   

where ( )C L  is condition number of L. 

Theorem 4.2: Under assumption of the Eq. (1.1), we have 
1( )

( 1)! ( ) ( ), (4.2)
n

n n
M b a

nu u B C L X O e
+

∞ ∞
−
+

− ≤ +






   

where ( )
[ , ]= max max | ( )|,n

n x a bM u x∈ ∈  [ , ]= max | ( )|,n x a b iB L x∈  ( )C L  is condition 

number of L and 2
=0= n

in i iu u L∑   is an approximate solution by the presented 

method. So, the convergence property of our scheme is concluded. 

Proof: Using Taylor expansion, we get 
2

( )0 0
0 0 0 0 0

( ) ( )
2 !( ) = ( ) ( )( ) ( ) ... ( ) , (4.3)

n
n

n
x x x x

nT x u x u x x x u x u x− −′ ′′+ − + + +

for 0 ( , ).x a b∈  Therefore, 
( 1) 1

0
1

( 1)!( ) ( ) = ( )( ) , (4.4)n n
n nu x T x u x xh+ +

+
− −

for ( , ).a bh∈  According to triangular inequality, we have 

, (4.5)n n n nu u u u u u∞ ∞ ∞− ≤ − + − 

     

in which 2
=0= n

in i iu u L∑   is the best approximation of ( ).u x  Using the Taylor 
expansion of ( )u x  for the first term in the right side of (4.5), we get 

1
0

1
0

1

( )
( 1)!

max ( )

( 1)!

( )
( 1)!

(4.6)

= ,

n n
n

n

n
n

n

n

M x x
n

M x x

n

M b a
n

u u u T∞ ∞
+

+

∈

+

−
+

−

+

−
+

− ≤ −

≤

≤ 

   

where ( )
[ , ]= max | ( )|n

n x a bM u x∈  and = max .n nM M∈  Now, for the second 
term of (4.5), we have, 

2

2 {0} [ , ]=0 =0
| ( ) ( )|=| ( ) ( )| max| |max | ( )|. (4.7)

n n

n n i i i i i ii x a bi i
u x u x u u L x u u L x

∈ ∪ ∈
− − ≤ −∑ ∑  



Assuming 2
=0= | ( )|,n

i iL x∑  results that 
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2 {0}
( ) ( ) | |= , (4.8)maxn n i ii

u x u x u u X X∞ ∞∈ ∪
− ≤ − −







 


    

where 0 1 2 2= [ , , , ..., ] ,T
nX u u u u



 0 1 2 2= [ , , , ..., ]T
nX u u u u





     and X X ∞−






  =

{0}maxi∈ ∪ | |.i iu u−   X


 is the exact solution of =LX E


 and for X


  there 

exist a matrix P such that ( ) = .L P X E+


  According to (4.1), 

( ) ( ), (4.9)X X C L X O e∞ ∞− ≤
 



 

   

in which ( ) = .P
LO e ∞

∞

 

 

 Consequently 

( ) ( ). (4.10)n nu u C L X O e∞ ∞− ≤




    

By summing the both sides of inequalities (4.6) and (4.10), the proof 
is completed. 

5.  Numerical experiments

In this part, to show the performance of our presented method some 
examples are presented and in all of them we use Wolfram mathematica 
12.2. 

Example 1: Suppose the nonlinear generalized Abel integral equation 
41
4

1
4

1
45 2

0 3 3
1
3 ( )

( ) = ( ) , [ 2, 3], (5.1)x x

x t
u x x x u t dt xl

−

−
− + ∈∫

with the exact solution 5( ) =u x x  and 
53
12

3 11
4 3

= .l
G

G G

 
 
 

   
   
   

 For calculating of 
error, the formula 

2
2 = ( ( )) , (5.2)b

an ne e x dx∫ 

is used in all examples such that = .n ne u u−  The numerical results are 
shown in Table 1 and Figure 1. The Muntz number sequence are chosen 
for 4{ } .i

i∈  By using the presented method on (5.1) with substituting = 1n  
in (3.8), we get 

1( ) = , (5.3)u x uLX

in which 

1 1
4 20

0 1 2

1 0 0
4 5 0

10 30 21
[ ], and [ ] . (5.4)Tu u u u L X x x x

 
 
− 
 − 

= = =
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Other calculations are as follows 
1 3
3 4

13
12

0 1 25 3
12 4 0 1 2

7 0 1
6

03
4

5
4

3
0

0
0 03
0 0 0

3

0 0 0

= 0 0 0 , = , (5.5)

0 0 0

u u u
u u u

u u
u

A Q

p

G G

G

G G

G

G

G

   
   
   

 
 
 

   
   
   

 
 
 

 
 
 
 
 
 

 
 
 
 
 
  

 
 
 
 
 
 
 
 
 
  

2
0 0 1

53 1 53 5 53212 3 12 12 12
3 11 13 11 7 113 34 3 3 3 6 3

[0 0 0], 0 , (5.6)
u u u

f u QA
G G G G G

G G G G G G

          
          

          
                        
             

= = =F

. (5.7)u uL=

In the case of = 1,  by using (3.21), one obtains 

2(1) 1 2( ) , (5.8)u I QA f+ − =

where 

1 3
3 4

13
12

5 3
12 4

2 7
6

3

3

0 0

0 0 .

0 0 0

A

G G

G

G G

G

   
   
   

 
 
 

   
   
   

 
 
 

 
 
 
 
 =  
 
  

 According to (3.25), we have 

0

1 1 0

2 2 0 1

0
( )

( , )

= , . .; = . (5.9)
u

u u

u u u

u f i e

  
  
  
  
  

      

+ F

F

F

Solving explicit system equations (5.9), unknown elements 0 1,u u  and 

2u  will be determined. Also, it is seen that 0 1 2= = = 0.u u u  Therefore, one 

obtains u  as follows 
1 = , (5.10)L u u−
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So, 1 3= 0u ×



 and 1( ) = 0.u x  Hence, 1 1 2=e u u−  =
3

2
2[3 ] ( ( ) ( )) = 5.84367nex u x u x dx−∫  where 2.   is the 2L  norm on Hilbert 

space = ([ , ], )X C a b   [9]. We have zero vector u  and therefore = 0.nu  This 
is because of zero coefficients of f ’s terms before 5x  and iu ’s criterion in 
(3.25). For the other n, we have 

1 3
4 4

10

5 3 7
4 2 4

9 5
2 4 2

1
4

19

1
161820= 10 ( ) = (19019 750750 11411400 91291200

436486050 1326917592 2632773000 3402352800

2764411650 1284474100 260847048 ),

23= 19 ( ) = ( 77 9240 438900
960566918220

n u x x x x

x x x x

x x x

n u x x x

→ − + −

+ − + −

+ − +

→ − + − +



3
4

5 3 7
4 2 4

9 5
2 4 2

11
34

13 7
4 2

11411400

187065450 2095133040 16877460600 101264763600

463746587850 1648876756800 4604171251680

10165053412800 17788843472400

24630706346400 26804003965200 2263449223

x

x x x x

x x x

x x

x x

− + − +

− + −

+ −

+ − +
15
4

17 9
4 4 2

19
4

5
20

5

7280

14518835481150 6832393167600 2223239046600

446775310800 ),
= 20 ( ) = ,

21 ( ) = . (5.11)n

x

x x x

x
n u x x
n u x x

− + −

+

→

≥ → 	
Finally, our approximate solution which is agreement with the exact 

solution will be found. These results show that our presented algorithm is 
suitable and capable with very accuarcy for solving this kind of nonlinear 
generalized Abel integral equation. 

Table 1
The results of the Muntz-Galerkin method for Example 1. 

n  Numerical errors
 1  5.84367

Contd...
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    5.84367
 9  5.84367
 10  4.16292 × 101

 11  1.98671× 10–1

 12  8.29645× 10–2

 13  2.98097× 10–2

 14  9.02055× 10–3

 15  2.23380× 10–3

 16  4.34411× 10–4

 17  6.21835× 10–5

 18  5.82323× 10–6

 19  2.67555× 10–7

 ≥20  0
 

Figure 1
The error values for Example 1 by the Muntz-Galerkin method. 

Example 2: [21] Consider the following generalized Abel integral 
equations: 

1
3

5
3 30

7 1
10 ( )

( ) = ( ) , [0,1]. (5.12)
x

x t
u x x u t dt x

−
+ ∈∫
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with the exact solution 5( ) = .u x x  The Muntz number sequence chosen for 
this equation is { } .ii ∈  Using the presented method for = 1,n  in (5.12), 
results in 

2( ) = , (5.13)u x uLX

in which 

0 1
0 1

1 0
1 2

= [ ], = and = [ ] . (5.14)Tu u u L X x x 
 
−  

The calculations of this technique is as follows 

1 1 2
3 3 3

22
3
4
3

0

0
3

, [0 0] and . (5.15)A f u uL
G G

G

G

   
   
   

 
 
 
 
 
 

 
 
 
 
 
 
  

= = =

On the other hand (3.27) becames 

1 1 1( ) = . (5.16)u I A f+ −

Solving explicit system of equations (5.16), unknown elements 0u  

and 1u  will be determined. Therefore, it is seen that 0 1= = 0u u  which gets 

1 2= 0 ,u ×



 1( ) = 0u x  and 1 = 0.301511.e  Determining the vector = 0,u  we get 

= 0,nu  and = 0.301511,ne  for = 2, 3, 4.n  Setting = 5,n  

5( ) = , (5.17)u x uLX

in which 

0 1 2 3 4

1 0 0 0 0
1 2 0 0 0

1 6 6 0 0
1 12 30 20 0

1 20 90 140 70

= [ ], = , (5.18)u u u u u u L

 
 
− 
 − 
 − −
 − − 

and 0 1 2 3 4= [ ].X x x x x x  Also, we have 



MUNTZ-LEGENDRE POLYNOMIALS FOR SOLVING INTEGRAL EQUATIONS� 35

1 1 2
3 3 3

22
3
4
3

2
3
5
3

1 2 4
3 3 3

2 5
3 3

7
3

2
3
8
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0 0 0 0 0

0 0 0 0 0
3

0 0 0 0 0
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0 0 0 0 0

0 0 0 0 0
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0 0 0 0 0
3
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 
 
 
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   
   

   
   
   

 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 





 

= 70 0 0 0
10

, ,

(5.19)

f  
  








=

	

and = .u uL  Considering relation (3.27), we conclude that 

5 1( ) = . (5.20)u I A f+ −

and 

1 = , (5.21)L u u−

Obviously, it is seen that 

2 2 2 2
3 3 3 3
8 8 8 8
3 3 3 3

7 1 5 7 1 1
2 2

24 1 72 1 40 1 360 13 360 1 4 1 3 3 3 38 83 3
3 3

=u
G G G GG G

G G G G
G G

       
       
       
      
     
      

            
             − − − −            − −                                 

.


 



 
        

  
  

Therefore, the approximate solution 55
=05( ) = ( ) =i i iu x u L x x∑  will be 

obtained. Also, for 6,n ≥  one gets the exact solution. The results of this 
example reveal that Muntz-Galerkin method is very efficient and capable 
to obtain numerical solution of the generalized Abel integral equation.

Example 3: Assume the following generalized Abel integral equation 
1 3 9 5 7
4 4 4 4 4

1
4

3
3 30 ( )

( ) = ( ) ( ) , [1,1.12], (5.22)
x x x x x x

x t
u x f x u t dt x+ + − −

−
+ ∈∫
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with 
3 4 2 4
4 3

25
12

( 1 ) (1 )

3
( ) = .

x x x
f x x

G G

G

   
   
   

 
 
 

− + +
−  The exact solution is ( ) =u x x  and 

the Muntz number sequence is chosen as 
4

.i
i

 
 
  ∈

 To solve this equation by 

the presented method for = 1,n  we get the error bound 1
1 = 3.673 10 .e −×  

Applying the suggested method with = 2,n  one obtains 

2( ) = , (5.23)u x uLX

in which 

0 1 2 3 4

1 0 0 0 0
4 5 0 0 0

10 30 21 0 0
20 105 168 84 0

35 280 756 840 330

= [ ], = , (5.24)u u u u u u L

 
 
− 

 − 
 − −
 − − 

and 0 1 2 3 4= [ ].X x x x x x  Using the proposed method, result in 

1 3
3 4

13
12

5 3
12 4

7
6

3
4

5
4

7 3
12 4

4
3

2 3
3 4

17
12

0 0 0 0 0
3

0 0 0 0 0
3

0 0 0 0 0
3

0 0 0 0 0
3

0 0 0 0 0
3

A
p

G

G

G G

G

G

G

G G

G

G G

G

  
  
  
 
 
 

   
   
   

 
 
 

 
 
 
 
 
 

   
   
   

 
 
 

   
   
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 











 

= , [0 0 0 0 1],

(5.25)

f












=

and = .u uL  On the other hand, consdering (3.21), we get 

2
2(2) 1 3( ) = , (5.25)u I Q A f+ −
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1 3
3 4

13
12

5 3
12 4

7
6

33
4

5
4

7 3
12 4

4
3

0 0 0 0
3

0 0 0 0
3

0 0 0 0
3

0 0 0 0
3

0 0 0 0 0

where, = .A p

G

G

G G

G

G

G

G G

G

  
  
  
 
 
 

   
   
   

 
 
 

 
 
 
 
 
 

   
   
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Moreover, the following matrix-vector form according to (3.25), is 
obtained as 

0

1 01

2 0 12

3 0 1 23

4 0 1 2 34

0
0

( )
0

( , )0
0 ( , , )
1 ( , , , )

= , . .; = . (5.26)

u
uu

u uu
u u uu

u u u uu

u f i e

   
    
    
    
    
    
    
    
      

+ +

F

F

F

F

F

By solving this implicit system of equations, unknown elements 0 ,u  
1 ,u  2 ,u  3u  and 4u  will be determined. Therefore, 

1 1 2 1 1
2 3 15 33 330

= ,u  
  

and the approximate solution 2( )u x  is obtained as 
4

2
=0

( ) = ( ) = ,i i
i

u x u L x x∑

which is the exact solution of problem (5.22). In this example, one can see 
the capacity of our presented scheme for solving the generalized nonlinear 
Abel integral equation. 

Conclusion

In this article, the Muntz-Legendre polynomials was applied to obtain 
the numerical solution for the generalized Abel integral equation. We 
explained these polynomials to utilize in our procedure. Using this 
method, the generalized Abel integral equation has been reduced to a 
system of explicit algebraic equations. In this algorithm, the consedered 
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problem was approximated with a linear combination of Muntz-Legendre 
polynomials with respect to the suitable Muntz number sequence. Also, 
existence, uniqueness and convergence of the proposed method were 
discussed through preparing some theorems. Several numerical 
experiments were presented to show the superiority, eï¬ƒciency and 
accuracy of our scheme.
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